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Abstract

We develop a new general equilibrium model of asset pricing and asset trading volume
in which agents’ motivations to trade arise due to uninsurable idiosyncratic shocks to
agents’ risk tolerance. In response to these shocks, agents trade to rebalance their portfo-
lios between risky and riskless assets. We study a positive and a normative questions. The
first question is the conditions under which trade volume becomes a pricing factor. We
find that economies where its market wide risk aversion is positively correlated with trade
volume have a higher risk premium for aggregate risk. Likewise, we find that asset whose
cash flows are concentrated on times/states of high trading volume have higher prices, and
lower risk premium. The mathematics of this pricing is the same as the one in Mankiw
(1986) and Constantinides and Duffie (1996) regarding the role of idiosyncratic income
shocks in pricing assets. The primary difference between our model and theirs, however,
is that the shocks to risk tolerance in our model lead to a positive volume of trade while
there is no trade in these other papers. The second question is the impact of taxes on
trading on welfare. We show that such taxes have a first-order negative impact on ex-ante
welfare, i.e. a small subsidy on trade has s first order improvement in ex-ante welfare. We
compare this small linear tax/subsidy with the optimal non-linear tax/subsidy when we
treat idiosyncratic risk tolerance to be private information. We find that the second best
is closer to a subsidy to trade rather than a tax.
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1 Introduction

In this paper, we develop a new general equilibrium model of asset pricing and asset trading
volume in which investors’ motivations to trade arise due to uninsurable idiosyncratic shocks
to investors’ risk tolerance. In response to these shocks, investors trade to rebalance their
portfolios between risky and riskless assets. We use this model to study a positive and a
normative question: to what extent is trading volumes a factor that helps price assets? and
what are the welfare implications of Tobin taxes and subsidies to asset trading? To answer
the positive question we consider economies with “prudent” investors, as defined below. First,
with positive trading volume, interest rates are lower than in otherwise identical representative
agent economies with no rebalancing trade. Second, if the risk aversion of the representative
investor is positively correlated with trade volume, the risk premium for aggregate risk is higher
than in otherwise identical representative agent economies with no rebalancing trade. Third,
asset whose cash flows are concentrated on times/states when trading volume is high sell at a
higher price, i.e. they have lower expected returns. On the normative question posed above
we show that taxes on rebalancing trade have a first-order negative impact on ex-ante welfare,
i.e. a small subsidy on trade has s first order improvement in ex-ante welfare. We compare this
small linear tax/subsidy with the optimal non-linear tax/subsidy when we treat idiosyncratic
risk tolerance to be private information. We find that the solution of that mechanism design
problem is closer to a subsidy to rebalancing trade rather than a tax to it.

The are two main mechanisms in play to obtain the answers the questions posed above. The
first is that since in equilibrium an asset with non-diversifiable payoffs have a risk premium,
an investor who suffer an idiosyncratic shock and becomes more risk averse effectively becomes
poorer. That is, that investor obtain a lower welfare than an investor with average risk tolerance,
since she wants to buy more of the risk-less asset by selling the risky asset, and thus obtaining

“rebalancing risk”. The second is that we treat the idiosyncratic

a loss. We refer to this as a
shocks to risk tolerance as uninsurable, i.e. we assume there are no market to hedge these
idiosyncratic preference shocks. This means that in an equilibrium the risk tolerance shock (or
rebalancing risk) act in the same way as uninsurable idiosyncratic shocks do in Mankiw (1986)
and Constantinides and Duffie (1996). In their setup, as well as in ours, investors precautionary
savings is the key property which induces risk premium due to uninsurable countercyclical risks

—income in their case, rebalancing in ours. Moreover, the same mechanism explain why a Tobin

tax exacerbates the assumed market incompleteness with respect to preference shocks, and thus



such tax ends up having a first order ex-ante welfare loss. Finally, a mechanism design approach
endogenizes this incompleteness under the assumption that such shocks are private information,
and shows that the second best allocation is closer to have a subsidy to rebalancing rather than
a tax.

Information and Market Structure. We consider a three period endowment economy, where,
to simplify, consumption takes place only in the first and last periods. In period ¢t = 0 all agents
are identical, in period t = 1 all investors receive common signals about period ¢ = 2 output,
and each investors preferences for consumption at t = 2 are realized. These preference shocks
can include both an idiosyncratic and an aggregate shift in risk tolerance. In period ¢t = 2
aggregate output is realized. In our benchmark case we assume that time ¢t = 1 idiosyncratic
shocks to risk tolerance are uninsurable, but otherwise investors can trade in all assets at t = 0
and ¢t = 1. In particular investors can trade on all asset that are indexed to the realization of
aggregate output at t = 2. A Lucas’s tree giving time ¢ = 2 aggregate output is the only asset
in positive net supply. Since investors are identical at ¢ = 0 in equilibrium we can price asset
but there will be no trade. All the trade takes place at period ¢t = 1, and given our specification
of preferences, will be due to the idiosyncratic shocks on risk preferences. It will turn out that
in equilibrium it will suffice to trade bonds with uncontingent time ¢ = 2 payments against the
Lucas’s tree. Mostly as an intermediate step, we are interested in the price of assets at time
t = 1, as a function of the characteristic of their ¢ = 2 cash flows and of the realization of the
information at t = 1. Note that among the t = 1 information is the cross sectional distribution
of risk tolerance, which will determine trade volume. Indeed trade volume equals a measure
of dispersion on risk tolerance. We can price all asset at ¢ = 0 even if there is no trade. In
particular, we price assets whose cash-flows are more or less concentrated to states in t = 1 at
which there is high or low trade volume, but that are otherwise identical. We also compare
the ¢t = 0 price of a Lucas’ tree among economies which differ in the correlation between time
t = 1 between dispersion of risk tolerance (i.e. on trade volume) and time ¢ = 2 output. Before
getting into the results we explain the nature of preferences.

Preferences. A key part of our model for its positive and normative implications is the spec-
ification of preferences. In particular the way that investors view at time ¢ = 0 the prospect
of a time ¢t = 1 random shock to their risk tolerance. Yet to describe preferences it is easier to
work backwards in time. We assume that after the realization of the ¢ = 1 shocks to risk toler-

ance, investors use expected utility to value the time ¢ = 2 random consumption. Specifically



we assume that after the shock each investor has a utility function of the equicautious HARA
family, which we index as U.(-). At it is well known this family includes utility functions with
constant relative risk aversion, constant absolute risk aversion, and quadratic utility, where the
origin can be displaced from zero. Formally this is the class of utilities where risk tolerance is

! The intercept of the linear risk tolerance function, which we denote

linear on consumption.
by 7 is allows to be investor specific, and it is the preference shock that we consider. Note that
in our specification risk tolerance can be increasing or decreasing in wealth, which is largely
immaterial for our paper. For each realization of risk tolerance 7 parameter and for each time
t = 2 consumption bundle we define a time ¢ = 1 certainty equivalent. Then the time ¢ = 0
preferences are given by an additively separable utility V over time t = 0 consumption plus the
discounted value of the expected utility over the time ¢t = 1 certainty equivalent of continuation
consumption, also computed with the utility function V. This gives a non-expected utility as
of time ¢t = 0 as in Kreps and Porteus (1978) or Selden (1978) type. For the particular case
where the distribution of risk tolerance 7 is degenerate, ex-ante preferences are exactly as in
Selden (1978). In the general case, time ¢t = 0 investors evaluate the prospects of preference
shocks only by considering their effect on their implied certainly equivalent consumption. In
particular we assume that investors are risk averse with respect to randomness on certainty
equivalent consumption regardless of whether the variations comes from randomness on time
t = 2 consumption or on time ¢ = 1 preference shocks. This formulation, as opposed to simply
add a shifter to preferences, isolates the effect of randomness of risk tolerance without having
extra effects due to the particular cardinal representation of utility. Finally, this specification
has been used in social choice theory when consider foundations for ex-ante Rawlsian’s pref-
erences “before the veil of ignorance” to take into account the effect of different realized risk
tolerances —see Grant et al. (2010) or Mongin and Pivato (2015).

The assumption that the realized U, (+) time ¢t = 1 utility functions are of the HARA family
has three important implications, which helps understand the logic of our asset pricing results.
First, the two-mutual fund separation theorem hold form ¢ = 1 to ¢t = 2, and hence it suffices for
investors to trade in a Lucas’ tree and an uncontingent bond. Second, for the purpose of pricing
at t = 1 securities that pay at ¢ = 2 there is a representative investors whose preferences depend
exclusively on the average of the risk tolerance parameter 7 across investors. Additionally, since

there is Gorman aggregation, trade volume depends exclusively on the dispersion of the risk

'Recall that risk tolerance is defined as the reciprocal of risk aversion.



tolerance parameter 7 across investors.? Third, taking these two facts implies that time ¢t = 1
asset pricing are independent of time ¢t = 1 trade volume. Thus the only effect of trade volume
on asset pricing comes from the marginal valuation that investor attach, from the point of view
of time t = 0, to time ¢t = 1 prices that occur at realizations with different trade volume. But
since trade volume maps one-to-one with dispersion of the risk tolerance parameter 7’s, then
the impact in the time ¢t = 0 marginal valuation depends on the correlation between time ¢t = 1
trade volume and time ¢t = 1 prices. In other words, the connection between trade volume and
e-ante asset prices comes from investors valuation in the presence of the risk of rebalancing.

Rebalancing risk as income risk. The key property of our model is effect that the realization
of different risk tolerance shock have in an investor both ex-post and ex-ante. The Arrow-
Pratt theorem states that an investor with a risk tolerance lower than other, has also a lower
certainty equivalent consumption. In our model all investor are ex-ante identical at t = 0, and
thus have the same asset position right before the time ¢ = 1 preference shock hits them, and
hence face the same budget set at ¢ = 1. Thus an investor with turns out to be risk averse
ends up with lower certainty equivalent than a risk tolerant investor. Thus, in an environment
with aggregate risk, the idiosyncratic risk tolerance shock is akin to a negative income shock
in the sense that such a shock makes it more costly for that investor to attain any given level
of certainty equivalent consumption. Hence certainty equivalence and rebalancing trade map
one-to-one, and thus high trade volume at ¢t = 1 is equivalent to high dispersion of time ¢t = 1
certainty equivalent. Finally, since the assumed time ¢ = 0 preferences are in terms of expected
utility over certainty equivalent consumption, the equivalence of risk tolerance shock with an
income shock is exact. Thus, as in Mankiw (1986) and Constantinides and Duffie (1996), the
effect on time ¢t = 0 marginal valuation of the idiosyncratic variation on certainty equivalent
consumption depends on whether preferences feature precautionary savings. When V" > 0, so
investors are prudent, then states that correspond to high trade volume (i.e. high dispersion
of certainty equivalence) are state with high marginal valuation. This effect explains the three
positive asset pricing implications describe above.

Tobin Tazes. We also use our model to evaluate the impact on ex-ante welfare of a tax
on asset transactions. Contrary to the standard public finance result that in an undistorted
equilibrium a tax (or subsidy) has zero first order effect on welfare, in our case a transaction

tax has a first order negative welfare effect. This is because it turns out that a transaction

2Recall that investors are identical at time ¢ = 0 and that 7 shocks are uninsurable, so investors start their
time ¢ = 1 with identical portfolios.



tax levied in the equilibrium with uninsurable risk tolerance shocks exacerbates the ex-ante
distortion on certainty equivalent consumption. In other words, a small subsidy to trade has a
first order ex-ante welfare improvement.

As background, note that standard welfare analyses taxes imply that, starting from the
undistorted equilibrium, the introduction of such taxes have no first order impact on welfare
because the envelope theorem ensures that the marginal impact on welfare from the distortion
to trade is zero, and the standard welfare criterion is not impacted by the redistribution of
resources that results from the differential incidence of the tax. In contrast to this standard
result, we find that a transactions tax does have a first order negative impact on ex-ante welfare.
In our setting, the envelope theorem still holds at time ¢t = 1, so the first order welfare impact of
the distortion to the allocation from ¢ = 1 onwards of a transactions tax is still zero. However,
in our environment, in contrast to the standard analysis, the redistribution of resources that
results from the differential incidence of the tax has a first order negative impact on ex-ante
welfare. In particular, it turns out that investors who experience negative shocks to their
risk tolerance and wish to sell risky assets end up with lower certainty equivalence from the
imposition of the tax, and those that experience positive shocks to their risk tolerance end up
with higher certainty equivalence. Since in equilibrium these group of investors have discretely
different marginal valuations, then ex-ante welfare is reduced by the imposition of a small tax.
Put it differently, the incidence of the tax exacerbates the risk that investors already bear due
to the uninsurable nature of risk tolerance shocks.

While this is the central idea of the effect of a tax, there are several nuanced effects that
need to be discussed. Among them is why those that turn our less risk tolerant end up with
lower certainty equivalence, i.e. how is the effect on equilibrium prices and why it does not
depend on anything else. Also, int the general case of many values of the risk tolerance, there
are effects of redistributions among those that become more risk tolerant and also among those
that become less. These effects are discussed and analyzed in different results.

Finally we complement our analysis of a simple linear tax of trade rebated lump sum,
with the analysis of the optimal non-linear tax-subsidy. We use a standard mechanism design
problem, assuming that the realization of individual risk tolerance is private information for
each investor. We think of this assumption as the natural explanation of why we assume that
these risks are uninsurable. In this case we take that trade is observable and designed a non-

linear menu of exposures to aggregate risk and uncontingent payoffs that maximize ex-ante



utility. Investors chose where to locate on the menu of risky vs riskless assets, so that the menu
implies a set of non-linear prices, or equivalently linear prices plus non-linear taxes. We use
the optimal non-linear scheme judge the sense in which a subsidy to trade is a general feature
of the optimal policy. While the optimal second best allocation is not exactly a subsidy to
trade, it is closer to it than to a tax in trade. For instance, it does imply that investors end up
with a more disperse allocation of risky exposures than in the equilibrium without taxes, i.e. it
works as a subsidy to trade. Also the implied non-linear prices resemble more those of a Tobin

subsidy than those of a Tobin tax.

1.1 Relation to the literature

There is a large theoretical and empirical literature on the relationship between trading volume
and asset prices.

One branch of the literature on trading volume and asset pricing assumes that agents are
different ex-ante in their trading behavior. Some agents are “noise traders” who buy and sell at
intermediate dates with inelastic asset demands for exogenously specified reasons while other
agents have elastic asset demands and are the marginal investors pricing assets in equilibrium.
(See for example Shleifer and Summers (1990) and Shleifer and Vishny (1997)). As emphasized
in the survey of this literature by Dow and Gorton (2006), in many models, noise traders
systematically lose money because they tend to sell securities at low prices. One might interpret
our model in which agents are identical ex-ante and then subject to idiosyncratic preference
shocks as pricing the risk that one finds oneself wanting to sell risky securities at a time at
which the price for these securities is low.

Rebalancing Trade. There is a large literature on rebalancing trade. For instance, Lo
and Wang (2000) and Lo and Wang (2006) use a factor analysis on weekly trading volume of
equities. They show that the de-trended cross sectional trade volume data has an important
first component, which can be interpreted as rebalancing trade, accounting about 2/3 of the
cross sectional variations. Yet, as they emphasize, this is far from being consistent with the two
mutual fund separation theorem, and instead favor at least a second factor. There are also many
recent studies of individual household portfolios, which take advantage of large administrative
data sets coming from tax authorities, such as Calvet, Campbell, and Sodini (2009).

Shocks to hedging needs. Vayanos and Wang (2012) and Vayanos and Wang (2013) survey

theoretical and empirical work on asset pricing and trading volume using a unifying three period



model similar in structure to ours. In their model, agents are ex-ante identical in period t = 0
and they consume the payout from a risky asset in period ¢ = 2. In period t = 1, agents receive
non-traded endowments whose payoffs at ¢ = 2 are heterogeneous in their correlation with the
payoff from the risky asset. This heterogeneity motivates trade in the risky asset at t = 1 due to
investors’ heterogeneous desires to hedge the risk of their non-traded endowments. Vayanos and
Wang focus their analysis on the impact of various frictions (participation costs, transactions
costs, asymmetric information, imperfect competition, funding constraints, and search) on the
model’s implications for three empirical measures of the relationship between trading volume
and asset pricing. The first of these measures is termed lambda and is the regression coefficient
of the return on the risky asset between periods ¢t = 0 and ¢ = 1 on liquidity demanders
signed volume. The second of these measures is termed price reversal, defined as minus the
autocorrelation of the risk asset return between periods t = 1 and t = 1 and between t = 1 and
t = 2. The third measure is the ex-ante expected returns on the risky asset between periods
t =0 and t = 1. Our focus differs from theirs in that we study the impact of the shocks that
drive demand for trade at t = 1 on asset prices in a model without frictions and then consider
the welfare implications of adding a trading friction in the form of a transactions tax. Yet we
have shown that our setup is amenable to study frictions on trading, as we have done with our
study of transaction taxes. We think our model can be easily combined with a framework in
which trade is motivated by non-traded endowment shocks as well as shocks to risk tolerance.
The advantage of such a model is that, by having both “demand” and “supply” shocks, it
should yield better ways to identification of shocks.

Duffie, Garleanu, and Pedersen (2005) study the relationship between trading volume and
asset prices in a search model in which trade is motivated by heterogeneous shocks to agents’
marginal utility of holding an asset. As they discuss, these preference shocks can be motivated
in terms of random hedging needs -see also Uslu (2015).

Random Risk Tolerance. There is a small theoretical asset pricing literature that use random
changes in risk tolerance. An early example, particularly related because it addresses properties
of the volume of transactions, is Campbell, Grossman, and Wang (1993). The aims of that
paper is to investigate the temporal patterns returns and volume, and use a stylized model
with random risk aversion for investors, since they also consider different type of traders, those
that trade for non-informational reasons, and those that trade on information. Additionally

the paper has a substantive empirical analysis of the implications of the model. In Section 4



we define and distinguish between coincidental and direct connection between asset pricing and
volume, to distinguish the mechanism at play in the model that paper vs the one in our paper.

On the pure portfolio side Steffensen (2011) analyzes the implications randomness on risk
tolerance using expected utility. Gordon and St-Amour (2004) use a time separable utility
with state dependent CRRA parameter to jointly fit consumption and asset pricing moments.
Kozak (2015) uses time varying aversion in a representative agent model with non-separable
preferences to model variations on the market price of risk. Kozak (2015) studies nature of time
varying returns for bonds and stock returns. Kim (2014) uses Epstein-Zin preferences with a
representative agent with time varying risk aversion. Kim (2014) uses a non-parametric esti-
mates of risk aversion and finds strong evidence for its variability. Drechsler (2013), Bhandari,
Borovicka, and Ho (2016) use models where agents have time varying concerns for mode mis-
specification, which can be also interpreted as random risk aversion. Drechsler (2013) studies
time varying returns, especially of volatility related derivatives. Bhandari, Borovicka, and Ho
(2016) combines time variable concern for misspecification with time series and survey data
and analyze inflation expectations. Lenel (2016) also uses an Epstein-Zin model with random
risk aversion, but he analyzes an equilibrium with incomplete markets. His interest is on the
joint explanation of the holding of bonds and risky asset of different (ex-post) agent types and
their returns.

The external habit formation model has, when one concentrates purely on the resulting
stochastic discount factor, a form of random risk aversion that is nested by our equicautious
HARA utility specification if agents have common CRRA preferences over consumption less
the external habit parameter, which will correspond to 7 (as in Campbell and Cochrane (1999).
Bekaert, Engstrom, and Grenadier (2010) develop and estimate a version of Campbell and
Cochrane (1999) where the ratio of consumption to habit also has independent random vari-
ation. They estimate a (linearized) version of the model and find a substantial role for inde-
pendent shocks to the consumption/habit ratio, which have the interpretation of shocks to risk
aversion. Guo, Wang, and Yang (2013) and Cho (2014) further investigates estimates of varia-
tions of this model. Our recursive definition of preferences isolates the shocks to risk tolerance,
leaving only intertemporal preferences over the allocation of certainty equivalent consumption
unchanged.?

The idea that idiosyncratic preference shocks impact investors’ precautionary demand for

3The alert reader of Campbell and Cochrane (1999) will recognize the non-linear adjustment on that model
to zero out the precautionary saving effect and obtain constant interest rates.



an asset (in this case money) is central to Lucas (1980). Also, the idea that shocks to the
demand side for risky assets are important is emphasized by Albuquerque et al. (2016). The
model in that paper, as well as several other related models, incorporate riskiness of preference
shocks so that the model can account for the weak correlation with traditional supply side
factors emphasized in the literature. We concentrate on the relationship between aggregate
and idiosyncratic preference shocks so we can examine implied relationships between trade

volume and asset pricing.

2 The Model

In this section, we describe our model environment and our specification of agents’ preferences
with random shocks to each agent’s risk tolerance. We define optimal and equilibrium allo-
cations and develop our asset pricing formulas. In the next section, we solve the model for
a specific class of preferences and characterize the model’s implications for asset prices and
trading volume due to portfolio rebalancing.

Consider a three period economy with t = 0, 1,2 and a continuum of measure one of agents.
Agents are all identical at time t = 0. Agents consume in periods t = 0 and ¢t = 2. Shocks to
agents’ risk tolerance are realized at t = 1.

There is an aggregate endowment of consumption available at ¢ = 0 of Cy. Agents face
uncertainty over the aggregate endowment of consumption available at time t = 2, denoted by
y € Y. To simplify notation, we assume that Y is a finite set.

Agents face idiosyncratic and aggregate shocks to their preferences that are realized at t = 1.
Heterogeneity in agents’ preferences at time ¢ = 1 motivates trade at ¢t = 1 in claims to the
aggregate endowment at ¢t = 2. Preference types at t = 1 are indexed by 7 with support
TE{T,Toy. ., T}

Uncertainty is described as follows. At time ¢ = 1, an aggregate state z € Z is realized.
Again, to simplify notation, we assume that Z is finite set and probabilities of z being realized
at t = 1 are denoted by 7(z). The distribution of agents across types 7 depends on the realized
value of z, with u(7]z) denoting the fraction of agents with realized type 7 at t = 1 in state z.
In describing agents’ preferences below, we assume that the probability that an individual has
realized type 7 at t = 1 if state z is realized is also given by u(7|z).

In addition, the conditional distribution of the aggregate endowment at ¢ = 2 may also

depends on z, with p(y|z) denoting the probability of y being realized at ¢ = 2 conditional
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on z being realized at t = 1. We denote the conditional mean and variance of the aggregate

endowment at ¢t = 2 by 7(z) and 02(z) respectively.

Allocations: An allocation in this environment is denoted by ¢ (y; z) = {Co, ¢(T, y; 2)} where
Cy is the consumption of agents at t = 0 and ¢(7, y; z) is the consumption at ¢t = 2 of an agent
whose realized type is 7 if aggregate states z and y are realized.

Feasibility requires Cy = Cp at t = 0 and, at t = 2

Zu(ﬂz) c(r,y;z) =yforally € Y and z € Z (1)

2.1 Preferences

We describe agents’ preferences at ¢t = 0 (before z and their individual types are realized) over

allocations ¢(y; z) by the utility function

V(Co) +8) [Z u(rl2)V (Uil (Z [U-(c(, 43 Z))p(yIZ)]> )] m(2) (2)

Y

where V' is some concave utility function. We refer to U, as agents’ type-dependent sub-utility

function.

Certainty Equivalent Consumption: It is useful to consider this specification of prefer-
ences in two stages as follows. In the first stage, consider the allocation of certainty equivalent
consumption at t = 1 over states of nature z. For any allocation ¢(y; z), an agent whose realized
type is 7 at t = 1 has certainty equivalent consumption implied by the allocation to his or her

type and the remaining risk over y in state z given by

Ci(r;2) = U <Z Ur(c(7, y; Z))p(y|2)> (3)

Given this definition, in the second stage, we can write agents’ preferences as of time ¢t = 0 as

expected utility over certainty equivalent consumption

V(Co) +8) [Z p(r2)V (Co(r; Z))] m(2) (4)

11



Convexity of Upper Contour Sets: To ensure that agents’ indifference curves define con-
vex upper contour sets, we must restrict the class of subutility functions U, (c) that we consider
to those for which, given z, certainty equivalence at time ¢ = 1 as defined in equation (3) is
a concave function of the underlying allocation ¢(7,y; z) for each given 7 and z at ¢t = 2. Fol-

lowing Theorem 1 in Ben-Tal and Teboulle (1986), in the Appendix, we show that this is the

UL(e)
U7 (c)

consumption ¢(7,y; z) for all types 7 and realized z. One can verify by direct calculation that

case if and only if agents’ risk tolerances, defined as R.(c) = — , are a concave function of

certainty equivalence is a concave function of the underlying allocations for subutility of the
CRRA form in which agents differ in their coefficient of relative risk aversion. As we discuss
below, this is also the case for the case of equicautious HARA utility functions that we consider

as our leading example throughout the paper.

2.2 Equicautious HARA Utility

The specification of preferences we use in our leading example has subutility U, of the equicau-

tious HARA utility class defined as

U@):(ﬁ) (§+T)Hy¢1fm {c:7+§>o} (5)

U-(c) =log(c+7) for {c:7+¢>0} fory=1 for {c:7+¢>0}, and (6)
U,(c) =—7 exp(—c/T) as v — oo, for all c. (7)
This utility function is increasing and concave for any values of 7 and v as long as consumption

belongs to the sets described above for each of the cases. To see this, we compute the first and

second derivative as well as the risk tolerance function:

U (c) = (5 + 7) 0 UM = — <§ + 7) T omd (8)
RT(C)E—%:§+T (9)

Note that notation above assumes that ~ is common across agents. Note also that v > 0
gives decreasing absolute risk aversion and 7 < 0 gives increasing absolute risk aversion. The

sign of v will turn out to be immaterial for the qualitative behavior of the model.

Type 7 and the cost of certainty equivalent consumption: When agents have subutility

U, of the equicautious HARA utility class, the interpretation of preference type 7 is is that if
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Figure 1: Event tree for 3-period model
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Figure for the case of two values for z € {21, 22} and three values for y € {y1,y2,y3}.

7 > 7/, then at any level of consumption, an agent of type 7 has higher risk tolerance than an
agent of type 7'. Hence, the heterogeneity we consider with these preferences is purely in terms
of the level of risk tolerance across agents. The Arrow-Pratt theorem then immediately implies
that if, given z at t = 1, agents of type 7 and 7’ receive the same allocation at ¢t = 2, i.e. if
given z, ¢(7,y;2) = ¢(7’,y; z) for all y, then agents of type 7 have higher certainty equivalent
consumption at t = 1, i.e. C1(7;2) > C1(7';2). In this sense, for an individual agent, having
type 7' realized at t = 1 is a negative shock relative to having type 7 realized at ¢ = 1 in that
with preferences of type 7/ it requires more resources for the agent to attain the same level
of certainty equivalent consumption as an agent with preferences of type 7. In the context of
the interpretation of the environment as a production economy, we say that it is more costly
to produce certainty equivalent consumption for an agent of type 7’ than it is to produce that
certainty equivalent consumption for an agent of type 7.

We summarize the timing of the realization of uncertainty agents face in our model as in

Figure 1.



2.3 Interpretation of Model as a Production Economy:

Our model economy is an endowment economy. To help in the interpretation of the asset pricing
formulas below and in solving the model, it is useful to reinterpret our economy as a production
economy in which agents face risk in the cost of producing certainty equivalent consumption
specific to their type as indexed by 7. Specifically, consider an economy in which there is a
continuum of agents who consume in periods ¢ = 0 and ¢ = 1 who face uncertainty at ¢t = 1 over
their “location”, as indexed by 7. Let these agents have consumption denoted by (Cy, Cy(7; 2))
and preferences over this consumption given by (4). Assume that, given a realization of z at
t = 1, consumption C(7;z) in location 7 is produced using traded inputs ¢(7,y; z) according
to (3). We say that, given a realization of z, an allocation of certainty equivalent consumption
across locations 7 at t = 1, {C(7; 2)}, is feasible if there exists an allocation of inputs ¢ (y; z)
that is feasible as in (1) and that delivers that vector of certainty equivalent consumption via
(3).

Let C;(z) denote the set of feasible allocations of certainty equivalent consumption at ¢t = 1
given a realization of z. Note that this set is convex as long as certainty equivalent consumption
at time t = 1 is a concave function of the underlying allocation at ¢ = 2 as we have assumed.
The set C;(z) has the interpretation of a production possibility set whose shape is impacted
by the aggregate shock z which determines the tolerance of agents for risk (through u(7|2)
and the quantity of risk to be borne (through p(y|z)). As we discuss below, the marginal cost
of producing certainty equivalent consumption computed from this production possibility set
plays an important role in asset pricing.

We next consider optimal allocations and the corresponding decentralization of those allo-

cations as equilibria with complete asset markets.

2.4 Optimal Allocations

Consider a social planning problem of choosing an allocation ¢(y; z) to maximize welfare (2)
subject to the feasibility constraints (1). We refer to the solution to this problem as the ez-ante
efficient or socially optimal allocation. It will be useful to consider the solution of the social
planning problem in two stages.

The first stage is to compute the set of feasible allocations of certainty equivalent consump-
tion at t = 1 given z, denoted by C;(z), and then solve the planning problem of choosing

a feasible allocation of certainty equivalent consumption {Cy, C;(7;2)} to maximize (4) sub-
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ject to those feasibility constraints. To characterize the sets Ci(z), we also consider efficient
allocations as of t =1 given z.
We say that a feasible allocation ¢(y; 2) is conditionally efficient if, given a realization of z

at t = 1, it solves the problem of maximizing the objective
> ACu(ri2)u(r]z) (10)

given constraints (3) among feasible allocations given some vector of non-negative Pareto
weights \,. The frontier of the set of feasible allocations of certainty equivalent consump-
tion C;(z) is found by solving this maximization problem for all possible non-negative vectors
of Pareto weights \..

We say that allocation (Cy,C1(7;2)) of certainty equivalent consumption is ex-ante effi-
cient if it solves the problem of maximizing (4) subject to feasibility constraints Cy < Cy and
the allocation of certainty equivalent consumption across types 7 at t = 1 given z is feasible
(Cy(152) € Cy(z)) for all z.

Clearly, the socially optimal allocation is also conditionally efficient.

2.5 Equilibrium Allocations with Complete Asset Markets

The Second Fundamental Welfare Theorem applies to this economy under our assumptions
on preferences. Thus, corresponding to the socially optimal allocation is a decentralization of
that allocation as an equilibrium allocation with complete markets. We consider the following
specification of an equilibrium with complete asset markets.

We assume that all agents start at time ¢ = 0 endowed with equal shares of the aggregate
endowment of Cy at t = 0 and y at ¢t = 2. In a first stage of trading at time ¢ = 0, we assume
that agents can trade type-contingent bonds whose payoffs are certain claims to consumption
at time ¢ = 2 conditional on aggregate state z and idiosyncratic type 7 being realized at time
t = 1. Let a single unit of such a contingent bond pay off one unit of consumption at ¢t = 2
in all states y given that z and 7 are realized at ¢t = 1 and let B(7;z) denote the quantity of
such contingent bonds held by an agent in his or her portfolio. Let Q(7; 2)u(7|2)m(2) denote
the price at t = 0 of such a contingent bond relative to consumption at ¢ = 0. Each agents’

budget constraint at this stage of trading is given by

Co+ 3 Qs 2)B(rs 2)u(r|=)m(2) = Co (11)

)
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The type-contingent bond market clearing conditions are ) _p(7|2)B(1;2) = 0 for all 2.

In a second stage of trading at ¢ = 1, agents can trade their shares of the aggregate en-
dowment and the payoff from their portfolio of type-contingent bonds for consumption with a
complete set of claims to consumption contingent of the realized value of y at t = 2. Let the
price at t = 1 given z for a claim to one unit of consumption at ¢ = 2 contingent on y being
realized be denoted by p(y;z). Agents’ budget sets at t = 1 are contingent on the aggregate

state z and their realized type 7 and are given by
> p(y:2)e(r oy 2)plylz) < py:2) [y + B(r:2)] plyl2) (12)
y y

where the term y on the right hand side of the budget constraint refers to the agent’s initial
endowment of a share of the aggregate endowment at ¢ = 2 and B(7; z) refers to the agent’s

type-contingent bond that pays off in period t = 2 following the realization of 7 and z at t = 1.

Complete Markets Equilibrium: An equilibrium with complete asset markets in this econ-
omy is a collection of asset prices {Q*(7;2),p*(y; 2)}, a feasible allocation ¢*(y; z), and type-
contingent bondholdings at ¢ = 0 {B*(7;2)} that satisfy the bond market clearing condition
and that together solve the problem of maximizing agents’ ex-ante utility (4) subject to the
budget constraints (11) and (12).

In what follows, we refer to the ex-ante efficient allocation or, equivalently, the equilibrium
allocation with complete markets, as the optimal allocation. We reserve the term equilibrium
allocation for the allocation in the equilibrium with incomplete asset markets which we describe

next.

2.6 Equilibrium with incomplete asset markets

We now consider equilibrium in an economy in which agents are not able to trade contingent
claims on the realization of their type 7 at t = 1. Instead, they can only trade claims contingent
on aggregate states z and y. We are motivated to consider incomplete asset markets here by the
possibility that the idiosyncratic realization of agents’ preference types is private information
and that opportunities for agents to retrade at ¢ = 1 prevents the implementation of incentive
compatible insurance contracts on agents’ reports of their realized preference type 7.

We again consider equilibrium with two rounds of trading, one at ¢ = 0 before agents’ types

are realized and one at ¢ = 1 after the realization of agents’ types. We assume that all agents
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start at time t = 0 endowed with equal shares of the aggregate endowment y. In a first stage of
trading at time ¢t = 0, we assume that agents can trade bonds whose payoffs are certain claims
to consumption at time ¢ = 2 conditional on aggregate state z being realized at time ¢t = 1. Let
a single unit of such a bond pay off one unit of consumption at ¢ = 2 in all states y given that
z is realized at t = 1 and let B(z) denote the quantity of such bonds held by an agent in his
or her portfolio. Let Q(z)m(z) denote the price at ¢ = 0 of such a bond. Each agents’ budget

constraint at this stage of trading is given by

Co+ Y Q(2)B(2)m(z) = Cy (13)

with the bond market clearing conditions given by B(z) = 0 for all z.

In a second stage of trading at ¢ = 1, as before, agents can trade their shares of the aggregate
endowment and the payoff from their portfolio of bonds in exchange for a complete set of claims
to consumption contingent of the realized value of y at t = 2. Agents’ budget sets at ¢t = 1 are

contingent on the aggregate state z and are given by
> p(y 2)e(my; 2)pylz) <> p(y; 2) [y + B(2)] plyl2) (14)
Yy Yy

We also use this decentralization to define a concept of equilibrium at time ¢ = 1 conditional
on a realization of z. Here we assume that at time t = 1 agents are each endowed with one share
of the aggregate endowment y at ¢ = 2 and a quantity of bonds B(7; z) that are sure claims to
consumption at t = 2. We require that, given z, the initial endowment of bonds satisfies the

bond market clearing condition ) u(7|2)B(7;2) = 0.

Conditional Equilibrium given z realized at ¢t = 1: An equilibrium conditional on z and
an allocation of bonds {B(7;2)} is a collection of asset prices {p(y; z)} and feasible allocation
{c(7,y; z)} that maximizes agents’ certainty equivalent consumption (3) given the allocation of
bonds and budget constraints (12) for all agents.

Clearly, from the two Welfare Theorems, every conditional equilibrium allocation is condi-
tionally efficient and every conditionally efficient allocation is a conditional equilibrium alloca-

tion for some initial endowment of bonds.

Incomplete Markets Equilibrium: An equilibrium with incomplete asset markets in this

economy is a collection of asset prices {Q°(z),p°(y;2)} and a feasible allocation ¢¢(y; z) and
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bondholdings at ¢t = 0 { B¢(z)} that satisfy the bond market clearing condition and that together
solve the problem of maximizing agents’ ex-ante utility (4) subject to the budget constraints
(13) and (14).

Note that since all agents are ex-ante identical, at date ¢ = 0, they all hold identical
bond portfolios B¢(z) = 0. This implies that we can solve for the equilibrium asset prices and
quantities in two stages starting from ¢ = 1 given a realization of z. Specifically, the equilibrium
allocation of consumption at t = 2 conditional on z being realized at ¢ = 1 is the conditional
equilibrium allocation of consumption given z at ¢ = 1 and initial bond holdings B¢(z) = 0 for
all 7 and z, and the allocation of certainty equivalent consumption at ¢t = 1 given z, {C§(7; 2)},
is that implied by the conditional equilibrium allocation of consumption at ¢ = 2. Likewise,
equilibrium asset prices at t = 1, p°(y; z) are the conditional equilibrium asset prices at t = 1
given z. We refer to this conditional equilibrium as the equal wealth conditional equilibrium

because in it all agents have identical portfolios comprised of one share of aggregate y and zero

bonds.

2.7 Asset Pricing

We price assets at dates t =1 and t = 0.

Risk Free Bond Prices at t =1 In what follows, we choose to normalize asset prices at time
t = 1 in each state z such that the price of a bond, i.e. a claim to a single unit of consumption

at t = 2 for every realization of y, is equal to one. That is, in each equilibrium conditional on

z, we choose the numeraire

> p(y; 2)p(ylz)dy = 1, (15)

Share Pricesatt =1 Att = 1, given state z, the price of a share of the aggregate endowment

paid at ¢t = 2 relative to that of a bond is given by
Di(z) =Y ply; 2)yp(yl2). (16)
y

Since the price of a bond at this date and in this state is equal to one, D;(z) is also the level

of this share price at t = 1 given state z.
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Figure 2: Time line of 3-period model

time t =0 time t =1 time t = 2
aggregate shocks: z~ () y ~ p(:|2)
idiosyncratic shocks: U, (+) w/risk tolerance shock 7 ~ pu(-|2)
Co certainty equivalent(s): C(2), C¢(r; 2) c(7,y; 2)
price asset Py(d) rebalance portfolio, price assets P;(z;d) payoff d(y; z)

Asset prices at ¢t = 0 We can price arbitrary claims to consumption at ¢ = 2 with payoffs

d(y; z) contingent the realized aggregate states z and y as follows. Let
Pi(z;d) =Y p(y; 2)d(y; 2)p(yl2) (17)
y

denote the price at ¢ = 1 of a security with payoffs d(y; z) in period ¢t = 2 given that state z is

realized. Then the price of this security at t = 0 is
Po(d) = ) Q(2)Pi(z; d)m(z) (18)

where, in the equilibrium with complete asset markets Q*(2) = > Q*(7; z)u(7|2), while in the
equilibrium with incomplete asset markets Q°(z) are the equilibrium bond prices at date t = 0.
Hence, the price at ¢ = 0 of a riskless bond, i.e., a claim to a single unit of consumption at
t = 2 for each possible realization of 7, z, and y, is given by Fy(1) = >, Q(2)n(z). We use
the inverse of this price to define the risk free interest rate at ¢t = 0 between periods t = 0 and
t=1as Ry=1/P(1).

To summarize, the timing of trading and the notation for asset prices in our model is

illustrated in Figure 2.

2.8 Preference Shocks and Asset Prices:

To gain intuition for how preference shocks impact asset pricing and to solve the model in the
next section, it is useful to follow a two-stage procedure in solving for equilibrium exploiting
the interpretation of our economy as a production economy.

In the first stage, we take as given the realized value of z at ¢ = 1 and the payoffs from agents’

bond portfolios (either B*(7; z) in the equilibrium with complete asset markets or B¢(z) in the
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equilibrium with incomplete asset markets) and solve for the conditional equilibrium prices for
contingent claims to consumption p(y; z) and the corresponding conditional equilibrium alloca-
tion of consumption ¢(7,y;z). These prices and this allocation satisfy the budget constraints
(12) in the case with complete asset markets or (14) in the case with incomplete asset markets
and the standard first order conditions

Ul(e(m,1:2)) _ pyi52)
Ul(e(t,y2:2)) Py 2)

characterizing conditional efficiency for all types 7 and all yq, ys.

(19)

Given a solution for contingent equilibrium prices p(y; z), we can define for each type of agent
a cost function for attaining (producing) a given level of certainty equivalent consumption at
time ¢t = 1 given z as

H,(C1i2) = min Zp i 2)ely; 2)p(yl2) (20)

c(y;z)
subject to the constraint that c(y; z) delivers certainty equivalent consumption C at t = 1 for
an agent of type 7.

Using these cost functions, in the second stage, we can then compute the date ¢ = 0 bond
prices (Q*(7; z) in the equilibrium with complete asset markets and Q°(z) in the equilibrium
with incomplete markets) that decentralize the equilibrium allocation of certainty equivalent
consumption as follows.

In the case with complete asset markets, we analyze the problem for the consumer of choosing
certainty equivalent consumption and bondholdings to maximize utility (4) subject to budget

constraints (11) and (12) now restated as
H:(C(732); 2) = Di(2) + B*(7; 2) (21)

with Dj(z) defined in (16) as the price of a share at ¢ = 1 in state z. This problem has first

Q(ri2) = ST (i) (22)

In the case with incomplete asset markets, we analyze the problem for the consumer of

order conditions

choosing certainty equivalent consumption and bondholdings to maximize utility (4) subject to

budget constraints (13) and (14) restated as

Ho(C1(7;2); 2) = Di(2) + B*(2) (23)
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with D{(z) defined in (16) as the price of a share at ¢ = 1 in state z. This problem has first

order conditions

@@=y [FEED [ D itz 2) utrle 21

The Marginal Cost of Certainty Equivalent Consumption: Our asset pricing formu-
las, (22) and (24) depend on the optimal and equilibrium allocations of certainty equivalent
consumption and the marginal cost of providing that allocation of certainty equivalent con-
sumption. Analysis of the cost minimization problem (20) yields that in in the socially optimal
allocation, this marginal cost is given by

_ UL (Ci(7;2))
-, Unler(ry: 2))pyl2)

while in the equilibrium with incomplete markets it is given by

9 (O (7 2):2)

ac (25)

0 e o UCHmz)
o0, Hr T2 2) = S et ) p2) (26)

These expressions for the marginal cost of certainty equivalent consumption are hence a measure

of the risk agents face in the conditional equilibrium at ¢ = 1 given realized z in terms of the
ratio of the marginal utility of certainty equivalent consumption at ¢ = 1 relative to the expected

marginal utility of consumption realized at ¢ = 2.

3 Solving the Model with HARA Subutility

When agents have subutility functions of the equicautious HARA class (5), then our model
is particularly tractable and it is possible to derive specific implications of the model for the
relationship between asset prices and transactions volumes at £ = 1.

The tractability of our model follows from four related properties of these preferences that
follow from the assumption that all agents have linear risk tolerance with a common slope in
consumption (determined by 7). We prove each of these properties in the appendix.

The four properties are as follows:

Gorman Aggregation: The first property is that, given a realization of z at t = 1, Gorman
Aggregation holds in all conditional equilibria. That is, in all conditional equilibria at ¢t =

1, asset prices p(y;z) are independent of the allocation of bonds B(7;z) at that date and
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also independent of moments of the distribution of types u(7|z) other than the mean of this

distribution defined by

7(2) =Y Tulrl2). (27)

This result allows us to solve for equilibrium asset prices at ¢t = 1, p*(y; z) and p°(y; z) (both
equal to p(y; z) defined in 28) in the complete and incomplete markets case directly from the

parameters of the environment. Specifically, in all conditional equilibria,

Us(elr,pi2)) _ Ura®1) _ plys;2) (28)

Uple(r,y232))  ULy(y2)  D(y2; 2)

for all types 7 and all yq, ys.

Linear Frontier of Feasible Allocations of Certainty Equivalent Consumption: The
second property is that given subutility functions of the equicautious HARA class (5), the
feasible sets of allocations of certainty equivalent consumption C;(z) have a linear frontier.
Specifically, all conditionally efficient allocations of consumption imply allocations of certainty

equivalent consumption C}(7;z) that satisfy the pseudo-feasibility constraint
ZM(T‘Z)Cl(ﬂ z) = Ci(2) (29)

where
Ci(2) = Uy, (Z Uz () (y)p(y!z)> (30)

is the certainty equivalent consumption of an agent with the average risk tolerance in the market
who consumes the aggregate endowment at ¢ = 2.

This characterization of the set of feasible allocations of certainty equivalent consumption
C;(z) implies that the socially optimal allocation of certainty equivalent consumption C(7; z)
solves the problem of maximizing welfare (4) subject to the pseudo-resource constraint (29).
If the utility function over certainty equivalent consumption V(C') is strictly concave, then
the solution to this social planning problem is to have all agents receive the same certainty
equivalent consumption at date t = 1, i.e. Ci(7;2) = C1(2) for all 7.

This characterization of the set of feasible allocations of certainty equivalent consumption
Ci(2) and equilibrium asset prices at ¢ = 1 given in (28) also allows us to solve for the allocation
of certainty equivalent consumption in the equilibrium with incomplete markets C§{(7; z) as well,

using the budget constraint (14) and imposing the bond market clearing condition B¢(z) = 0 for
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all z. Specifically, we have that this equilibrium allocation of certainty equivalent consumption

is given by

Ci(732) = Cu(2) + (%) [Ci(2) - Du(2)] (31)

where D;(z) is the price of a share of the aggregate endowment at ¢t = 1 in state z defined in

(16) using equilibrium asset prices p(y; 2).

Type-independent marginal cost of certainty equivalent consumption. The third
property is that, given subutility functions of the equicautious HARA class (5), for any con-
ditionally efficient allocation of consumption together with the associated certainty equivalent
consumptions, the marginal cost of delivering an additional unit of certainty equivalent con-
sumption to any agent of type 7 is independent of type and given by
9 U (C1(2))
a—ClHT((h(T; 2);2) = ) U(é()z) Wrle)

With these three results, we have a complete solution of the model for the optimal and

(32)

equilibrium allocations and associated asset prices. We also wish to characterize the implications

of the model for trading volumes. To do so, we use a fourth property of our preferences.

Two-Fund or Mutual Fund Separation Theorem Given subutility functions of the
equicautious HARA class (5), a two fund theorem holds in all conditional equilibria. Specifi-
cally, all conditionally efficient allocations can be decentralized as conditional equilibria at ¢t = 1
in which agents simply trade shares of the aggregate endowment at ¢ = 2 and sure claims to
consumption at ¢ = 2. We use this result to derive our model’s implications for trading volumes.

Consider first asset trade at ¢ = 1 to decentralize the optimal allocation. Let ¢*(7; z) denote
the post-trade quantity of shares of the aggregate endowment held by an agent of type 7 at
t = 1 given realized z. To implement the socially optimal allocation of certainty equivalent
consumption, C;(7; 2) = Cy(z) for all 7, the quantity of shares purchased at ¢t = 1 by this agent

18

0i7) 1= g (33)

Hence, the volume of trade in shares at time ¢t = 1 measured in terms of share turnover is given

by

V) = 5 X g el )



This measure of trade volume is also a measure of the mean absolute deviation of agents’
risk tolerances from the risk tolerance of the agent with average risk tolerance evaluated at
the certainty equivalent level of consumption. Hence, in our model, there is a direct mapping
between the dispersion in preference shocks agents face and observable trade in shares at time
t=1.

Consider now the equilibrium with incomplete asset markets. Let ¢°(7; z) denote the post-
trade quantity of shares of the aggregate endowment held by an agent of type 7 at t = 1 given
realized z. To implement the equilibrium allocation of certainty equivalent consumption (31),

the quantity of shares purchased at t = 1 by this agent is

e T — 77—(2)
¢(T;Z)—1:D1(Z)—_ (35)
T + T(Z)
Hence observed trade volumes are given by
1 T—T(2
Vi) = 23 AT (36)

2 Dl 4 7(z)
Hence, again this measure of trade volume is also a measure of the mean absolute deviation of
agents’ risk tolerances from the risk tolerance of the agent with average risk tolerance evaluated
at consumption equal to the share price. In other words, observed share trade volumes again
are a direct measure of the dispersion in agents’ risk tolerances.

We summarize our solution of the model with both complete and incomplete asset markets

in the following proposition.

Proposition 1. Let V(C') be strictly concave and let agents have type-dependent subutility
functions of the equicautious HARA class (5) with £ + 7(z) > 0 for ally and z.

(i) Asset prices at t = 1 in any conditional equilibrium are given by p(y;z) defined in (28)
with 3, p(y; 2)p(y|1) = 1 as the numeraire. Hence, these are the asset prices at t = 1
that decentralize both the optimal and equilibrium allocations. The price of a share of the

aggregate endowment at t = 1 given z is denoted Dy(z) and given by (16) at asset prices

p(y, ).

(i) The socially optimal allocation of certainty equivalent consumption is given by C*(0) =
C(0) and Ci(1;2) = Ci(2) defined in (30) while the allocation of certainty equivalent
consumption in the equilibrium is incomplete asset markets is given by C¢(0) = C(0) and

C(7;2) given as in (31).
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(iii) In the equilibrium with complete asset markets, date t = 0 bond prices Q*(T; z) are given by
(22) evaluated at the optimal allocation of certainty equivalent consumption with common
marginal cost of certainty equivalent consumption given as in (32). In the equilibrium with
incomplete asset markets, date t = 0 bond prices Q°(z) are given by (24) evaluated at the
equilibrium allocation of certainty equivalent consumption (31) with common marginal

cost of certainty equivalent consumption given as in (32).

(iv) Agents can implement the socially optimal allocation of consumption at time t = 2,
c*(1,y; 2), by trading at t = 1 their one share of the aggregate endowment for ¢*(; z)
shares of the aggregate endowment y given as in (33) and holding the remainder of their
portfolio in risk-free bonds. This leads to share turnover of TV*(2) as in (34). Agents can
implement the incomplete markets equilibrium allocation of consumption at time t = 2,
c“(1,y; 2), by trading at t = 1 their one share of the aggregate endowment for ¢¢(T; z)
shares of the aggregate endowment y given as in (35) and holding Di(z)(1 — ¢¢(7;2))
risk-free bonds. This leads to share turnover of TV¢(z) as in (36).

Proof. This proposition follows from the four properties of the equicautious HARA utility
function described above. The restriction that * + 7(z) > 0 for all possible values of y in the
statement of this proposition is required to ensure that the HARA subutility is well defined for

all agents in equilibrium for all values of y. Details are given in the appendix. O]

3.1 Sensitivity of Equilibrium C.E. Consumption to 7

Note that in the optimal allocation, since C}(7;z) = Ci(z) for all 7, agents do not face id-
iosyncratic risk with respect to their allocation of certainty equivalent consumption at ¢t = 1.
In contrast, in equilibrium, from equation (31), each agent’s realized certainty equivalent con-
sumption at ¢ = 1 is a linear function of their realized 7. As we discuss in Section 4, this
idiosyncratic risk agents face at ¢ = 0 plays an important role in determining asset prices
at t = 1. Here we discuss the sensitivity of equilibrium certainty equivalent consumption to
realized risk tolerance 7.

Equilibrium certainty equivalent consumption (31) is an increasing function of agents’ real-

ized risk tolerance 7, with slope given by (C1(z) — Dﬂz))/(% +7(2)).

D1 (2)
i

that % + 7(z) > 0 for all possible values of y. Since the equilibrium risk-free interest rate

Consider first the term + 7(z). That this term is positive follows from the restriction
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between ¢ = 1 and ¢ = 2 is normalized to one, we must have ¥, < D1(2) < Ymar and hence
this term is positive as well.

Now consider the term C(z) — D;(z). Note that C(z) can be interpreted as the cost of
purchasing the aggregate or average level of certainty equivalent consumption entirely through
sure bonds. In contrast, since an agent with the average level of risk tolerance indexed by 7(2)
simply holds his or her one share of the aggregate endowment, D;(z) is the cost that agent
actually pays in the market to attain certainty equivalent consumption C(z). Clearly then this
term is a measure of the aggregate consumption risk premium C}(z) — D1(z) > 0 and is larger
the greater the amount of aggregate risk and the smaller is the average risk tolerance in the
economy 7(z).

The previous derivations highlight the importance of the difference between C'(z) and D;(z).

The next proposition gives a characterization.

Proposition 2. IfUx.)(-) is any strictly concave increasing function, and if 0*(z) = Var(y|z) >

0 then Cy(z) > Di(z). Moreover:

Ch(2) — Dy(2) = b 12("’) + 0(c?(2)).

where o(c?) denotes an expression of order smaller than o*(z).

The proof can be found in the appendix.
Here we have only used concavity of Uz (., hence this applies to all HARA utility functions

for the representative agent. In this case we have:
Ul(y ]
— T,(%) :1/ {g—l—f}
Uz(y) v

Moreover, the difference C; — Dy, and the level of C; can be approximated by D;, which in

principle can be measured by the risk premium.

3.2 Solving the Model as an Endowment Shock Model:

When agents have subutility functions of the equicautious HARA class (5), then the equilibrium
allocations of certainty equivalent consumption in our model and the associated date ¢ = 0 asset
prices are equivalent to those of the following economy with idiosyncratic endowment shocks
but no preference shocks. This result, which we demonstrate here, follows from the properties

of the equicautious HARA preferences used above. We spell out this mapping of the model to
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an endowment shock economy to highlight the mathematical connection between the role of
idiosyncratic risk in certainty equivalent consumption at ¢ = 1 due to risk tolerance shocks in
shaping asset prices in our model to the role of idiosyncratic risk in consumption at t = 1 due
to endowment shocks in shaping asset prices in Mankiw (1986) and Constantinides and Duffie
(1996). Of course, in our model, the equilibrium allocation of certainty equivalent consumption
at t = 1 is implemented with a positive volume of asset trade while there is no such trade in
the endowment shock economy.

Consider an economy with two time periods, ¢t = 0 and ¢ = 1. Let agents face aggregate
uncertainty indexed by z and idiosyncratic uncertainty indexed by 7. Let the probability that

state z is realized at time t = 1 be given by 7(z) with change of measure

#(2) = J(z)m(2) .
> J (2w ()

The term J(z) is the inverse of the marginal cost of certainty equivalent consumption which,

in equilibrium, is common to all agents and, from equation (32), is given by

sy = DoV @els) [2+7)] " otyl2) .
T(z)( 1(2)) [@1(2)+71(2)} 7

Note that in the case with CARA utility, we have J(z) = 1 for all 2.

Let the distributions of the idiosyncratic uncertainty faced by agents be given by u(7|2).

Assume that an agent who has realized type 7 in state z has endowment at ¢t = 1

Yi(ri2) = Ci(2) + (%) [Ci(2) = Di(2)]

Let the allocation of consumption at ¢ = 1 be denoted by C(7; z). This allocation must satisfy
the pseudo-resource constraint (29). As before, let all agents be endowed with Yy = Cj at time
t=0.

Let agents have preferences over allocations given by

V(Co)+ B Y VI(CUT;2))ulr]2)7(2)

4For values of v < 0o, we have the Taylor approximation around the conditional mean realization of the
endowment, 7(z)

J(z)zl+o§(z) /v

2 (%Z) + 7"(2))2

Hence, holding ~ fixed, J(z) is increasing in the conditional variance of the endowment, o7 (z), and decreasing
in the average risk tolerance across agents g(z)/v + 7(2) if and only if v > 0.

(38)
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with

B=BY_J(2)m(2)

In the equilibrium of this endowment shock economy with complete asset markets, let agents
choose consumption C'(0),C;(7;2) and bondholdings B(7;z) to maximize utility subject to

budget constraints (11) with Y; replacing Cj at t = 0 and, at t = 1
Ci(t;2) =Yi(7;2) + B(7; 2)

The bond market clearing conditions are given by > _u(7|2)B(7;2) = 0 for all 2.
In the equilibrium of this endowment shock economy with incomplete asset markets, let
agents choose consumption C(0),C}(7; z) and bondholdings B(z) to maximize utility subject

to budget constraints (13) with Y, replacing Cy at ¢t = 0 and, at ¢t = 1
Ci(r;2) =Yi(7; 2) + B(2)

The bond market clearing conditions are given by B(z) = 0 for all 2.

Proposition 3. The equilibrium allocations Cy, C1(T;z) and date zero bond prices @ with
complete and incomplete asset markets are equivalent to the equilibrium allocations of certainty
equivalent consumption and date zero bond prices ) with complete and incomplete asset markets

for the corresponding taste shock economies.

Proof. Note that with the change of measure to 7(z) and the rescaling of the discount factor
f3, the bond pricing conditions (22) for complete asset markets and (24) for incomplete asset
markets are the same in the two economies. Direct calculation then shows that the equilibrium
allocations and date zero bond prices in our preference shock economy with complete and
incomplete asset markets are also equilibrium allocations and bond prices in this endowment

shock economy with complete and incomplete asset markets and vice versa. O

This proposition is also useful in establishing a bound on the extent of downside idiosyncratic
risk to certainty equivalent consumption that agents can face in this economy. This bound on
the downside risk that agents can face does put a bound on the extent to which this idiosyncratic
risk can impact asset prices at ¢t = 0. Specifically, note that the parameter restrictions we need
to ensure that our HARA utility is well defined imply that the lowest possible endowment
Y1(7; 2) that can be realized is D;(z).
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This lower bound has a simple economic interpretation — an agent in our preference shock
economy always has the option at £ = 1 to trade his or her endowment of one share, at price
D, (2), for a portfolio comprised entirely of risk free bonds, hence ensuring certainty equivalent
consumption of D;(z). Thus, in the equilibrium with incomplete asset markets, the gap between
the certainty equivalent consumption of the agent with the lowest realized risk tolerance and
the average level of certainty equivalent consumption in the economy is always bounded above
by the measure of the aggregate risk premium given by C}(z) — D;(z). This bound restricts the
downside risk that agents face ex-ante and hence the premia they are willing to pay at t = 0

to avoid the impact of this preference risk on their certainty equivalent consumption at ¢ = 1.

4 Trade Volumes and Asset Prices

In proposition 1, we provided a complete characterization of equilibrium allocations and asset
prices under the assumption that agents have subutility functions of the equicautious HARA
class. We also characterized trade volumes in asset markets at ¢ = 1 under the assumption that
agents trade only shares of the aggregate endowment and risk free bonds. In this section, we
study the implications of our model for the joint distribution of trade volumes and asset prices
in greater detail.

From equations (34) and (36), we have that observed trade volumes in shares at t = 1
given z in the equilibrium with either complete or incomplete markets is determined by the
dispersion in realized risk tolerances across agents measured as the mean absolute deviation
of those risk tolerances relative to average risk tolerance. We say that our model implies
a direct connection between trade volumes and asset prices if measures of the dispersion in
realized risk tolerances across agents also appear in our formulas for asset pricing. We say
that the predicted relationship between trade volumes and asset prices is coincidental if the
model implies relationships between observed trade volumes and asset prices or returns only
because of an assumed correlation between dispersion in realized risk tolerances and some other
random variable important for risk pricing, such as average risk tolerance 7(z), or the quantity
of endowment risk remaining in the economy as encoded in the conditional distribution p(y|z).

In this section, we first discuss our model’s implications for observed trading volumes and
the serial correlation of asset returns from ¢ = 0 to t = 1 versus from t = 1 to t = 2. We are
motivated to do so to compare our results to those of Campbell, Grossman, and Wang (1993).

Here we find that this connection is coincidental.
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We then discuss our model’s implications for observed trading volumes and the expected
returns as of ¢ = 0 on assets with different payoffs. Here we find results similar to those in
Mankiw (1986) and Constantinides and Duffie (1996) regarding idiosyncratic risk and asset
pricing. There is a direct connection between dispersion in agents’ realized risk tolerances, and
hence trade volumes, and ex-ante asset prices. The relationship exists precisely because there
is a direct connection between dispersion in agents’ realized risk tolerances and dispersion in
agents’ realized certainty equivalent consumption at ¢ = 1. To the extent that aggregate shocks
to z index both shocks to dispersion in 7, through p(7|z), and shocks to average risk tolerance
7(z) and/or to the amount of aggregate risk, through p(y|z), then this idiosyncratic risk is
priced just as in Mankiw (1986) and Constantinides and Duffie (1996).

4.1 Trading Volumes and the Serial Correlation in Asset Returns

We now consider the potential of our model to generate relationships between observed trade
volume and the serial correlation of asset returns from ¢t = 0to ¢ = 1 versus from ¢t =1 to ¢t = 2.
Here we find that any such connection is coincidental.

Specifically, we have seen above that asset prices at time t = 1 for claims that pay off
at t = 2 in any conditional equilibrium are given by p(y; z). Moreover, from equation (28),
these asset prices are determined entirely by the realized average risk tolerance of agents in the
economy 7(z) and the remaining endowment risk in the economy. Hence, in any conditional

equilibrium, the expected returns from t = 1 to t = 2 on any asset, given by

E: [d(y, 2)|7]
Plzd ZP vlz)

where P (d; z) is defined as in (17) has no direct connection to trade volume realized at ¢ = 1.
Likewise, the gap between the realized return on this asset from t = 0 to ¢t = 1 given by
Pi(z;d Pi(z:d

1( ) Z 1( )71'(2’)

Po(d) Py(d)
where Py(d) is defined as in (18) has no direct connection to trade volume realized at t = 1.
Therefore, in the equilibrium with either complete or incomplete asset markets, any connection
between realized trade volumes at ¢t = 1 and the serial correlation of asset returns from ¢ = 0
tot=1and t =1 tot=2is coincidental.

We now discuss our model’s implications for trading volume and expected excess returns as

of date t = 0.
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4.2 Trading Volume and Ex-ante Prices and Returns

From Proposition (1), we have that in the equilibrium with complete asset markets, all certainty
equivalence consumption for all agents is insured against idiosyncratic shocks to risk tolerance
and hence date t = 0 asset prices Q*(z) = ) Q*(7; 2)u(7|2) are not directly connected to the
idiosyncratic shocks to risk tolerance that drive trading volume at ¢ = 1.

In the equilibrium with incomplete asset markets, however, this is not the case. In that
equilibrium, agents’ certainty equivalent consumption is exposed to idiosyncratic shocks to
their risk tolerance. In this section we consider the impact of these idiosyncratic shocks on
asset pricing both in terms of additive expected excess returns and multiplicative expected
excess returns.

The price at t = 0 of a riskless bond, i.e., a claim to a single unit of consumption at t = 2
for each possible realization of 7, 2, and y, is given by Fy(1) =Y. Q(2)7(z).

Consider a security with payoffs d(y|z) at t = 2. The time ¢ = 0 multiplicative excess return

of a claim with consumption d at ¢t = 2 is denoted by &2(d) and it is defined as:

_ Bold.2) /1
fald) = =g B )

Analogously, the multiplicative excess return of a claim with consumption d at t = 2 bought at

t =1 in sate z is denoted by &) 5(d) and it is defined as:

= Bldy o)l 1 Eildly, 2)[2]
“alzd) = =500 / Pi(z1)  Pi(zd) (40)

since we use the normalization P;(z;1) =1 for all z. The expression for P;(z;d) are given by:
Pi(zd) = ply; 2)d(y, 2)p(y|2) (41)
Y

where p(y; z) are given by the representative agent marginal utility defined in (28). The ex-
pectations E[-| are taken with respect to the statistical distribution, i.e., using the probability
distributions 7 and p.

We have _
V'(Ci(z))

Q) =

J(2)L(2) (42)
with

_V(Ci(r;2)
L(z) =) m#(ﬂ z) (43)

T

and J(z) is defined as in equation (37).
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Importantly, we can relate the bond prices at ¢ = 0 of the economy with incomplete markets

to the economy with complete markets as follows

Q°(2) = Q(2) L(2). (44)

where Q*(2) is given by (22) and (25), with C;, C¢ and D; are defined in (30), (31) and D;(z) =
>, P(y; 2)yp(ylz). This gives a complete characterization of asset prices for the incomplete

market economy. Next we turn to its analysis based on these expressions.

Trade Volumes, L(z), and Asset Prices: In the incomplete markets equilibrium, there is
a direct connection between asset prices and the dispersion of the preference shocks 7 realized
at ¢ = 1 in state z. This connection comes through the term L(z) in Q°. Under the assumption
that V" > 0, the term L(z) is equal to one if there is no dispersion in 7 and is strictly increasing
in the dispersion in 7. Hence, the corresponding probabilities used in pricing assets, mge(2),
are strictly increasing in the dispersion in 7.

V'(Ci(T32))

V’(C'l(z)) p(r;z) > 1

V" () > 0 implies L(z) = Z

and using a Taylor expansion we have:

L(z)~1+ %% Z [C’f(T, z) — C_’l(z)}2 w(T; z)
_ 1+ WVGE) 16 ) py a2 S (67 2) — 11 (s 2) (45)

2 VI(Ci(2))

T

Hence, if V" (C(z)) > 0, then our approximation to L(z) is directly proportional to the variance
of individual share trades times the square of the aggregate consumption risk premium as
measured by (C1(z) — Dl(z))2.

As an example consider the case of a uniform distribution, and then we consider a more
general case. For a uniform distribution of 7, the mean absolute deviation of 7 from 7(z) is
directly proportional to the standard deviation of 7 and hence, in this case, to a second order
approximation, data on the square of trading volume in state z is a valid proxy for the term
S (¢°(7;2) — 1)* u(7]2) in our approximation to L(z).

Of course, the previous result that the square of trading volume is directly proportional to
the dispersion of agents’ marginal utilities of certainty equivalent consumption is special to the

case of uniform shocks. More generally, if one had data on the distribution of trade sizes, one
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could potentially map data on trade volumes to empirical proxies for L(z) using the relevant
distributional assumptions. Moreover, since |r — 1| and (x — 1)? are both convex functions,
if we replace the distribution of risk-tolerance with one with a mean preserving spread, both
trade volume and L(z) increase. In this sense, both trade volumes and L(z) are increasing in
the dispersion of idiosyncratic risk-tolerance.

Overall, this analysis show that, using the definition stated above, trade volume and asset
prices have a directly connection. We now use this connection to develop three results regarding
the impact of trading volumes on asset pricing. The first one is a result about interest rates, the
second one is a comparison of risk premium across economies with different patters of trading
volume, and the third one is a comparison of the risk premium of different assets in the same
economy.

For these results it is useful to collect two properties of asset prices. i) Using the option of

re-trading we have that

Py(d) =) Q"(2)L(2)m(2) Pi(2;d) (46)

for all assets with dividend d. This expression will be key for our first result on interest rates.
Moreover, this expression together with the previous definitions of the excess returns give the
following expression for the (inverse) time ¢t = 0 excess return as a weighted average of the time

t = 1 excess returns:

(47)

- ZVL(Z )7 (2') E12(2;d) Eo[d(y, 2)]

1 Q" (2)L(z)m(2) 1 Ei[d(y,2)|7]
Eoa(d) ; > Q% (

This expression will be key to show the two results on excess returns. And ii) the only expression
that involves the dispersion of y(+|2) is the term L(z). The expressions for Q*(z), 7(2), Pi(z;d),
&12(2;d) and E,; [d|z] /Ey [d] are not functions of shape of y(-|z), and hence they are independent
of trade volume. The excess return &; »(z; d) is identical to the one of a standard representative

agent economy, so that the only feature of p(-|z) that matters is its first moment 7(z).

Trade Volume and Interest Rates: We have the following comparative static result re-

garding the dispersion of shocks to risk tolerance and time ¢ = 0 bond prices

Proposition 4. Consider two economies in which agents have the same preferences with
V"(-) > 0 and face the same distribution of endowments, Co, 7(2) and p(y|z). Assume that
the distribution of shocks to risk aversion in the two economies p(7|z) and p'(7;2) are such

that, for all j, 7(z;) = 7'(2;). Then these two economies have the same equilibrium values of
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C1(2) and J(z), but, for each state z, the economy with the higher dispersion in shocks to risk

aversion as measured by the a higher value of L(z) has the higher equilibrium bond price at

t=0, Q°(2).
Proof. The proof is by direct calculation. n

Note that interest rates are the reciprocal of ) Q°(z)m(z), so that the higher bond prices

translate into lower interest rates.

Trading Volume and Expected Returns across economies: For the first result we
compare an economy with the same dispersion of risk-tolerance across different states at t = 1
with one where the market-wide risk tolerance is negatively correlated with the dispersion of
risk-tolerance. We find that if V' displays prudence (i.e. if V" > 0) then any cash-flow with
systematic risk has a higher risk-premium in the economy in which dispersion is negatively
correlated with risk tolerance.

Denote by fi(-|z) the distribution of (7—7(2))/(D(z)/v+7(2)) conditional on z. We consider

the following assumptions:

If 2/ > 2z then 7(2') > 7(2) and (48)

If 2/ > 2 then fi(:]2") is a less dispersed (in second order stochastic sense) than ji(-|z) (49)

In words, states with higher market wide risk tolerance have a lower dispersion of risk tolerance,
and thus a lower volume of trade at £ = 1. We say that an asset has systematic payoff exposure

if d is increasing in y, and independent of z:
d(y',2") > d(y,z) for all z,2" and ¢/ > y. (50)

With this notation at hand we can state one of our main results:

Proposition 5. Let the distribution of y conditional on z, p(y|z) be constant across z. Consider
two economies where shock z indexes market-wide risk tolerance as in (48). The first economy
has constant dispersion on the idiosyncratic risk-tolerance across states at timet =1, so L(z) =
Li(2) is constant for all z. The second economy, has p(-|z) more dispersed for lower market-
wide risk tolerance as defined in (49), so L(z) = Lo(z) is decreasing in z. For both economies
we assume that market wide risk tolerance 7(z) is increasing in z. We fiz the same asset d(-),

with a systematic payoff exposure as defined in (50) in both economies. If investors are prudent

34



(i.e they have precautionary savings motives, or V" > 0), then the second economy (where the
cross sectional dispersion in risk tolerance is negatively correlated with the market-wide risk

tolerance) has a higher t = 0 expected excess return Ey(d).

We can describe the second economy as one where the cross sectional dispersion in risk
tolerance is negatively correlated with the market-wide risk tolerance, or equivalently as one
where trade volume is positively correlated with the market-wide risk aversion. So that times
of high market wide risk aversion, where risky asset sell at a low price, are times where lots
of investors want to rebalance, making the second economy, ex-ante, risker than the first. In
other words, in the second economy investors face lots of rebalancing risk.

This proposition parallels the results in Mankiw (1986) and Constantinides and Duffie
(1996). In both papers the authors consider the level of excess expected returns when in-
vestors have uninsurable labor risk whose dispersion is correlated with the level of aggregate
consumption. In both cases the authors show that this implies that the excess returns on an
aggregate risky portfolio is smaller than an otherwise identical economy with complete markers

or without dispersion on idiosyncratic income shocks.

Trading Volume and Expected Returns in the cross section of assets: In the second
result we compare the risk premium across risky assets in the same incomplete market economy.
In this case we find that if V' displays prudence (i.e. if V" > 0), asset whose cash-flows loads
more into the time ¢ = 1 states with higher dispersion, have higher prices or lower expected
returns. Since trade volume is also given by a measure of dispersion, this second result means
that assets whose cashflows load on states of high trade volume have low expected excess
returns.

To make this result precise, we fix an economy with incomplete markets and compare the
excess expected returns of assets with different exposures to the idiosyncratic dispersion of risk-
tolerance. We assume that the average risk tolerance and the distribution of the endowment y

conditional on z are both constant across z.

Proposition 6. Consider an economy with incomplete markets with the same market-wide
risk-tolerance and same conditional distribution of aggregate risk p(y|z) = p(y) for all states z.
Assume that the states z are ordered in terms of dispersion of idiosyncratic risk-tolerance as
in (49), so that L(z) decreases with z. Consider two cash-flows, d and d in the same economy,

where d loads more than d in states with higher dispersion of risk-tolerance in the following
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way: d(y,z) = 6(y)é(z) and d(y,z) = 6(y)e(z) with é(z)/e(z) decreasing in z. Then, i) the
time t = 1 conditional expected excess return are the same for both assets and all states z, i.e.,
&9 (Z,J) = &9 (z; d), and i) the time t = 0 excess expected return for the asset with higher

exposure to trade is smaller, i.e., & (d) < &o2(d).

This result gives the conditions under which trade volume acts as a pricing factor, i.e., the
conditions under which the cross-sectional returns on assets (i.e., £y2(d) vs £y2(d)) depends
on the correlation of returns with trade volume. In this case, the asset with dividend d, which
has higher value when trade volume is high, and thus ex ante is a better hedge against the
rebalance risk, has a higher price, i.e. it has a lower ¢ = 0 excess expected return. The higher
value of the asset with dividend d is due to higher exposure of its dividends to trade volume,

as captured by the term E;[d|z]/Eold] = é(2)/Eo[é(2)].

5 Taxes on Trading and Ex-ante Welfare

In this section we consider the implications for welfare of a tax on trade in shares of the
aggregate endowment at ¢ = 1. We show that while a Tobin tax on trade has a zero first
order effect on the socially optimal allocation, it has a first-order negative welfare effect on the
equilbrium allocation. In other words, a Tobin subsidy to trade increases ex-ante welfare in
equilibrium. The basic logic of this result is that a Tobin tax exacerbates the inefficient sharing
of idiosyncratic preference risk in equilibrium. Agents who have negative risk tolerance shocks
suffer a negative shock to certainty equivalent consumption in equilibrium. The Tobin tax also
falls on them in terms of its tax incidence. Hence the tax exacerbates the inefficient sharing of
risk in equilibrium.

To further understand the reasons behind this results, we also study a mechanism design
problem where risk tolerance shocks 7 are private information. We show that the fundamental
tension in this environment is that efficient risk sharing calls for all agents to receive the same
certainty equivalent consumption but that incentive compatibility requires that agents with
higher risk tolerance receive higher certainty equivalent consumption. In this section we show
that the optimal allocation is not incentive compatible and that the only incentive compatible
mechanism based on transfers to agents contingent on their reported type with further trading
allowed after transfers is the equal wealth equilibrium allocation. In the next section, we study
the mechanism design problem in which the planner can control the consumption of agents and

show that it shares certain features with a Tobin subsidy to trade.
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5.1 Tobin Tax

In the standard equilibrium analysis of the welfare costs of a tax on the trading of any good in
a setting in which agents have quasi-linear preferences for the good, the deadweight loss from
the tax, measured by the Harberger triangle, is small in the sense that the derivative of welfare
with respect to an increase in the tax is zero when evaluated at the undistorted equilibrium.
We find the same result in our model. In addition, in the standard analysis, the incidence of the
tax does not have a first order welfare effect either since there is no motive for redistribution
in the initial equilibrium. This standard analysis carries through in our model at the optimal
allocation.

In contrast, we find that when markets are incomplete in that agents cannot insure ex-ante
against idiosyncratic shocks to risk aversion, at tax on trade in shares has a first-order negative
impact on agents’ ex-ante expected utility as of t = 0 due to the incidence of the tax.

In our analysis of a Tobin tax, we assume that there are two asset markets — one at t =0
for bonds that pay off at t = 1 (contingent on realized 7 and z in the complete markets economy
and contingent only on z in the incomplete markets economy), and one at ¢ = 1 in which agents
trade shares of the aggregate endowment for sure claims to consumption at ¢ = 2. Assume that
trade in shares at ¢t = 1 is taxed. Specifically, assume that there is a tax per share traded of w
such that if the seller receives price D;(z) for selling a share of the aggregate dividend at t = 1,
the buyer pays Di(z) + w, and the total revenue collected through this tax, equal to w times
the volume of shares traded, is rebated lump sum to all agents.

Here we use the result that since all agents are ex-ante identical, they do not trade bonds at
t = 0 and hence they all hold a portfolio with no bonds and with a single share of the aggregate
endowment at the start of period t = 1.

With this notation we define a conditional equilibrium with a transactions tax as follows.

Conditional Equilibrium with a share transactions tax. An equilibrium conditional on
z with a share transactions tar w is a share price {D;(z;w)}, transactions tax revenue rebate

T(z;w), post-trade holdings of share s(7; z; w) that satisfy the market clearing condition

> s(rizw)p(rlz) =0, (51)
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and corresponding allocation of consumption at ¢t = 2, ¢(7,y; 2;w), that satisfy budget con-

straints,
cryizw) =y+ (Di(ziw) —w) (s(1:2w) — 1) + w TV (z;w) + B(1; 2)
if s(7;2;w) > 1 and
c(r,y; z;w) =y — Di(z;w) (s(T; 25w) — 1) + w TV (z;w) + B(7; 2)
if s(7; z;w) < 1 where
TV(zw= Y (s(riziw) - Dalrle)

T:8(T;2;w) >0

and that maximizes each agents’ certainty equivalent consumption (3) among all share holdings
and allocations of consumption that satisfy the budget constraints given the initial bondhold-
ings, the share price, the tax, and the tax rebate.

Note that in the budget constraint we include the realized time ¢ = 1 transfer B(, z)
bought/sold at ¢ = 0. In the case of an equal wealth equilibrium B(7;z) = 0. In the complete

market case B(T;z) = B*(7, 2):

Q)

. _ 1(2)
B*(152) = (T —7) - )
T Y

Q

_|_

We denote by Ci(7,w;2) the time t = 1 certainty equivalent consumption for agent with 7
in state z for the conditional equilibrium with a transaction tax w for ¢ € {x,e} corresponding
to the optimal allocation and equal wealth equilibrium.

Consider the following calculation of the change in ex-ante welfare from a marginal increase

in the transactions tax w starting from w = 0. Here we must compute
dW? ; d
g =0 = BZ ) > u(rl)V'(Cilr; 2)) 5 Ci(T32) (52)

where C4(7; 2) is the undistorted allocation of certainty equivalent consumption (with w = 0)
corresponding to either the equilibrium with complete or incomplete asset markets.

To compute this change in ex-ante welfare, we must compute the marginal change on the
certainty equivalence consumption of a small tax, i.e. the derivative of C%(7; z;w) with respect

to w evaluated at w = 0. Using the envelope theorem, as well as the strong aggregation with
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equicautious HARA preferences in a conditional equilibrium we get that:

J(z) [(Si(T; 2;0) —1) <—% — 1> + TVi(O,Z):| if s'(7;2;0) > 1
i0{(7'; 2;,0) = ¢ J(2)TVY(0, 2) if s'(1;2;0) =1 (53)
dw i 0D? (z;0) i e g

J(2) [(31(7'; 2;0) —1) <—#) + TV’(O,Z)] if s'(1;2;0) < 1

W

for all 7, z and i € {e, x}, and where J(z) is given by expression (37).
Using (53) for either complete markets and incomplete markets, as well as market clearing

for shares (51) we must have
E ,u(T|z)—d Ci(r;2) = g u(7’|z)—d Ci(r;2)=0
- dw 7 - dw 7

This result implies that a Tobin tax, at the margin, simply redistributed certainty equivalent
consumption across agents. Since in the undistorted equilibrium with complete asset markets,
Ci(r;2) = C1(2) for all 7, the formula (52) then immediately implies the standard result that a
share transactions tax has no first order impact on welfare starting from the undistorted equi-
librium since all types of agents share the same initial marginal utilities of certainty equivalent

consumption in each state z. We collect this result in a proposition.

Proposition 7. Let W*(w; z) be the time t = 0 ex-ante utility if at t = 1 a Tobin tax w is
imposed in the complete markets equilibrium. This tax has a zero first order effect on welfare,

i.e. LW*(w;2)]wmo = 0.

In contrast, in the incomplete markets economy, the baseline equilibrium allocation of cer-
tainty equivalent consumption at ¢ = 1 is not socially efficient and, we show that under a wide
set of assumptions a tax on trade in shares at ¢ = 1 has a first-order negative impact on ex-ante
welfare because it exacerbates this baseline misallocation of certainty equivalent consumption.

Specifically, as shown in equation (31), certainty equivalent consumption for an agent with
realized type 7 in state z at ¢t = 1, is strictly increasing in the risk tolerance 7 of that agent.
Hence, if V' is strictly concave, the marginal utility of certainty equivalent consumption for
an agent with realized type 7 in state z at t = 1, V/(C§(r; 2)), is strictly decreasing in the
risk tolerance of that agent. In this case, the restriction that the aggregate change in cer-
tainty equivalent consumption must be zero gives us that the total change in ex-ante welfare

in equation (52) can be written

% =0 Z 7(2)Cov <V’(C’1 (152)), %C’l (152) | z> (54)

z
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where Cou(+,-|z) denotes the covariance of two variables dependent on 7 conditional on z.
As this result makes clear, the first-order impact on welfare of a tax on trading in shares is
then determined by the question of whether it is agents with high or low marginal utilities of
certainty equivalent consumption in the initial equilibrium allocation who bear the cost of the
tax.

To study the incidence of a Tobin tax in an undistorted equilibrium with incomplete markets,
we must solve for the terms for the changes in certainty equivalent consumption by type 7 from
equation (53) and then compute (54). We do so in steps as follows. We first compute the
changes in demand for shares by each type 7 of agent as a function of the change in price and
lump sum transfer induced by the tax. We then compute the implied equilibrium change in
price B

0D¢(z;0)
ow
and transfer from the share market clearing condition. We then compute (54) under various
assumptions about the distribution of 7 across agents. We first consider an economy with only
two types of agents, 7 € {7, 72} with 7y < 7(2) < 72 for all z, as long as p(72) is not too small.
Establishing this result relies on standard arguments about tax incidence inclusive of lump sum
rebates of tax revenue. Then we extend the result to the case of a symmetric distribution u as
well as a regularity condition on V.

We first consider the derivatives of agents’ demands for shares with respect to a change in
the price of shares and a lump sum transfer. We evaluate these derivatives at the equilibrium
allocation. Define S(7;2D,T) as the optimal trade in shares for an investor with risk tolerance
7, facing a price D and receiving a transfer T. The first order condition for the risky asset

trade is:

E[U (y+(S(r:2,D,T)=1)(y—D)+T)(y—D) 2] =0. (55)

Differentiating this first order condition, and evaluating it at the equal wealth equilibrium we

obtain:

Lemma 1. Let S(7;2D,T) be defined as the solution of (55) evaluated at the equilibrium price
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D = D,(2) for equal wealth and at transfer T = 0. Then:

E (U2, () (v — D)2
E |UZ., (5) (v - D)’ |¢]

E UL, () |2]
E|UZ., () (y = D)’z

8S(r;2,D,T) E [U;’(z) (y) (y — D) \2}

0S(t;z;D,T)
oD

= ¢6(7—a Z) + (¢e(7_> Z) - 1)

or E U2, () (y - D) I¢]

Two comments about this lemma are in order as these results play an important role in
our calculation of the welfare impact of a Tobin Tax. First, the result that the derivative of
agents’ demand for shares with respect to a transfer is common across all agents is simply
an implication of the result that equicautious HARA preferences satisfy Gorman Aggregation.
Second, the second term in the derivative of agents’ demand for shares with respect to a change
in price D, the term which reflects the income effects on demand from a change in price, cancel
out when aggregated across all agents since the market for shares clears. This result is also
an implication of the result that equicautious HARA preferences satisfy Gorman Aggregation.
These two features of the demand for shares in our economy allow us to compute the change
in price that arises from a change in the Tobin Tax simply as a function of trade volume and
the fractions of agents who are buyers and sellers of shares. Other parameters of preferences
do not enter into this calculation. We show this in the next proposition as follows.

Let D¢(z;w) be equilibrium price of a claim to the risky endowment with a tax on trade w
introduced in the equal wealth equilibrium and let T¢(z; w) be the associated lump sum transfer
of tax revenues back to each agent. To compute the change in price and transfer due to a small
Tobin Tax imposed on the equilibrium allocation, we differentiate the market clearing condition

for shares

Z 0S(t;2z, D, T)

0D¢(z;0) 0S(t;2,D,T)
9D 2

N ap AT+

(rlz) +
T>T(2)
OT¢(z;0) Z 0S(7;2;D,T)

50 s H(Tl) =0

T

and the government budget constraint linking the tax to the lump sum transfer

T _ 5™ (@(r2) ~ D ulrlz) = TV (2

T>7(2)

The first term in the derivative of the market clearing condition for shares is the direct

impact of the Tobin Tax on the share demand of those agents who buy shares while the other
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two terms are the impact of the change in price and change in transfer on the demand for
shares. The derivative of the government budget constraint follows from the standard result
that if we start from a tax equal to zero, then the change in share demands has no first-order
impact on revenue from a marginal increase in the tax.

Using lemma 1 and these conditions, we derive the following characterization for the impact

of prices of a transaction tax:

Proposition 8. Let D(z;w) be equilibrium price of a claim to the risky endowment with a tax
on trade w introduced in the equal wealth equilibrium. Assume, to simplify, that there are no
marginal investors, i.e. j has no mass point at T = 7. Then the price D(z;w) received by

sellers decreases by the fraction of shares held post-trade by buyers times the Tobin Tax

w0 _ Do (mi2ulrlz) = -

TV(z) +Zu<f|z)] €(-1,0). (56)

T>T

As mentioned above, this result gives us the simple result that the change in price from a
Tobin Tax is simply a function of equilibrium post-trade portfolios and hence a function only
of equilibrium trade volume and the fraction of agents who are buyers. No other preference
parameters enter into the calculation.

We now use this result regarding the change in price due to a Tobin Tax together with
equation (53) evaluated at equilibrium share holdings ¢°(7; z) to compute the incidence of the
tax in terms of the changes in certainty equivalent consumption for agents with different realized
values of 7.

We first show that if the distribution of preference shocks p(7|z) is symmetric, then, on
average, those experiencing negative shocks to risk tolerance (sellers of shares), lose certainty
equivalent consumption and those experiencing positive shocks to risk tolerance (buyers of
shares), gain certainty equivalent consumption. In fact, the next proposition shows that the
average gains (or losses) for buyer (and sellers) of risk asset after the introduction of a small
transaction tax w are an extremely simple function of trade volume prior to the introduction

of taxes.

Proposition 9. Assume that p(-|z) is symmetric around 7. Then the average consumption

equivalent gain among all buyers (respectively losses among sellers) of risky asset are propor-
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tional to the square of trade volume:

Avg. Gain Buyers = Z %C;’(T; z; O)% W+ o(w) = +2J(2) [TVE(2)]” w + o(w),

Avg. Loss Sellers = Z %C-‘f(T; z; O)% w4+ o(w) = =2J(2) [TV(2)] w+ o(w).

Three comments about this proposition are in order. First a corollary of the previous

T>T

T<T

proposition is that in the case of a symmetric distribution p(-|z) with only two wvalues of T,
there is a first order welfare loss of introducing a transaction tax w. This is because the marginal
utility of buyers of risky assets is discretely below than the marginal utility of sellers. Second,
since this results gives a strict inequality, it suggests that in the case of two values of 7 one
can relax the assumption of symmetry of u(-|z). Indeed Proposition 10 shows that. Third,
and more subtly, the result in Proposition 9 does not imply that assuming symmetry there
is a first order loss in welfare for a trade tax w. The reason why this is not sufficient is that
there can also be redistribution among sellers and or among buyers. Proposition 11 impose
extra conditions on the utility function V' so that these potential redistributional effects don’t
overcame the result.

We now prove our result that a Tobin-tax results in a first order welfare loss in an economy
with only two possible realizations of 7. We then present this result in an economy with a

symmetric distribution of shocks to risk tolerance u(7|z).

Proposition 10. Fiz a z. Consider an economy with only two types of agents, T € {, 7} with
71 < 7T(2) < 7o and thus ¢°(11;2) < 1 < ¢°(10; 2). Assume that V is strictly concave. Then,
when agents have equicautious HARA preferences a tax on asset trade on the equal wealth
equitbrium has a negative first order ex-ante welfare effect if and only if

dWe(0; 2) ¢°(1i]2)

7 <0 <= p(m;z) > Tr (-2 o7 (ry: 2)

(57)

Note that since ¢°(71;2) < 1 then u(m|z) > 1/2 is a sufficient conditions for the Tobin tax
to have a first order welfare loss. Also, symmetry of the distribution of 7 implies p(m|z) = 1/2
and hence satisfies condition (57).

Now we extend the result to the case of a general symmetric distribution u(-, z) and where

V' is concave with derivatives that alternate signs.

Proposition 11. Fiz a state z. Assume that there are no marginal investors, i.e. u(-|z) has no

mass point at T = T, and that the distribution of T is symmetric, i.e. u(T — a;z) = u(7T + a; 2)
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for all a. Furthermore assume that the ex-ante utility V' is analytical, strictly increasing, and
strictly concave, with all derivatives evaluated at Cy(z) alternating signs, i.e.:

, oV (O) , oV (C) -
sign (W) = —sign (W) evaluated at C = Cy(z), and alln =1,2,3,...
(58)

Then, when agents have equicautious HARA preferences a tax on asset trade on the equal wealth

equitbrium as a negative first order ex-ante welfare effect for each z, i.e.:

d
ZWE(0:2) <0 (59)

Moreover, approximating the change on ex-ante utility in terms of moments of 7, and using the

first leading term we obtain:

LWe(0;2) ~ T2 V(=) GO P 1y var(rlz) (60)
w |:D1’y(z) i

where T'V¢ is the trade volume in the equal wealth equilibrium.

A few comments are in order. First, the assumption that the derivatives of V' change sign
include the case of polynomials, such as quadratic utility. Second, since V' is concave, this
assumption is consistent with V' displaying prudence, a key property that we use above in the
asset pricing implications. Third, although we did not emphasize this in the statement of the
proposition, in the proof we show that every extra term in the approximation corresponding
to higher order derivatives is negative. Fourth, most commonly used utility functions satisfy
the condition that derivatives of higher order change signs, such as all HARA utility functions.
Finally, we can evaluate the expression (60) for the particular case where U, is CARA (so that
v — oo) and y ~ N(u,02(2)). In this case C1(z) — Di(2) = .50%(2)/7(2), and J(z) = 1.
Additionally if (-|2) is uniform then Var(r|z) = [TVe(2)]* [F(2)]° 64/12. Hence, writing the
expected utility W¢(w; z) in ex-ante equivalent terms, i.e. defining C¢(w; z) as V(C¢ (w; 2)) =
S, V(Ce(ri 250)r) we get:

d _16V"(Ch(2)) 02(2)

_%@@~§W@M»ﬂ@

= V()

Thus the welfare loss of a Tobin tax is proportional to the curvature of the utility function
V, the representative agent time ¢ = 1 risk premium .502(z)/7(2), and the cube of the trade

volume.
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Note that in this economy, when a Tobin tax has a first order negative impact on welfare if
applied to the equilibrium allocation with incomplete markets, then a Tobin subsidy to trade
must have a positive first order impact on ex-ante welfare. This observation raises the question

of what the optimal subsidy to trade looks like. We take up this question next.

6 A mechanism design approach to Tobin taxes

Now we consider a mechanism design approach in which we assume that agents’ realized type
T is private information at ¢ = 1. This is a natural assumption for the risk tolerance parameter
7, and a reasonable justification for the assumed of time t = 0 insurance at of the realization
of time ¢t = 1 value of 7 in previous sections, i.e., a reasonable justification for the assumption
of incomplete markets. In this section we discuss two cases, first briefly the one in which a
mechanism designer is able to control the consumption of an agent, and then we turn in the
next section to the main case where the designer must use an investor specific linear sharing
rule.

We begin with two simple results regarding incentive compatible mechanisms in which the
planner can fully control the consumption of each agent subject to an incentive compatibility
constraint. Incentive compatibility is defined as follows. Consider a given allocation of con-
sumption at ¢ = 2 contingent on agents’ announced type 7" at ¢ = 1 and the realized value of
y at t = 2 denoted by ¢(7’,y). In this section we suppress reference to the aggregate shock z
realized at t = 1. The certainty equivalent consumption obtained by an agent of type 7 who

announces type 7" at t = 1 is given by

Cr,7) =U"

> Un(e(r, y))p(y)]

An allocation {c(7'y)} for all 7,y is incentive compatible if
C(r,7) > C(r,7') for all 7,7 (61)

Lemma 2. The first best allocation (i.e. the complete market equilibrium) is not incentive

compatible.

This lemma follows directly from the definition of risk tolerance. In the first best allocation,

we have all agents receiving the same certainty equivalent consumption
C(r,7) =C(r', 7).
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But if 7/ > 7 and there is any uncertainty in the allocation of consumption to type 7, then we
have that the agent with higher risk tolerance obtains a higher certainty equivalent consumption

from the allocation assigned to type 7 than does that type, i.e.
C(r,7) < C(r,7)

But then incentive compatibility requires that
C(r,7) < C(', ")

which is a contradiction.

This lemma highlights the fundamental tension in this economy. Risk sharing requires
equating the allocation of certainty equivalent consumption across agents, but incentive com-
patibility implies that agents with higher risk tolerance must receive higher certainty equivalent
consumption.

We now consider what incentive compatible allocations of consumption can be achieved if
the planner makes transfers to agents at time ¢ = 1 based on their announced risk tolerance and
then lets agents trade based on these post-transfer endowments. The allocations implemented
in this way are conditionally efficient. We now show that, when 7 has a distribution with
a density p, then the equal wealth equilibrium allocation is the only incentive compatible
allocation among conditionally efficient allocations. That is, the planner cannot improve on
this allocation through a mechanism that makes transfers to agents based on their reported

risk tolerance and allows agents to engage in trade after these transfers.

Lemma 3. Assume that there are continuum of types of agents T, and let u(t) denote the
strictly positive density of agents of type 7. Then the only conditionally efficient allocation that

18 incentive compatible is the equal wealth equilibrium allocation.

We note that for this lemma we cannot dispense from 7 having a density. For instance in
the case of discrete distribution of 7 the incentive compatibility constraint in the equal wealth
equilibrium will be slack, since each agent will strictly prefer its equilibrium allocation in their
budget set. This motivates us to study both the case with two values of 7 and the case where

7 has a continuous density.

6.1 Optimal Non-linear Tax-Subsidy

In the equilibrium with the Tobin tax, agents’ consumption ¢(7,y; z) at t = 2 for fixed 7 and z is

a linear function of realized y. We refer to the slope of consumption in y as the agent’s exposure
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to aggregate risk or his or her shareholding. In the equilibrium with a Tobin tax investors face
two prices, a high one for those than buy risky shares and a low price for those that sell risky
shares. Recall that the ex-ante welfare losses comes from the redistributive properties of the tax
incidence. In this section, we study the problem of optimal non-linear taxation. The optimality
is with respect to the ex-ante utility and subject to the incentive compatibility constraint. Our
interest is to compare the allocations under the second best mechanism with the ones under
the Tobin tax or subsidy.

In the mechanism design problem that we study, the planner offers agents a menu of linear
sharing rules for aggregate risk. The linear sharing rules have an agent specific exposure to
the realization of aggregate risk y (a type of “risky equity”) and an agent specific uncontingent
transfer (a type of “uncontingent bond”). The incentive compatible mechanisms we study
correspond to a menu of uncontingent bonds and risky equity from which the investor must
chose only one point in the menu, so that they are not allowed to retrade. These mechanisms
can be interpreted as a non-linear tax/subsidy on trade. Below we compare the features of this

optimal tax/subsidy with the Tobin tax/subsidy analyzed above.

The case of two values of 7. Consider first the case of an economy with two possible
realizations of 7 € {7, 72} with 71 < 7. To simplify the notation, assume that there is only
one possible value of z and suppress that in the notation. Then the mechanism design problem
is one of choosing a menu of shares S(7) and bonds B(7) with corresponding allocation of
consumption at ¢t = 2, ¢(r,y) = B(7) + S(7)y such that the implied certainty solves the

problem of maximizing ex-ante welfare
W= VI(C(r))ur)

subject to the constraints

Cr,7') = Ut Y UnS(7)y + B(r))p(y)

Y

for all 7,7/,
S S =1, 3 Bru(r) =0

and the incentive constraint that the agent with high risk tolerance does not want to report

that he or she has low risk tolerance
(C(TQ, ’7'2) Z (C(Tz, ’7'1)
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The result that this is the only one of the two incentive constraints that is binding follows
from the single crossing property of agents’ indifference curves over shares s and bonds b that
can be shown when agents have equicautious HARA preferences. Moreover, given that we know
that the solution of this problem without the incentive constraint is not incentive compatible,
we have that the incentive constraint must bind as an equality.

The solution to this mechanism design problem has several features in common with the
allocation that arises if a small Tobin subsidy is imposed on the equal wealth equilibrium
allocation.

First, the solution to this mechanism design problem must offer the risk averse agents higher
certainty equivalent consumption than they achieve in the equal wealth equilibrium allocation
(denoted with a superindex e), i.e. C(7y, ) > C(71), and vice-versa for the risk tolerant agents
C(19, 1) < C¢(72). This result follows from the observation that the incentive constraint is slack
at the equal wealth equilibrium allocation with discrete types since the risk tolerant agents are
able to purchase the equilibrium allocation of the risk averse agents but choose note to. Because
this constraint is slack in the equilibrium allocation, it is possible to strictly improve ex-ante
welfare by transferring bonds from the risk tolerant agents to the risk averse agents and thus
bring certainty equivalent consumption closer together. Hence, similar to the case of the Tobin
subsidy, the optimal incentive compatible mechanism effects a transfer of certainty equivalent
consumption from risk tolerant to risk averse agents via the incidence of the mechanism.

Second, the solution to the mechanism design problem allocates aggregate risk to the risk
tolerant agent, i.e., S(12) > S(71), and bonds B(7) < B(r) such that the risk tolerant agents
are indifferent between these two portfolios, C(7, 75) = C(72, 7). We refer to this as saying
that the incentive compatibility constraint binds.

Third, the solution to this mechanism design problem implies more trade than in the equal
wealth equilibrium. The next result analyzes the special case of the case where U,(-) has
CARA utility function. In this case any conditionally efficient allocations has S(7)/7 = 1/7 is
independent of 7. Additionally, in the case where 7 only takes two values the proposition below
shows that the ex-ante welfare of the equal wealth equilibrium can be improved, and that this
improvement has a more dispersed allocation of risk exposure, i.e. involves “more trade” than

the equal wealth equilibrium.

Proposition 12. Assume that T takes two values {11, 72}, and that U.(-) has CARA, or equiv-

alently that v = co. In any allocation that has binding incentive constraint and that is condi-
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tionally efficient, ex-ante welfare can be improved. Then, denoting the allocation that improves
ex-ante welfare with hats we have:

S(n) - ¢°(1)

T T

¢°(72) - S(r2)

T2 T2

S =

While the previous result just found an improvement in a feasible and incentive compatible
allocation, under regularity conditions the same holds for the solution of the mechanism design

problem.

Corollary 13. If, under the same assumptions of Proposition 12, the set of feasible set and
incentive compatible allocations is convex, then the second best allocation also has more dispersed
risk exposure. Furthermore, a sufficient condition for the convexity of the feasible set is that
©"(+) <0 and ps < py, where ¢ is defined in (64), and it is a function solely of the distribution
of y.

Forth, while in general we can just define a non-linear men, in this case we can devise a
piecewise linear menu to decentralize the second best allocation. In particular, each agent has
a piecewise linear budget set that is a budget set that arises from a fixed fee (in terms of bonds)
to enter the market that is specific to buyers and sellers of shares, a Tobin subsidy of the shares
purchased by agents of type 7 from agents of type 71 (so that the buying price is lower than
the selling price), with a cap on the subsidy limiting it to the share sales 1 — §(7;) mandated
by the mechanism (or equivalently, a tax on further sales of shares by agents of type 7 beyond
the quantity 1 — S(m)).

The second best allocation can be decentralized using any non-linear budget set for agents
that runs through these two portfolios and is everywhere below the indifference curves of both
types of agents corresponding to the portfolios assigned to them.® Here we consider a decen-
tralization that corresponds to a Tobin subsidy for trade financed by fixed fees for buyers and
sellers to enter the market. This will imply separate budget sets for buyers and sellers of shares.
As is the case for the equilibrium allocation, we assume that all agents enter the market at ¢t = 1
with one share and zero bonds. Assume that agents announce that they wish to participate
in the market either as a buyer or a seller. In doing so they pay a fee in terms of riskless
bonds leaving them with their single share and bondholdings B or B* for buyers and sellers of
shares respectively. Buyers then purchase shares for bonds at price D and sellers sell shares

for bonds at price D, up to a cap on sales of shares at 1 — S(7). We say that these budget

°In the next section we return to this general case and apply it to when 7 has a distribution with a density.
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sets decentralize the allocation that solves our mechanism design problem if agents are willing
to enter the market either as buyers or sellers of shares corresponding to their realized risk
tolerance 7 and 7 and then trade to the corresponding second-best portfolios S(7), B(T).

We construct the budget set for buyers of shares as follows. Let the buying price for shares
Db correspond to the marginal rate of substitution between shares and bonds for the risk

tolerant agent 7, at the portfolio S(72), B(72). Let the entry fee for buyers of shares be set at
B = D*(S(my) — 1) + B()

so that the portfolios S(7), B(79) and 1, B® both lie on this budget set with share buying price
Db

We construct the budget set for sellers of shares as follows. Let the selling price for shares D?
correspond to the marginal rate of substitution between shares and bonds for the risk tolerant
agent 7y at the portfolio assigned to the risk averse agent S(m), B(71). Let the entry fee for
sellers of shares be set at

Bs = DS(S(TI) — ].) + B(T1>

so that the portfolios S(m), B(m) and 1, B8° both lie on this budget set with share selling price
D?. Add to this budget set the constraint that agents cannot sell more that 1 — S(7;) shares.

To see that this budget set decentralizes the allocation S(7), B(7), note that the risk tolerant
agents 7y are, by construction, indifferent between declaring themselves to be buyers or sellers
of shares and trading to S(m), B(72) and S(m1), B(71) respectively. Due to the single crossing
property of agents’ indifference curves, risk averse agents 1 strictly prefer to declare themselves
sellers and are bound by the trading limit in trading to S(m), B(m).

To see that this decentralization involves a Tobin subsidy to trade in the sense that the
buying price D’ is lower than the selling price D?, note that, by construction, both of these
prices are determined by tangencies to different points on the same indifference curve for the
risk tolerant agent 7,. Because this agent’s indifference curves define strictly convex upper
contour sets, the share buying price D® must be strictly less than the share selling price D*
because this price is tangent to a point with relatively more shares S(73) > S(m) and fewer
bonds B(my) < B(11). An example of such decentralization can be seen in Figure 3.

This line of reasoning gives us the following proposition.

Proposition 14. The allocation that solves this mechanism design problem has higher certainty

equivalent consumption for the risk averse agents than these agents receive in the equal wealth
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Figure 3: Second Best with two values of 7

Fee to enter (sellers)
. % :

Fee to enter {buyers)

eq.2 0 eq. 1 B

Eq.1 and Eq.2 denote the equal wealth equilibrium allocation. A is the initial endowment. B’ and C’
the second best allocation. The blue broken lines denote the piece-wise linear budget constraint for those
declared as buyers and those declared as sellers of risky assets. B” and B” denote the point in the budget
set of buyers (sellers) of risky asset after paying the entry free.

equilibrium C(7y,7) > C¢(1) and vice-versa for the risk tolerant agents C(1a,72) < C(1y).
This second-best allocation can be tmplemented as an equilibrium wn which each agent has a
piecewise linear budget set that is a budget set that arises from a fized fee (in terms of bonds)
to enter the market either as a buyer or a seller, a Tobin subsidy of the shares purchased by
agents of type T from agents of type T, with a cap on the subsidy limiting it to the share sales

1 — §(m) mandated by the mechanism.

The case of a continuum of values of 7. We now consider the version of our economy in
which the distribution of agents’ types 7 has a density (7). As we saw in Lemma 3, in this case,
the equilibrium allocation is the only incentive compatible conditionally efficient allocation.
Thus, a planner does not have room to simply transfer bonds from the risk tolerant to the risk
averse agents without violating incentive compatibility as was the case in the economy with a
discrete set of possible types. We now analyze this problem. We specialize our analysis to the
case of CARA preferences.

The planner assign to each investor an uncontingent transfer B and a risk exposure to
aggregate risk §. There are two physical constraints for the planner. One is that the average

risk exposure of investors should be one. The second is that the average uncontingent transfer
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across investors should be zero:
1= /S(T),u(T)dT (62)
0= / B(r)u(r)dr (63)

When agents have CARA preferences, the certainty equivalent consumption of the investor
once the realization of her risk tolerance 7 is known to her is given by: 7¢(s/7) + b. In this

case the certainty equivalent is 7¢o(S/7) + B = —7log ([ exp (=[S y/7])p(y)dy) + B.

(@) = —log 2 ] = —log [ ol (o4
We summarize the properties of ¢ as follows

©(0)=0, ¢(1) >0, ¢'(x) >0forall zif y > 0 a.s., ¢'(0) =, , (65)
¢"(x) <0 for all 2, ¢"(0) = —07.

2
Normal y case. If y ~ N(p,, 07) then o (z) = zp, — ZLa?,
The realization of risk tolerance 7 is private information of each investor. Incentive com-

patibility for an investor with risk tolerance 7 is thus:
S(r S (7
T (L) +B(1) > 719 (L) + B(7') for all 7/ (67)
T T
The planner wants to maximize ex-ante expected utility, where we assume that investor’s
take expected utility over their certainty equivalence using utility function V', which we assume

to be strictly increasing and strictly concave.. Thus the planner seeks to maximize:

/ v (m (Sf)) + B(T)) p(r)dr (68)

by choosing functions s(-) and b(-), subject to the physical constraints (62) and (63) and the

incentive compatibility constraint (67) for each 7.

We think that this problem is close, but not identical to the one in Diamond (1998), which
itself is a version of Mirrlees (1971) paper with quasilinear utility. For one, preferences are
different, although they are quasilinear. Also the physical constraints are different. The con-
straints (62) is similar, yet not identical to the one in Diamond (1998). The constraint (63) has
no analog in Diamond’s.

In section (A.1) of the appendix we rewrite the planning problem in ways that it are standard

in the literature, first replacing the global incentive compatibility constraint (67) by a local
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condition and the requirement of monotonicity, second rewriting the feasibility constraint, and
third by rewriting the Lagrangian in a way that is easier to analyze similar to a Hamiltonean.
In particular in section A.1 we show that solving the planning problem boils down to solving
a system of two ordinary differential equations with two known boundary conditions, as well
as two integral equations. The system of two ordinary differential equations are the first order
conditions for the problem in terms of the path of C(7) and the path for the co-state variable
corresponding to the local incentive compatibility constraint at each 7. This system of o.d.e.’s
take as given the multipliers for the two feasibility constraints (62-63), which we denote by
(05, 60y). The boundary condition at the lower and upper bound of 7 for the costate are just two
special cases of the first order conditions of the problem. In Lemma 5 we show that the o.d.e.
system given the multipliers, has a unique solution which can be found by a convergent shooting
algorithm. The two integral equations that we use to solve for the multipliers correspond to
the two feasibility constraints. In lemma 6 we show that if V'(-) is also CARA, so that V(C) =
—T1y exp (—C'/7y) for some constant 7, we can drop the feasibility constraint (63) and solve the
first oder conditions entirely for the path of x(7) and the ratio 6,/6,, and analytically find the
value of #, that impose feasibility of the uncontingent transfers.

The following proposition partially characterize the solution of the planning problem.

Proposition 15. Assume that p(7) > 0 for all 7 € [, 7). Denote x(17) = S(7)/7. Let
O (x(7)) be the shadow value of risk, and let 0, and 05 the Lagrange multipliers of the constraint
(63) and (62) respectively. The shadow value of risk at the top and bottom are the same as the

ratio of the Lagrange multipliers, but it is higher for intermediate values:

> = ¢(alr)) = ¢'(a(r1)) < ¢ (a(7)) for all 7 € (71, 70) (69

and at the extremes we have:

T, dx(T) Oy = V' (C(1)) T dx(T) 0, —=V'(Cl7w))
ZL‘(TL) dT |T:TL - Qb < O < £L‘(TH) dT |T:TH - eb

(70)

since

V' (C(ty)) < 0y = /TH V' (C(p)) p(r)dr < V' (C(T1)) - (71)

Moreover, a sufficient condition for x(1) to be single peaked in T is that the derivative of
T/ (7)/ (1) with respect to T is positive evaluated at T* for which x'(t*) = 0, i.e. that

9 (1)
or u(r) |T:T* Z 0.
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This result is not surprising at all. It is the famous no distortions at the bottom and the

top in Mirrlees model. This result, as shown by Seade (1977), requires bounded support for the

types, continuous type density, and and interior allocations, which are all conditions satisfied

in our setup. For the remaining of types, there is a distortion in the sense that they marginal

rate of substitution ¢(z) is higher, so they must face a higher price.

Figure 4: Risk exposure, normalized relative to risk tolerance
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Figure 4 illustrates Proposition 15 by plotting xz(7) = S(7)/7 for the second best case

and for the equilibrium with equal wealth (or any other conditionally efficient allocation). As

stated in the proposition, x is U-shaped with the same values at both extremes. This is done

for a particular numerical example where y is normally distributed and where 7 is uniformly

distributed —see parameter values are indicated in the note of the plot. With these values the

price of risky asset relative to risk-less is D = 0.951, a 5% premiun.
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We consider a decentralization of the optimal non-linear tax by the planner with a menu of
contracts, letting the investor decide only one on that set. We let M = {(S, B)} be the menu
of contracts offer to investors. Each point on the frontier of this set correspond to the values of
B = B(r) and S = S§(7) for some 7 € |1, Ty|, where the functions S(-), B(+) are the solution
of the planning problem. Let S = {S: S = S(7) for some 7 € [, 75|}

It is interesting to compare the slope of the frontier of M —given our knowledge of ¢'(x(7))
with the slope of the budget line in the equal wealth equilibrium, as well as the slope of the
locus of exposure to aggregate risk and transfer in the complete market equilibrium. In the last
two cases the slopes are constant. The slope of the budget line in the equal wealth equilibrium
is dB¢/dS = —D;. The slope on the first best or complete market is dB*/dS = —C);. Now
consider any allocation defined by functions Z : [y, 7] — R and B : [r;,74] — R that are
incentive compatible (IC) and feasible — in the sense that (63) and (62) hold. Define M as the
menu of contracts that decentralize the allocation #, B. Note that S(7) = #(7)7. We have the

following simple result:

Lemma 4. The frontier ofM can be described as follows. Define S(B) = max B such that
(S,B) € M. The slope of the frontier for M is given by:

_%‘S’(T» = @’(@(7)) forall T € [TL, TH] (72>
_ddi = ¢(1)7) < —dfq = Tp(1/7) (73)

Normal y case. In the case in which y ~ N(u,,07), then ¢'(z) = p, — o, is linear. In this
case we have that feasible and incentive compatible allocation #(7) must satisfy:
™ dB(12(T)) . = N TH(T)
—_— dr = —D; wh ==
| e i (rydr = =Dy where i) = 7o e

L TL

for all 7 € [, 7] (74)

So, in the CARA-Normal case, IC and feasibility implies the weighted average of risk prices
should be the same as the one in the equal wealth incomplete market equilibrium. Since the
optimal one is certainly feasible and incentive compatible, then, by combining (74) with the
result from Proposition 15 for the optimal non-linear tax we obtain that the following pattern.

We illustrate the nature of the optimal non-linear tax as well as its differences with a Tobin
tax/subsidy in Figure 5. We plot the value of ¢’ (S) for different cases. In the case of the first
best and of the equal wealth incomplete market equilibrium this price is equal to ¢/(1/7). In the

Second Best we plot both the marginal price ¢’ (3) , as well as the average price, by integrating

%)



Figure 5: Marginal & Avg. Prices in the 2nd Best, and Prices in Equal Wealth Eqbm
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CARA-CARA-Normal-Uniform case. Parameters p, = 1,0 = 0.07,7 = 1/10, 7, = 0.001,7y =
0.199, 7 = 7, (w/D1(0)) x 100 = —0.358(36basispoints), TV® = 0.2475, TV2"* Best — 0.2645.

the marginal price from S to 1. We also plot the prices that correspond to the Tobin subsidy.
These prices take two values, one for those buying and one for those selling risky assets. Since
it is a Tobin subsidy, the price for those that sell —so they end up with S < 1- is higher than
those that buy —so they end up with S > 1. The difference between the two prices is w. We
chose the Tobin tax so that it has the same transfer as the value of B(1) in the second best.
This value has the interpretation of the tax or subsidy that goes to those that are assigned
S = 1. The value of the prices for buyers and sellers are computed using Proposition 8. In this
case it is tax, consistent with the idea of a Tobin subsidy to trade, finance with an entrance
fee. Note that the pattern for the average prices in the second best “resemble” the prices for a
Tobin subsidy.

Finally Figure 6 plots the ratio of the values of E'[|S — 1|] computed for the Second Best
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Figure 6: Trade Volume in the 2" Best relative to Trade Volume in Equal Wealth Equilibrium
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CARA-CARA-Normal-Uniform case. Parameters p, = 1,0, € [0.2,0.1],7¢ = 1/10, 7 € [0.001,0.51],

Ty =T.

allocation relative to the Equal Wealth equilibrium. The ratios are computed for several values
of o, and the ratio 71, /7y for the same specification as in the previous plots. As can be seen, the
trade volume in the second best is between 1% and 12% higher in the Second Best allocation

as we compute both allocation for different parameter values.
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A Appendix

Proof. (of Proposition 2) We omit the subindex z in several of the expressions to simplify the
notation. For the same reason we omit the index 7(z) for the function Uz((-). First we show
that Cy > D;. To show this we construct the function F () = E [U ((1 — )y + 6Cy)]. Note
F is strictly concave in @ since it is the expected value of the composition of a strictly concave
function with a linear function. In particular F”(0) = E [U” (1—0)y+6C) (C, — y)Z] < 0.
Direct computation gives F/(0) = E[U (y)] and F(1) = U (C}), and thus by definition of C; we
have: F'(0) = F(1). Summarizing, F is a strictly concave function that attains the same value at
¢ = 0 and 6 = 1, and hence the maximum of F'is attained in § € (0,1). Thus, F must be strictly
increasing at 6 = 0, or F’(0) > 0. Direct computation gives: F'(0) = E [U’ (y) (Ci —y)] and
using F7(0) > 0 we have: C; E[U’ (y)] > E[U’ (y) y] which rearranging and using the definition
of Dy, gives the desired result.

Now we find the expression for the first order expansions. The one for C; is well known.
The for for C; can be obtained by differentiating C; with respect to 0. We begin by expanding
E[U (y)] =U'(y) + (1/2)U"(j)0* + o(c?) where o(c?) denotes expression of order smaller than
0. And E[U'(y)y] = U'(§)y + (1/2)[U" ()5 + 2U" (§)]o* + o(c?). Using this expansions,D; is
given by:

U' @)y + (1/2)[U"(g)g + 20" (§)lo* + o(o?)

U'(y) + (1/2)U"(g)o? + o(o?)
Differentiating this expression with respect to o2, and evaluating at o? = 0 we obtain:
pr o) — WA @)+ 20" @I ) = U )s1/20" @)
U'(y)?
_UeUe  UE)
Ugr U@
Thus a Taylor expansion of D gives Dy = § + U"(§)/U'(§)0* + o(c?), which is the desired

DI(O'Q) =

expression.

Proof. (of Proposition 5) By the assumption that d we have that in both economies, E(d|z)/E(d) =

1 is independent of z we have that for first economy we have, using (47):

1 Q" (2)7 (%) 1
Eop(d) B zz: > QF(2)m(2') [51,2(2; d)}

and for the second economy we have:

1 Q" (2)La(2)m(2)) 1
Eoo(d) ; > @ (2) La(2)m(2) [ E12(z; d)]
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For both economies the terms & 2(z;d) > 1 are the same, and equal to the one for a representa-
tive agent economy. Using that d has systematic exposure, these excess returns are increasing
in market wide risk aversion, and hence decreasing in z, so that its reciprocal is 1/&; 2(2;d) is
increasing in z. By assumption Ls(z) > 1 and decreasing in z. So that the induced distribution
Q" (2)La(2)m(2') /1D, Q*(") Lo(2")m(2")] for the second economy is stochastically lower than the
distribution Q*(2)m(2")/[>_,, Q*(#")m(2’)] corresponding to the first economy. Hence 1/&2(d),
is smaller for the second economy than for the first economy, and thus its reciprocal, & 2(d), is

higher for the second economy than for the first economy. O

Proof. (of Proposition 6) Direct computation Eq[d|z]/Eo[d] = é(z)/Eo[é(2)] and Eq[d|z]/Eo[d] =
é(2)/Eolé(2)] = e(z)/Eole(z)]. Using the specification for d and d and that p(y|z) = p(y) we

have

S YW
e = S bW )5, ) Y =

Using that p(y|z) = p(y) we have that Q*z(z) = Q*. Thus we have, sing (47)

11 Q*_L(Z)W(Z) é(z) 1 L(z)m(z) é(z)
Eoo(d) 12 — > QL(Nm(2) Eo[e(z)] & X0 L()7(2') Eo [6(2)]

1 EO{ L) () ]
Ga LG EE]]
-7 {1 +Con {EL@())] | Ef[(;()zn] }

Likewise:

Since, by assumption, é(z)/e(z) decreases with z then

L(2) e(z)
Eo[L(2)]" Eole(2)]

Covyg l

Then m 2 m or g[)}g(d) S 5072(61). ]

Proof. (of Proposition 8) To render the notation manageable we suppress the z index all vari-
ables, and let D(w) = D;(z;w). Under the assumption of no marginal investors, then for a

small tax w, then S(7) > 1if 7 > 7 and S(7) < 1 if 7 < 7. We can differentiate market clearing
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to obtain:

. {6S(T,D,O) {dD(O) +1} +8S(T,D,O)TV} ()

oD dw aT
S(t)>1
0S(r,D,0)dD(0) 9S(r,D,0)
+Z{ o0 aw T ar  VHD

T<T

Rearranging we have:

B 0S(r, D,0) dD(0) 0S(r, D,0) 0S(r, D,0)
0= 3 e+ G S G i) 1y 22
or
S(7,D,0) 85(7,D,0)
dD(O) > o5 >1 o 1(7) >, a—T'“(T)
d 95(7,D,0) +TV 9S(r
w =2 Tan T -, BC20 (7

Using the characterization of the partial derivative of S(7) with respect to D the previous

lemma we have:

ostr D0, E (U2 () 1y B2 ) (v~ D)
27: Z(b E [U7 (y) (y — D)’] +Z:( 7= Uy (U2 (y) (y — D)7

| Epw)
E [UZ (y) (y — D)?]

Likewise using the partial derivative of S(7) with respect to T in the previous lemma we have:

95(r.D.0) ~ E[UZ(w)(y-D)
2= "= R or ) s - DY

and finally:

98(r.D,0) oy EUL )]
5%21 oD M( ) 5%21¢( )FL( )E [U;:/ (y) (y—D)Q}

E[U” —D
+ > (8(r) - D)y [[Ug((yy))((;— D))Q]]

S(t)>1

or using the expression for 'V we have:

05(r.D,0) E UL (y)] E[UZ (y) (y — D)]
2 =0 "D B - (SZ o ) Y w-o

S(t)>1
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Thus we have:

E[U4(y E[UZ (y)(y—D)] E[UY (y)(y—D)]
dD(0)  E[UZ(w(- D ] (ZS (51 H(TlT )> +IVg E[UZ (y >( D)?] E[UZ (y)(y—D)?]
do __ EULy)] — TV
E[U(y)(y—D)’] E[UZ(y)(y—D)’]
E[UZ(y)]
7 (S 6)ulm)

___EUW)]
E[UZ(y)(y—D)’|

== ) dMulr) ==Y ¢(nu(r) == > é(r)u(r) € (-1,0)

S(r)>1 T>T o(T)>1

since ) _o(T)u(r) =1 and ¢(7) > 0, u(7) > 0 for all 7.
[

Proof. (of Proposition 10) Again we omit z to render the notation simpler. We want to compute:

4 ey, oy _ EUL) 0 ;
L OH2) = S | ~0(n) ~ Vg DO) + TV

We have from the previous proposition:

5o D(0) = ~(m)o(rs) and TV = (6(r) ~ Dy
thus:
%Cf’(ﬁ;z) E([gég;))] [((11) — Dp(72)d(12) + (d(72) — 1) ()]
E[U}(y)]
U-(C) u(72) [p(1)p(72) — 1]
_ E[UL(y)] 1+ 6(m)
-y o =t |1t 55
L Citnia) = S 1+ ()
%01(7'1,2) U-(C) o(m)(1 — p(m)) {1_,“(7.2) ey }
and thus:

=B (o) V(s 2)) — V'(Ci (s 2))] - i =)l 2) thus

DO 53 () V(s ) — V(5 )

1+ ¢(71; 2)

T a o(r:2)(1 = otris ) |1 = utras ) =5

(715 2)
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Since V" < 0 and Cf(71;2) < C§(19; 2) then

dWe(0; 2)
dw

o(11;2)

<0 = 2) >
i 2) L+ ¢(m;2)

(75)
O

Proof of Proposition (11). Again we omit z to render the notation easier to follow. Recall

that in an equal wealth equilibrium:

Ci(r) = Ci0) = (r =) gt = (7 =7
¥ =1= 5T =l =)

1ve = [T = Dt = [ = utriar
010 = - [ s@tryar == | [ = oyutryar + [ uiryar]

where n = 1/(7 + Dy/7) and x = (Cy — D,)/(7 + D1/v). Also, since we assume that V is
analytical we can write
e Vn+1 C_f -
V'(c) = Z % (c—C1)" for any ¢
n=0
where V71 (C’l) = 0"V (C’l) /oc™.
Using the expression (53), the ex-ante change on welfare of a small Tobin tax can be written

as

Lwe0;2) = IV / Cvicsr)uin)dn

TL

—I@DL0) [ V) ()~ ) s

TL

() / VO (6(r) — 1) lr)dr

[e.e]

= | [ = on(ryar] [Z R fwmdf]

n! .

n!

— (=)D} (0)n [Z V) / Y- f)”“u(r)dT]

n=0

— J(2)n [Z X"m /TH (r 7_-)n+1,LL(T)dT]

n!
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We can rewrite this expression as:

d e nvn—i—l(c_’l)
e ) = sme L)

S A" -] [ - 2ruias] - oy 0 | [ =7+ tutar]

n=0 TL TL

- [ / . f)nﬂu(T)dT} }

Now we analyze the term for each of the derivatives V(C). For n = 0,2,4, we obtain:

0 = gVi(C) { [/;H(T - T)p,(f)df] ~DI(0) x 0 — /;H(T - T)M(T)df}

We split the contribution of the remaining term into those with even and odd order of the

derivatives of V. Using the symmetry of p for these values of n:

l / s f)w)df] [ / LTH(T - f)"u(T)dT] D (0) % 0 [ / . f)”ﬂu(T)dT}

-1 [/H 7 — T|M<T)d7] UH I — T|”M(T)d7} -2 [/H I — T|"+m(¢)d7} <0

since Flzy] = E[z|E[y] + Cov(z,y) can be applied to x = |7 — 7| and y = |7 — 7|, which are
clearly positively correlated. Finally since this term is multiplied by V"*!(C'), which which for
these n is positive by hypothesis, the terms with n = 2,4, 6, ... have a negative contribution to
Le(0; 2).

For n =1,3,5, ... we have, using the symmetry of p:

[ e~ | xo- 0 | [ =] | [ - prtunar
J | J ||/

—=D,0) [ (7= o) -

TL

/ Y e () dr

B i / . f)u(T)dTl / Y- f):ﬂu(ﬂm -3 / Y = ()

TL TL

_ [ / . f)u(f)df} / :H(T — A H(r)dr > 0

where we use that symmetry implies that —D}(0) = 1/2 4 [/ (7 — 7)u(7)dr. Finally since
this term is multiplied by V"*1(C), which for these n is negative by hypothesis, the terms with
n =1,3,4,... have a negative contribution to %We((); z).

The expression for the approximation is obtained by using the term for n = 1. O
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Proof. (of Lemma 2) Note that with our equicautious HARA preferences, we have that if
7 > 7' (so that agents of type 7 have a higher risk tolerance than agents of type 7/, then, for

any allocation

C(r,7) >C(,7)
with this being a strict inequality if ¢(7’, y) is risky in that
C(r,7) <> (™ v)py)
y
The first best allocation has risk so that, for 7,7’ such that 7 > 7’ : C(7,7") > C(7/,7’). In

the first best allocation: C(r,7) = C(7',7"). Hence C(7,7’) > C(7, 7), which violates incentive

compatibility. O

Proof. (of Lemma 3) Recall that conditionally efficient allocations ¢(7,y) take the form given

in equation (?7) which we reproduce here as

o(1,y) = ¢(1)y +y(To(T) — 7)

One necessary condition for incentive compatibility is

9 ,
%C(Ta T )

T=T1'

which can be written as

D UL el ) [y + 7] p(y)d' () = > Uklelr, 9)vo(y)

Y

¥, Unelry) [L+7]ply) 4
>, Ulle(ry)ply)  #(7)

Using the form of conditionally efficient consumption given above together with the speci-

fication of U.(-), we have
1 _Zy(%”)_7 (%+f>p(y)7pis
MO, () e

This result together with the requirement that the shares [ ¢(7)u(7)dr = 1 integrate to one

imply that .
—++7
¢(r) = 35

Df | -
L 47
L
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which is the form for ¢(7) given in equation (35) for the equal wealth conditionally efficient

allocation. O

Proof. (of Proposition 12) To simplify the notation in this proof we use the subindex 1 and 2

instead of the arguments 7 and 7, for all variables. We impose the binding IC constraint:
By + 120(Sa /1) = Bi + 120(S1/72)
and the feasibility constraint:

0= Bopo + By
1= Sopp + S

Using these three constraints we can parametrize the set of allocations that are feasible and
have binding IC, which involve four variables (Bj, S, Ba, S2), as a one dimensional manifold.
In particular we write them as a function of B;.

The Certainty Equivalence for each type is thus:

Cy = By + 120(S2/12)
Ci =B +7119(S1/m)

We can thus write ex-ante welfare as a function of B;
EV](B1) = V(Ci)pu + V(Ca)po

We show that evaluated at the feasible allocation with binding IC constraint that is conditionally
efficient, then Sy /7 = &1/7 = x then %ﬁi&) > 0 and hence a decrease in S; and an increase
in S improve ex-ante welfare.

We consider the deviations in (B, Ss, By, Sy) that are feasible and where the IC constraint

hold with equality, i.e.:

dBy = 4B,
H2

S, = —Las,
2
ng + QOI(SQ/TQ)dSQ = dBl + 90,(81/7'2)(181
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Substituting feasibility int the binding IC constraint:

_ﬂdBl — 90,<82/7'2)ﬂd81 =dB; + ¢'(81/m2)dS;
H2 2
- (w’(Sz/Tz)% + so’(&/a)) dS; = dB; (1 + &)
2

M2
() )
(simaosim)

The change on ex-ante utility is:

dE[V] = V’((Cl)d(Clul + V/(CQ)dCQIUQ
=V'(Cy) [dBy + ¢'(S1/m1)dS1] 1 + V' (Cy) [dBs 4 ¢’ (S2/72)dSs] pio
Substituting feasibility:
dE[V] = V/((Cl) [dBl + @/(Sl/Tl)dsl] M1 — V/((Cg) [dBl + 90/(82/7'1)(181] J251
= [VI(Cy) = VI(Cy)] dBips + [V(C1)¢'(S1/m1) — VI(Ca) ¢ (S2/T2)] dS1ina
Substituting IC constraint:
dEIV / , 1+ B ) [VI(Ch)p'(S1/m) = V(Ca)p' (S2/72)]
V1 ey - vieaas - L)
o (¢(Sa/m) + (81 /72)
Denoting by z; = §;/m and xs = Sy /79 we have:
(1+8) V(€ (1) = VI(Ca) (22)]

(V@) + ¢ /m)

B,

1 dE[V]

e = V(@) V(@) -

Note that if x; = 23 = z we have:

DI D )
g, ~ V(C) - VIG) (%“%/)TQ))[V@Q V/(Cy)] > 0

since C; < Cy and hence V'(Cy) > V/(Cy). Using the binding IC and feasibility we have,
starting at x9 = x7; = x —which characterize the constraint efficient allocations, then ex-ante

welfare can be improved by increasing B; and since

oo ()
(¢(Sa/7) + (81 /7))

by decreasing Sj. O

<0
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Proof. (of Corollary 13) Now we show that if us/p; < 1 and ¢” < 0 then in the optimal
allocation xs > 1/7 > 1. To prove this we show that the set of feasible allocations is convex.
If this set is convex, then E[V](B;) must be concave, since V' is a concave function. Hence if
OE[V](By)/0B; > 0 evaluated at x; = xo = 1/7, then the optimal must have B; larger than that
amount, and thus the xs must be more dispersed. To establish the convexity of the feasible set,
note that the feasibility constraints are linear, so that the they define, as inequalities a convex

set. The remaining constraint is incentive compatibility, which can be written as:

G(BQ, Bl, 82, 81> Z 0 where
G(Ba, Bi,52,81) = Ba + 70p(S2/72) — Bi — 720(S1/72)
If G is a concave function, then the set of values for which G' > 0 is convex. Since G is linear in

By and B it suffices to show that it is concave in §7, Ss. We substitute the feasibility constraint

for S in G obtaining:

Sa 1-8
G (B, B, Sy, (1 — Sapt2)/111) = By + 12 ( ) By — 1 (M)
2

T2

Thus G is concave if and only %G < 0. Direct computation gives:
2

d S 1-8
=5 G(B2, By, 85, (1 = Sapia) /1) = ¢ (—2) + ¢ (M) %
1

dSQ T To
d’ " é /. (1 - SZMZ)//M & 2
52 \n) " ™ i
Since ¢” < 0 and we have assumed that ﬁ <1:
" =) —¢"
T2 Ml

T2
Mt
T2 T2 T2

where the last inequality follows by ¢ < 0 and if S, > ;.

1
253 C(B2, Br, 82, (1 = Sapia) 111) = —

d2 1
dS2G(BQ, By, 82, (1 = Sap) /1) =

The last step is to show that Sy > &;. For this, as a contradiction, assume that S, < &;. 1

this case note that:

1/11) = V'(Ca)¢'(Sa/72)]

L+ ¢ (S1/m)

LAEV] e — e, _( +%> VI(C¢'(S
A A ) ( (ol

(1+2) V(€O (/) = VI(C2)¢ (S/72)
(¢(So/ )t + (81 /)

> [VI(Cy) = V(Cy)] -
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where the inequality follows from the concavity of ¢ and form 7 > 77. Rearranging the right

hand side we can write:

1 dB|Y] (1+2) #51/m) (148) p(8/m)

modg, = O s gy | Y | s T G )
e | 9(S/m) — ' (Si/m) |, ¢'(S1/12) — ¢'(S2/72)
=V v+ oG |~ O S mE T p(6/m)

¢ (S2/72) — ' (S1/ )
¢'(S2/m2) 0k + ¢ (S1/72)

- [V’(Cl)% + V’(Cz)}

Thus if §; > Sy then ¢'(Ss/72) — ¢'(S1/7m2) > 0 and % > 0, which means that S; > S, can’t

be optimal. O

Examples of ¢ and ®. Normal case. For the case where y is normal N (s, 05) we have:

=
&
I
AS)
—
=
|
~6\
S
~
8
I
SIS e

2?, ®'(z) =0z > 0and ®"(z) =0, > 0.
Poisson. If y is Poisson with mean s, then
o) = =1y (€7 = 1) and ©'(z) = e~ [1 — 2] (76)

so ®"(z) > 0 for x < 1 and ®”(z) < 0 for # > 1. Thus in this case, ¢’ is not monotone.
Binominal. Suppose y is distributed as the outcome of n trials each with success with

probability p. In this case:

n(l—p)e”

p(z) = —log (1 —p+pe ™) and ®"(z) = T pe o

(1 —p)e® +p(l+2)] >0 (77)

In this case ¢’ is monotone.
FExponential. Suppose that y is exponential with parameter A. In this case
A A—zx
=1 e — d ®"(z) =
o) =tog (235 ) and ¥'(0) = 1

so®" >0ifx < Xand & < 0if z > .

A.1 Planning problem with private information, CARA case

To solve the planning problem we: i) rewrite the IC constraint, using its local version, ii) rewrite
and characterize the local IC constraint, iii) provide two equivalent version of the problem, and

iv) analyze the implications of the solution for the ration of S(7)/7.
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We will analyze the problem imposing only the local IC constraint. First, for given S(-), B(+),
define the value of reporting 7’ for type 7:

8 /

C(r, 7)) =71¢ ( ()

T

) + B(7')

Thus, global IC for type 7 can be written as: C(7,7) > (7,7’) for all 7/. The condition that
investors don’t gain form a marginal deviation is:

o)) (@) S(r)+B(7)

e(r) = 7¢ (Sf)) +B(r)

e = () - (B2 S (B 50y 4 810

T T T

and defining

we have:

Thus we can replace the local IC by imposing:

cr) = (20) -y (22) 22 (79)

-
We also require that C’(7) > 0. If these two conditions hold for all 7, then the global IC
constraint for all 7.

Note that in the IC constraint we just use S(7)/7 we write the problem in term of this

variable. We also introduce a function ® so we introduce the notation:

z(1) = S(7)

.
We note the following properties of ®:

and ®(x) = ¢(x) — ¢'(z)x . (80)

O(z) = p(x) — ¢'(x)x > 0 with ' (z) = —¢"(z)x > 0 and (81)
"(z) = —¢"(x) — " (x)z, ®"(0) =0, > 0. (82)

The first inequality follows from concavity of ¢ and ¢(0) = 0. To see this, note that concavity
implies that p(u) < ¢(z) + ¢'(z)(u — x) for all z,u, and using u = 0 we obtain the inequality.
Note that ®(x) > 0, which implies that C’'(7) > 0. The second inequality also follows from
concavity of ¢.

We impose the constraint on the uncontingent transfers to obtain an expression for C;, and
the path of 2’s. Recall that B(7) = C(7) — T¢(x(7)) so that

/TH B(ru(r)dr =B =0 < B = /TH C(r)u(r)dr — /TH r(a(r))u(r)dr = 0
TL TL

TL
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Using the IC constraint we can write:
C(r) = C(r) + / B(w(t))dt —> /H Clr)p(r)dr = Cry) + /H [/ (I)(x(t))dt} u(F)dr

Thus we can write the constraint that B = 0 in terms of the path {z(7)} and C,

B=c(m) + / LTH [ / (I)(;z:(t))dt} u(F)dr — / LTH ro(a()) p(r)dr = 0 (84)

and integrating by parts and rearranging:

B=c(m) + /H B(z(r)) [/ u(t)dt] dr — /H oz p(r)dr = 0 (85)

The planning problem is thus:

Jmas V(e nirie (36)
subject to:
C'(t)=® (z(1)) for all T € (17, 7H) (87)
1 :/ x(7)Tu(7)dr and (88)
0=C(r) + /TH B(x(r)) U u(t)dt} dr — /TH ro(z(F)u(r)dr (89)

We can write the Lagrangian, with multiplier A(7)u(7) for the each IC constraint (87),
multiplier 04 for constraint (88), and multiplier 6, for constraint (89). After using integration

by parts the Lagrangian reads:

L:/ dT—I—/ AT dr

+ [ o) W) + D] dr = A |TH+9[ / o(r)r(r dr]
+eb{ clr )—/THcp(g;(T)) [/ ()dt}dTJr oz }
The first order conditions are:
C(r): =V'(C(r)) u(r) = N(p)u(T) + (' (T)A(7) for 7 € (71, 7h) (90)
C(tu) : pu(ta)MrE) =0 (91)
C(re) + p(ro)A(72) = 0 (92)
o) rar) 4 6,0a(r) | [ o]
=0, 7 (x(7)) u(r) + @' (2(7)) u(7)N(7) for 7 € (71, TH] (93)
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Proof. (of Proposition 15) Rearranging the first order condition with respect to z(7):

b a(ry) = 2T [uwm -/ b u(t)dt] (94)

0, T1(T) Oy
The left hand side gives the different shadow prices, or implicit tax rates faced by agents. The

right hand side determines the sign. It is proportional to the different of two functions, namely
p(T)N(T) /0, and [ p(t)dt. Both functions start at the value of one at 7, and decrease to zero
as 7 increases to 7g.

Evaluating the first order condition for x at 7 and 77, and assuming that pu(7) > 0 and
w(te) > 0 we obtain

05 , 0 ,
g, ¥ lmn)) = 5= = ¢(2(m)) (95)

Then differentiating the first order condition of z with respect to 7:

b [ulr) + ()] 4 6,8 () () | [ o] = 600 ot
= 0@/ (e(7)) [u() + 74 (7)] + 8,7 (7)) () ()
9 (a2 (D)u(r)A(7) = ¥ (2(D)V" (€() ()
Rearranging;
#((r) = | () + 7 ()] + @ ((r)(r) 1 = PG
@ (a(m) [ p(t)dt — "R — 7 (a(7)) ()

Evaluating this at the extremes, using the values of A\(7)u(7), and that ®'(z) = —¢"(x)z:
oy _2) [0y = V' (C(11))] 2(1u) [0p = V' (C(7h))]
v'(r) =

9b7' L 91)7 H

(1) =

and /(1) =

The equality

6, / "V e )

TL

follows by integrating with respect to 7 both sides of the first order condition with respect to

C)(r) at T € (11, T) obtaining:

- [T viem = [T NouE) + i) dr = Nrwutn) - Mt

TL TL
and evaluating the right hand side using the first oder conditions with respect to C(7) at the

two extremes values, i.e. 7 =77 and 7 = 7. Using that C(7) is increasing in 7:
V' (C(ty)) < 6, < V'(C(71))
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Hence 2'(tg) > 0 > 2'(71). To show that 6,/0, — ¢'(x(7)) < 0 in the interior we analyze the

function:
W(r) = “(ng(” - / ")t
since we can write 6,/0, — ¢’ (x(7)) = ®(x(7)/[rp(7)]¥(7). Thus we have:
_ [ V' (C(®))
)= [ ) [1 7V (Cs) u(T(S))dJ “ )
Note that

\IJ(TL) = \II(TH) = (0 and \IJ/(T) = ,U(T) |:1 _ %b@—))]

Using that C'(7) > 0, and that V' (C(7g)) < 0, < V' (C(71)), so that ¥'(11) < 0, ¥'(74) > 0 and
U’'(7*) = 0 at a unique value of 7 for which V' (C(7*)) = 6. Hence it has a unique minimum,
and thus ¥(7) < 0 for all 7 € (77, 7x). Since ®'(z)/[u(7)7] > 0 this gives the result that
0s/0, — ¢’ (x(7)) < 0 in the interior.

Finally we show that z(7) is single peaked in 7. For this we show that at 7* for which

2/ (7*) = 0 we have that 2”(7*) > 0. To do so we write:

! —LT)SO —f(T*)Were
(1) = o7 that 2" (7%) o h
flr) = [w’(x(r)) - Z—] [ } + ' (x [1 G fbm)]
_ (z(7)) oA |

o(r) = D[ e - MR o o)
where we have used that o/ (7* ) 0 Since [ p(t %2‘(7) >0, ®"(z(7)) > 0 and ¢"(z(7)) <
0 we have that sign (z"(7*)) = sign (f'(7*)). Direct computation gives:

Fo) = [so’(x(T*)) - Z—] P e ) e

where we have repeatedly used that 2/(7*) = 0. Since we have shown that ¢'(z(7*)) — Z_Z > 0,

and we have that ®(7*) > 0, ®'(7*) > 0, and V" (C(7*)) < 0, then the assumption that

9 w (T
or u(r

single peaked.

|;—r« > 0 implies that f'(7*) > 0, hence = achieves a minimum at 7*, and thus it is
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Structure of solution to planning problem. To solve the planning problem we first take
as given (0, 0;,) and convert its first order conditions in the solution of two o.d.e.’s subject to
two known boundary conditions. The second step is to solve for the values of (6s,6,), using
implied values for the o.d.e.’s for two integral equations, namely the feasibility conditions. We
first turn to the description of the o.d.e. system given (6s,6,). For this we need to use the
first order condition for z(7) and solve it as a function of 7 and A\. We denote such function as

x = X(\,7;0,,0,). Then we use the following system for 7 € (77, 7y):

C'(r) = @ (X (\(7), 750, 60)) (97)
N Ca I
V() = =V () = S (98)

with boundary conditions:

Oy
A7) =0 and (1) = Pk
To solve this two boundary problem we implement a shooting algorithm. We evaluate the
system of (97)-(98) with initial condition A(77) = 60,/u(7) and some guess for the value for
C(7r). Then we check if the resulting value of \(7g) satisfies the boundary condition, namely
if A(7g) = 0. If not, we change the guess for C(7;) and repeat the procedure. The next lemma

ensures that there exists a unique solution that the this procedure converges by studying the

properties of the implied mapping between C7;, and A(7g).

Lemma 5. Fiz two arbitrary values of (0s,0y). Assume that V'(-) is strictly decreasing, and
that there is a value for Cy such that V'(Cy) = 0,. Let Ay (Cr) = A(Ty) be the value of the
solution of the system of two ordinary difference equations (97)-(98) where A() is evaluated
at Ty, taking as initial conditions C(1r) = Cr, and N(11) = 0y/1(7). There exists a unique
value C; that solves: Ag(C;) = 0. Furthermore, we can find an interval [QL, C_L] so that

)\H(QL) >0 > )\H(C_L) and %)\H(CL> >0 fO?“ all CL € [QL, CZ]

Proof. (of lemma 5). First we note that Ay (Cr) = 0 if and only if 6, = fTTLH V'(C(7,Cp))u(T)dT
where we let C(7,Cr), and for future reference \(7,Cy), the solution of the o.d.e. system with
Cr = C(rz). Throughout this lemma we keep the initial condition \(7z) = 6,/u(7z). We
proceed in three steps.

Step 1. We show that Ay (Cr) < 0. To see this we use that the solution for the first order

condition of z(7) given A and 7, which we denote X (A, 7; 7,75) is bounded from above by z(7),
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the solution to:

b i @) [
7~ o) == [

Given this upper bound we can construct an upper bound for C(7y,Cr), namely:
C(TH,CL) S CL -+ (TH — TL)(T) = CL + (TH — TL>maX(I)(f(T>)

Thus by setting C;, small enough V'(C(7,Cr)) > 6, and hence ), < f:LH V'(C(7,Cp))pu(T)dr.
Step 2. We show that Ay (Cr) > 0. Since C(7,Cpr) is increasing in 7, then for C(7;) large
enough 0, > [ V'(C(7,Cp))p(T)dr.
Step 3. We now show that Ay(-) is strictly increasing whenever Ay < 0. To see this we

totally differentiate the system of o.d.e.’s with respect to Cy, :

0 B 1 " 0
3 () = =i | [ V7€) g 1.0 oy
0 L [TOB(X(A(LCi), 1) OX(,C),b) D
aCLC(T,cL)_.1+-/LI o AL
for all 7 € |17, 7). From the first order conditions we have:
9X (A7) = ¢ (xi{(Teb) where x = X (A, 7) and ¥(1, \) = )\ —/ p(t)dt
2 () — ZHU(r, \) 0y i

We can also write:

1 T

U (T, A(1,Cpr)) = e—b/ 0, — V'(C(t,Cp))] p(t)dt
TL

Thus, if 6, < fTTLH V'(C(1,Cpr))u(7)dr then W(7, A(1,Cp)) is non-positive, single peaked and

hence 0X/OA > 0 since ¢” < 0 and ®” > 0. Evaluating the derivatives above for each T,

noticing that it is a recrusive system, we have that %)\ (1,Cr) > 1 and thus Ay (Cr) > 0. O

The next lemma shows that in the case of CARA utility function V', given a solution for
the o.d.e.s —in particular given the path for {z(7)}7#~ we can analytically solve for the value
of 0, and C(7r), keeping the ratio /6, constant which ensures that the feasibility constraint

(88) for uncontingent claims holds.

Lemma 6. Assume thatV is a CARA utility function, i.e. V(C) = —7y exp(—C/1v) for some
v > 0. Assume that the path {x(7)}" and ratio 0,/6, solve the first order conditions with
C(tp) =0, i.e.

72— () =

vy o[ V()
”M)LMwllfVUHW@mﬁmm@dt (99)
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for all 7 € [, 7w, and if the path {x(7)}" also satisfies the feasibility constraint (88). Then
the boundary C(1r,) and 6,

ctm) == [ atate) | [ wteyie| i+ [ rotatrputryin

TL TL

6, = e~Cr)/mv / :H v ( / (I)(x(t))dt) u(r)dr

satisfy the feasibility condition (89), and thus give the complete solution to the problem.

Proof. (of lemma 6) The proof is immediate, since with CARA the first order condition (99) is
independent of C(7y). O

Proof. (of lemma 4). We will compute dB(S(7))/dS = B'(7)/S'(7). We have S(7) = 72(7) so
S'(1) = z(7) + 72/ (7). Likewise we have: B(1) = C'(1) — ¢(1) — 7p(2/(7))2’(7). From the IC
we have: C'(1) = p(z(7)) — z(7)¢'(x(7)). Thus combining them:

dB(S(r)) _B'(r) _ —a(n)¢'(x(r) —re(@()a'(r)

s~ S z(r) + ra'(7) = —eleln)

For the equal wealth incomplete market we have:

T—T Dl dB¢ —
S*=1+——" and B = —[r — 7] —— — Dy = —p(1/7
EEESON Ay N 1= —el/7)

For the complete market of first best allocation we have:

T—T - C dB*
S* =14 —— and B* = —[r — =
+ an ka T]f—i—C'l/”y SO 7S

o = —Cy = —rp(1/7)

where we use that in both the equal wealth and complete market equilibrium z is constant,
and hence it must be equal to 1/7. Also since the complete market allocation is conditionally
efficient, then 2*(7) = 1/7 for all 7. In the complete market allocation we have that C(7) =
70(1/7) + B(7) is the same for all 7. Multiplying by u(7), integrating it across 7, using that
uncontingent transfers have zero expected value across 7’s, we have C} = 7¢(1/7). Finally since

¢ is concave, and (0) = 0, then p(1/7) > (1/7)¢'(1/7) or Cy = 7p(1/7) > ¢'(1/7) = D;. O
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