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Abstract

In this paper, | show how to perform spectral decomposition of the information about latent
variables in dynamic economic models. A model describes the joint probability distribution of
a set of observed and latent variables. The amount of information transferred from the former
to the latter is measured by the reduction of uncertainty in the posterior compared to the prior
distribution of any given latent variable. Casting the analysis in the frequency domain allows
decomposing the total amount of information in terms of frequency-specific contributions as
well as in terms of information contributed by individual observed variables. | illustrate the
usefulness of the proposed methodology with applications to two DSGE models taken from
the literature.
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1. Introduction

A pervasive challenge in empirical macroeconomic research is the estimation of
latent variables by combining theoretical models and observational information.
Examples abound and include endogenously determined variables, such as potential
output and natural rates of interest or unemployment, as well as a plethora
of exogenous random shocks driving business cycle fluctuations in modern
macroeconomic models. These variables are typically not directly observable and
to measure them requires estimating models that explicitly describe the joint
dynamics of observed and latent variables. Having correctly specified and accurately
measured latent endogenous variables and structural shocks is a key requirement
for macroeconomic models to meet to be useful as tools for policy analysis and to
be credible as story-telling devices.

The purpose of this paper is to show how to perform spectral decomposition of
the information about latent variables in dynamic economic models. In particular,
the proposed analysis reveals where in the frequency spectrum information about
latent variables predominantly comes from, and how much of it is contributed by
individual observed variables. The goal of this analysis is to enhance researchers’
understanding of where in the data, according to a given model, information about
unobservable quantities comes from. In doing so, the paper contributes to the
recent literature aimed at improving the transparency of structural estimation in
macroeconomic research.

The work that is most closely related to this paper is Iskrev (2019), where the
question regarding the sources of information about latent variables is treated in the
time domain. In that paper, the amount of information from observable variables
about latent variables is quantified by comparing prior and posterior probability
distributions and employing information-theoretic measures of uncertainty and
information gain. Analysis in the time domain preserves information about the
temporal order of the observable data in relation to the latent variables and allows
to study the transfer of information between variables with arbitrary temporal
patterns. The information pertaining to the temporal order of the variables is lost
completely in the frequency domain. At the same time, it allows to decompose
uncertainty and information into components of varying frequencies. Therefore, it
reveals how much and where in the spectrum uncertainty is resolved for a given
latent variable and what are the contributions from different observables. This is
something that cannot be deduced in the time domain. The two approaches are
therefore complementary.

The paper is also related to a growing literature on the feasibility of recovering
structural shocks using reduced form models. Building upon the work of Hansen and
Sargent (1980, 1991) and Lippi and Reichlin (1993, 1994), most of the research on
this topic has focused on the issue of invertibility (or fundamentalness) in structural
vector autoregressions, i.e. whether shocks from general equilibrium models can be
recovered from the residuals of VARs (see Alessi et al. (2011) and Giacomini (2013)
for useful overviews of this literature). Conditions for invertibility are discussed in



3 Spectral decomposition of information

Fernandez-Villaverde et al. (2007), Ravenna (2007), Franchi and Vidotto (2013),
Franchi and Paruolo (2015)), while Giannone and Reichlin (2006) and Forni and
Gambetti (2014) discuss how to test for lack of invertibility of structural VARs.
Invertibility issues that are specific to DSGE models with news shocks are discussed
in Leeper et al. (2013) and Blanchard et al. (2013). More recently, Soccorsi (2016)
and Sala et al. (2016) proposed measures of the degree of non-invertibility, which
quantify the discrepancies between true shocks and shocks obtained using non-
fundamental VARs.! In another recent paper Chahrour and Jurado (2021) draw a
distinction between invertibility on one hand, and what they call “recoverability”
on the other, defining the latter as the feasibility of recovering structural shocks
from all leads and lags of the observables variables. They argue that recoverability
is often what matters in applied research and present a necessary and sufficient
condition one can use to check if shocks in linear models are recoverable.

Similar to that literature, the analysis in the present paper can be used to
determine whether the shocks in a given model are recoverable given a set of
observed variables. Furthermore, as in Soccorsi (2016) and particularly Sala et al.
(2016), a measure is provided of the degree to which any individual shock, or an
endogenous latent variable, can be recovered. In particular, the proposed spectral
measures of information gain are defined with respect to a particular unobserved
variable and show how much of the prior uncertainty about it, within a given
frequency band, is removed due to observing a given set of model variables.

While the existing research on invertibility is concerned with the usefulness of
VAR-based tools for empirical validation of structural models, the purpose of the
analysis presented here is to understand the properties of structural macroeconomic
models in terms of how much and from where in the spectrum information
transfers between observed and unobserved model variables. Therefore, identifying
the principal sources of information is of primary interest rather than the total
amount of information about a given shock or endogenous latent variable. To that
end, | define and apply measures of frequency band-specific conditional information
gains that quantify the amount of additional information contributed by a subset
of variables, given the information contained in the remaining observed variables,
at a given band of frequencies. As the analysis of the models considered in
the application section shows, the conclusions one draws may be very different
depending on what the conditional variables are.

The remainder of the paper is organized as follows. Section 2 reviews the
relevant information-theoretic and frequency domain concepts and defines measures
of information gains from observable with respect to latent variables. It also shows
how the measures can be evaluated for linear Gaussian DSGE models. Section 3
illustrates the proposed analysis in two applications. One is a small-scale New-
Keynesian model employed by Uribe (2021) to investigate the nature and empirical

1. Simulation evidence that non-invertible VARs may in some cases produce good approximations
of the true structural shocks are provided in Sims (2012) and Beaudry et al. (2015).



importance of monetary policy shocks that produce neo-Fisherian dynamics, i.e.
move interest rates and inflation in the same direction over the short run. The
second is a medium-scale New Keynesian model estimated by Justiniano et al.
(2011) in order to investigate whether investment shocks are important drivers of
business cycle fluctuations. For both models, a complete investigation of the sources
of information about all structural shocks is presented. Section 4 concludes.

2. Methodology

The purpose of this section is three-fold. First, to introduce some basic information-
theoretic concepts and use them to define a measure of information gain for
variables with a multivariate complex Gaussian distribution. Second, to review
relevant properties of the spectral representation of a stationary Gaussian vector
process and present frequency domain measures of information gain. Third, to
show how to apply the measures in the context of DSGE models to evaluate the
information contributions with respect to latent variables across observed variables
and frequencies.

2.1. Quantifying information gains

Consider a (ny + 1)-dimensional random vector z = [y, z]’ whose joint probability
density function is f(y,z). How much information about x is gained when a
realization of y is observed? Information theory provides the framework and tools
to answer such questions. Specifically, entropy is a measure of the uncertainty
associated with a random variable, and mutual information is a measure of the
information shared by two random variables. Formally, if f(z) is the marginal
probability density function of z, and S, is the support of x, the entropy H(x)
of f(x) is defined as

H(r) = — /S f@)n(f(@)) de = ~Eln f(@). (1)

The amount of information about z is measured as the reduction in uncertainty,
i.e. the entropy H(z), relative to some base distribution. The mutual information
of the random variables y and z is defined as
[y, )
)= [ [ s ¥ dydo (2)
s, /s, f(y)f(z)
where S, is the support of y. The information interpretation of (2) follows from
the fact that it can be expressed in terms of entropy as

Iy, z) = H(z) — H(z[y). (3)

where H(z|y) = — Eln f(z|y) is the entropy of the conditional probability density
function of = given y. Therefore, I(y,z) has an intuitive interpretation as the
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reduction of the uncertainty about z due to observing y. It can be shown
(see Granger and Lin (1994)) that H(z) > H(z|y) with equality if and only if
f(y,x) = f(y)f(x). Hence, unless y and x are independent, observing y provides
information about x. If we partition y into two sub-vectors y; and ys, we can
express the conditional mutual information of x and y; given y, as

L(y1,zly2) = H(zly2) — H(z|y1,y2) (4)

The conditional mutual information tells us how much of the uncertainty about
x that remains after y, is observed is removed by observing also y;. Now, let
the joint density function f(y,x) be the (n, + 1)-dimensional complex Gaussian

distribution,
0 3 Yoz
e ((0)-(3 3)) ®

Then, both the marginal distribution of = and the conditional distribution of z
given y are univariate complex Gaussian distributions, with covariances given by
Yipx, and Mgy =Ygy — ExyE;;Eyw, respectively. Using this, it is straightforward
to show that the mutual information of y and x is

I(y,x) = H(z) — H(z]y) = 51n @) (6)

From H(z) > H(z|y) it follows that mutual information is positive unless y and
x are independent in which case it is zero. On the other hand, if the variables are
perfectly dependent i.e. there exists a one-to-one function g such that x = g(y),
observing y is equivalent to observing x. In that case 3., = 0 and I(y,z) = oo.
It is common in practice to normalize the measure to be in the interval [0, 1].
This can be achieved using the following monotonous increasing transformation
(see e.g. Joe (1989) or Granger and Lin (1994))

I"(y,z) =1 —exp (-2I(y, 2)) (7)

Applying this transformation to (6) results in the following measure of information
gain:

Eww - Eac
Gy = <21’> % 100, (8)

x

The interpretation of IG,_,; is the following: it measures the reduction in
uncertainty about = due to observing vector y, as a percent of the unconditional
(prior) uncertainty about z. Similarly, when vy is partitioned into y; and y2, we
can define the conditional information gain of y; with respect to x, given y, as

e _ (Zelv = Zelw) 0 9
yl_)zlyg - E’E:E X ? ( )

The interpretation of IGy1 —aly, IS the following: it shows the amount of
uncertainty about z left after observing y5 that is removed by observing also y1,
as a percent of the unconditional uncertainty about .



2.2. Information gains in the frequency domain

Let z; € R™= for t € Z be n,—dimensional stationary Gaussian time series with

Ezt =0 teZ (10)
cov (z,ze—p) = I'(h) t,heZ (11)
If Z = [z1,25,...,27%]" is a T x ny—dimensional realization the process, the

joint distribution of Z, as well as the marginal and conditional distributions of
any subset of components of Z, will be Gaussian. Therefore, in the time domain,
the information gain measures from the previous section can be applied directly to
quantify the information gained with respect to any realization of a component of z
due to observing a sample of realizations of a subset of the remaining components
of the process (see Iskrev (2019)).

In the frequency domain, the information gains analysis proceeds by applying
the discrete Fourier transform to the values of Z:

T
Z(wj) = 2aT) 23 zpeites (12)
t=1
for the Fourier frequencies w; = 275 /T, where j € {j € Z : —m < 27j/T < }.
Due to the linearity of the discrete Fourier transform, the joint Gaussianity
is preserved. Furthermore, it can be shown that Z(w;) behave asymptotically as
independent complex Gaussian random variables with zero mean and a covariance
matrix equal to f(w;), where f,.(w) € C™"=*"= is the spectral density matrix of
z(t) at frequency w (see Brillinger (1981, Theorem 4.4.1)),

oo
fez(w) = 2m) 7" Y T(h)e ™ (13)
h=—oc0

The asymptotic independence of the Fourier coefficients Z(w;) across
frequencies implies that information gain analysis may be conducted on a frequency-
by-frequency basis. In particular, (asymptotically) there is no information about a
given component of the series at a frequency w; that comes from components
at any other frequency wy, [ # j. Furthermore, the complex Gaussianity of the
distribution implies that information analysis at a given frequency w can be
performed using the information gain measures from Section 2.1. To be more
concrete, consider a partition of z; into a ny,—dimensional vector y; and a scalar
x¢, and let y(w) and x(w) be their respective discrete Fourier transforms at a

frequency w € (—m,]. The spectral density matrix of [y;,x¢|" is given by
— fyy(W)  fya(w) }
frt)= | ) (0 (14

and the frequency-specific information gain of y(w) with respect to z(w) is

IGy_z(w) = (flx(wzx;(£§y<w)) x 100

(15)
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where fy1y (W) = faz(w) = fay (W) fyy (W) fye(w) is the partial spectrum of z given
y (Priestley (1981)). Furthermore, if we split y; into yi+ and y2: and let y;(w)
and ys(w) be their respective discrete Fourier transforms, the frequency-specific
conditional information gain of y;(w) with respect to z(w) given ya(w) is

G fz|y(‘“)> x 100 (16)

et () = ( Fre@)

The interpretation of IG,_,;(w) and IGy, —sz]y, is the same as before (see Section
2.1), except that now information is defined in terms of the reduction of uncertainty
about z at a given frequency w due to information from y (or conditionally, from
Y1), also at frequency w. In practice, we are usually interested not in a single
frequency but rather in a band of frequencies, such as low, business cycle, or high
frequencies. Frequency band-specific measure of information gain may be obtained
by replacing in (15) and (16) the frequency-specific spectrum and conditional
spectrum of x with their integrated versions,

IGyoso(w) = (f‘”(wf)m(i“;y(w)> x 100 (17)
1Gy, —sajy, () = (f (‘}’) [ﬁ'““”) <100 (18)

where w = {w : w € [w, W] U [-wW, —w]} denotes the frequency band of interest,
foz(w) :/ Jez(w)dw, and fy,(w) :/ faly(w)dw. The interpretation

: wew wEw . .
remains the same, except that now the uncertainty and information about z are

with respect to the frequency band w. Note that IG,_,;(w) can be written also
as

Gy (w) = / 1Gy () 222 4 (19)

wEw fa:m (w)
Therefore, the information gain for a selected band of frequencies w is given simply
by the weighted sum of the frequency-specific information gains, with weights equal
to the contribution of each frequency to the total variance of x in w. Similarly,
the conditional information gain (18) can be expressed as a weighted sum of the
frequency-specific conditional information gains.
A special case of the band-specific information gain is when w covers the full
spectrum, i.e. whenw =0 and W =7. Let w = {w: w € [0, 7] U (0, —x]}. Then, it
is straightforward to show that information gain takes the form:

. (var(zy) — var(z¢|yi—r, T € Z)
IGyoso (@) = ( . > % 100 (20)

Therefore, in addition to the obvious frequency domain interpretation, it has a time-
domain interpretation, namely the per cent reduction of the unconditional variance



of x; as a result of observing the infinite sequence of past, present, and future
values of y;. Similarly, the full spectrum version of the conditional information
gain measure of y; with respect to x given ys is

_ var (z¢|yot—r, 7 € Z) — var(z¢|yi—r, T € Z)
IG’y1 —xly, (""’) = <

> x 100 (21)

var(zy)

The interpretation of (21) is the following: it shows the amount of uncertainty about
x¢ left after observing the infinite sequence of past, present, and future values of
yo that is removed by observing also the infinite sequence of past, present, and
future values of y;, as a percent of the unconditional uncertainty about ;.

2.3. DSGE models

A linearized DSGE model can be expressed as a recursive equilibrium law of motion
given by the following system of equations:

Yy = C(0)vi—1 +D(O)uy (22)
vy = A(Q)vi_1 + B(0)u, (23)
us = G(B)ut_l + Et, Ep ~ ./\/'(07 25 (0)) (24)

where y; is a n, vector of observed variables, v; is a n, vector of endogenous
state variables, u; is a n, vector of exogenous state variables, and &; is a n,,
vector of exogenous shocks. The matrices A, B, C, D, and G are functions of
the structural parameters of the model, collected in the ng vector 6.

In practice, latent variables researchers might be interested are endogenous
variables, such as output gap, exogenous shocks, such as total factor productivity
(TFP), or innovations to exogenous shocks, such as the innovation to the TFP
shock. In other words, and using the notation from sections 2.1 and 2.2, the latent
variable z; will be an element of v, u, or ¢, while the vector of observed variables
is y;. Evaluating the unconditional and conditional information gain measures
requires knowing the spectral and cross-spectral densities of x;, y;, and individual
elements of y. Those can be obtained from the joint spectral density matrix of
zi = [y}, v}, uy, €}, which is given by (see Uhlig (1999)):

1

fz(w) = %W(W,O)EE(O)W(W,H)* (25)

where
Cc(@)e D@ O
Inv O?’Lv,nu Onvvnu
O I,, O
Onu,ny Onu,nu N
(I, — A(6)e=) " B(8) (I,,,, — G(8)e~ )~
(Inu — G(O)e’i“)f

W (w,0) = x (26)

1
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and the asterisk denotes matrix transposition and complex conjugation.

In business cycle research, it is common to divide the spectrum into three non-
overlapping intervals, corresponding to business cycle frequencies with periodicity
between 6 and 32 quarters (as is standard in the literature, for example Stock and
Watson (1999)), and frequencies above and below that interval, labeled as low
and high frequencies, respectively. LetwBC. Wl and w denote the respective
frequency bands. Then, the total information gain from y; with respect to x; can
be decomposed as follows:

f(wh) fw?)
f@) f@)

Therefore, the total information gain is given by the weighted sum of the band-
specific information gains, with weights equal to the contribution of each frequency
band to the total variance of x.

Decomposing information gains across frequency bands is possible because
of the mutual independence of the respective frequency components. Since the
variables in y are typically correlated, the overall information about x cannot
be decomposed into contributions of individual observed variables. What we can
measure instead are the marginal contribution of a given observed variable y;, as
well as its conditional contribution given the information in other observed variables
y; Cy—; ={y\y,}. In particular, the following decomposition holds for any given
frequency band w:

IGy—o (@) =1Gy—0 (w") +1Gy e (w?9) + IGy—m(wH)

IGymsa (@) = 1Gy yupy (@) +1Gy  u(w) (28)

The first term on the right hand side represents information in y; about x that is
not in y_;. Note that this includes both information that is unique to y;, i.e. is
independent from y_;, as well as information about z that emerges from observing
y; together with y_;. At the same time, some of the information in y; about z is
also in y_;, and is therefore captured by the second term in (28).

3. Applications

In this section, | show how the proposed measures can be used to investigate the
sources and spectral domain distribution of information about structural shocks
in dynamic macroeconomic models. | apply the methodology to two models taken
from the literature: the small-scale model of Uribe (2021), and the medium-scale
model of Justiniano et al. (2011). Considering two models allows me to illustrate
different elements of the analysis in a complementary fashion. The model of Uribe
(2021) is much smaller, with only three observed variables, which makes it possible
to present fully results regarding information interactions among those variables.
This is not practicable in the case of the Justiniano et al. (2011) model, where |
present only selected results and leave the rest for the Appendix. Another important

(27)
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difference is that the Uribe (2021) has more shocks than observables, and finding
out how well each shock can be recovered is a relevant dimension of the analysis,
in addition to investigating the main sources of information. This is not an issue
in the second model, which, with its richer structure, larger number of shocks
and observables, is much more representative of the medium-scale New Keynesian
framework in the DSGE literature

3.1. Uribe (2021)

Uribe (2021) investigates the nature and empirical importance of monetary policy
shocks that produce neo-Fisherian dynamics, i.e. move interest rates and inflation
in the same direction over the short run. To that end, the author estimates
a standard small-scale New-Keynesian model with price stickiness and habit
formation, augmented with seven structural shocks. Full details about the model
can be found in the original publication. Here | only describe those of its features
that are directly relevant for the analysis which follows.

Firstly, three of the shocks are to monetary policy, which is described by the
following policy rule:

1+1t_[A<1+nt>‘“ <n>ay}1‘”f<1+ft1)wez;n (29)
Ft Ft Xt Ft—l 7

where I; the nominal interest rate, Y; is aggregate output, I; is the inflation rate,
I'; is the inflation-target, X is a nonstationary productivity shocks, and z{* is a
stationary interest-rate shock. The inflation target is defined as

Ly = X[ 30
t t ’

where X/ and 22 are permanent and transitory components of the inflation

target. It is assumes that X" and X; grow at a rates g;* and g:, respectively.
There are two preference shocks affecting the lifetime utility function of the
representative household, given by

Eoiﬁfeft{ [(Cr=0Cu) (1= h)] "1 } -
t=0

1—0

where C} is consumption, C, is the cross sectional average of consumption, h; is
hours worked, &; is an intertemporal preference shock, and 6, is a shock to labor
supply.

In addition to X4, there is also a stationary productivity shock z;, which affects
the production technology according to

Y; = e X4he, (32)

The five stationary shocks (&, 6, z¢, 2", and z{”2 ) and the growth rates of
the two non-stationary shocks (g; and g;*) are all assumed to follow first-order
autoregressive processes.
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Uribe (2021) estimates the model using quarterly US data on three variables:
per capita output growth (Ay:), the interest-rate-inflation differential (r; =
ir — m¢), and the change in the nominal interest rate (Aid;). All variables are
assumed to be observed with measurement errors. Thus, there are ten independent
sources of randomness in the data and only three observables. Clearly, not all, if
any, of the latent variables can be recovered fully. The purpose of the remainder
of this section is to determine how well each structural shock can be recovered
and where in the spectrum most of the information comes from, as well as what
are the information contributions of different observed variables overall and across
different frequency bands.

3.1.1. Information decomposition across frequency bands. Uribe (2021) solves
the model by log-linear approximation of the equilibrium conditions around steady
state. The linearity of the solution together with the assumption that the structural
innovations and the measurement errors are Gaussian, implies that the joint
distribution of (any subset of) the innovations, shocks, state and observed variables
is also Gaussian. Therefore, the analysis of information gains can be conducted
using the measures introduced in Section 2. In the analysis which follows | fix the
parameter values at the mean of posterior distribution reported in Uribe (2021)
(see Table 5).

Table 1 presents the total information gains for the seven shocks and their
decompositions into gains from three frequency bands - low, business cycle and
high frequencies, with periodicities of more than 32 quarters, between 6 and 32
quarters and less than 6 quarters, respectively. The results show that none of the
shocks can be fully recovered from the observed variables. The largest reduction of
uncertainty is with respect to the intertemporal preference shock (&;) — by about
93%, and the permanent productivity shock (g;) — by about 85%. The gains with
respect to the three monetary policy-related shocks are between 15% and 18%. The
least information is gained with respect to the labor supply (6;) and the transitory
productivity shocks (z;), with information gains for both of 1.8%.

Columns 3 to 5 of the table show the information gain contributions from
each frequency band. Following the earlier discussion (see equation (27)), the total
contribution in each case is shown as the product of two terms: the band-specific
information gain, which measures the reduction of uncertainty as a percent of the
uncertainty in that band, and the fraction of total uncertainty that originates in
the given frequency band.

For six of the seven shocks uncertainty is concentrated in either low and business
cycle frequencies, or high and business cycle frequencies. Specifically, in the first
groups are the transitory trend inflation, transitory productivity, and the labor
supply shocks. And in the second are the permanent productivity, transitory interest
rate, and permanent trend inflation shocks. The one exception is the intertemporal
preference shock for which the low frequencies are by far the main source of
uncertainty. As can be expected, the largest gains generally come from parts of
the spectrum where prior uncertainty is larger. There are some notable exceptions,
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total low BC high
&t preference 93.2 70.4 =96.4 x 0.73 19.5=88.4 x 0.22 3.2=66.0 x 0.05
0¢ labor supply 18 02= 05x033 11= 23x048 05= 29x0.18

z¢ transitory productivity 18 02= 05x032 11= 22x049 05= 29x0.19
g+ permanent productivity 83.5 9.3=94.9 x 0.10 32.3=87.1 x 0.37 42.0=78.9 x 0.53
z{"® transitory interest rate 155 0.1= 09x0.12 32= 7.9x0.41 122=25.7 x 0.47
z{”Q transitory trend inflation 16.5 5.8=12.7 x 046 9.7=23.1x0.42 10= 83 x0.12
gi" permanent trend inflation 18.0 7.2=69.4 x0.10 7.0=183x0.38 39= 75x0.51

Note: Information gain (IG) measures the reduction of uncertainty (variance) about a shock
due to observing all three observed variables, as a percent of the unconditional uncertainty of
the shock. The contribution from each frequency band is shown as the product of the IG for
that band and the variance in that band as a fraction of the total variance. Thus, the units

. _ variance band
in the last three columns are % = % x {SEAte 220

Table 1. Information gain decomposition across frequency bands

however. In particular, note that even though the low frequency band accounts
for only 10% of the uncertainty about the permanent trend inflation shock, the
information gain contribution from that band is largest than the business cycle
frequency band, which accounts for 38% of the uncertainty, and much larger than
the contribution from the high frequency band, which accounts for more than half
of the total uncertainty. This is due to the fact that a much larger fraction of
the uncertainty in the low frequencies is resolved by information provided by the
observed variables than is the case for the higher frequencies. Similarly, note that
for the labor supply and transitory productivity shocks, because of the relatively
larger information gains from the higher end of the spectrum, the information
contributions from there is larger than from the low frequencies, even though the
low frequencies account for a significantly larger fraction of the prior uncertainty.

3.1.2. Information contributions by variables. Table 2 shows the conditional
information gains for each observed variable for the full spectrum and the three
frequency bands. The largest contribution by far is from output growth (Ay;) with
respect to the permanent productivity shock. Note that the conditional information
gain of 83.4% is almost equal to the total gain (all observables) of 83.5% for
that shock (see Table 1). This implies that the other two variables - the interest
rate-inflation differential () and the change in the nominal interest rate (Ai;)
alone reduce the uncertainty about the permanent productivity shock by only
0.1%. This result holds for the full spectrum and the individual frequency bands.
Output growth contributes less information for the other shocks, compared to r;
or A\iz. The contributions of these variables with respect to the two trend inflation
shocks are similar, with r; being relatively more informative for the transitory trend
inflation shock, while Ai; is more informative for the permanent one. In addition,
r¢ contributes much more information than either Ay; or Ai; with respect to the
preference shock, while Ai; is the most informative observable with respect to the



13 Spectral decomposition of information

total low BC high
shock Ayt Tt Ait Ayt Tt Ait Ayt Tt Ait Ayt Tt Ait
& preference 0328 72 002.4 08 0105 41 0100 23
0:  labor supply 0.1 01 11 00 0.0 00 0100 06 000.0 05

zt  transitory productivity 0.1 0.0 1.1 0.0 0.0 0.0 0.10.0 0.6 0.00.0 0.5
gt permanent productivity 83.4 0.8 57 93 0.0 0.1 322 0.6 2.8 419 0.2 238
z{* transitory interest rate 22 15 9.0 0.0 0.1 00 0409 04 1805 85
22”2 transitory trend inflation 1.7 13.0 82 0.1 55 43 1173 37 0502 0.2
g{* permanent trend inflation 0.5 10.4 156 0.0 47 7.0 0252 56 0305 3.0

Note: Conditional information gain measures the additional reduction of uncertainty
(variance) about a shock due to observing a variable given that the other two variables
are also observed, as a percent of the unconditional uncertainty of the shock. The observed
variables are: output growth (Ay;), interest-rate-inflation differential (7¢), and the change
in the nominal interest rate (Ai;). Due to rounding in some cases the band-specific
contributions do not add up to the total values.

Table 2. Conditional information gains

transitory interest rate shock, and, marginally, for the labor supply and transitory
productivity shocks.

total low BC high
shock Ayt Tt Ait Ayt Tt Ait Ayt Tt Ait Ayt Tt Ait
&t preference 3.5 846 66.0 09 69.6 440 20 146 189 0.6 0.4 3.1
0: labor supply 00 06 17 00 01 02 00 05 1.0 0.00.0 0.5

z¢  transitory productivity 00 06 16 00 01 01 00 05 1.0 0.00.0 05
g¢+ permanent productivity 76.7 0.1 0.1 9.0 00 0.0 28.7 0.0 0.0 39.1 0.0 0.0
7' transitory interest rate 0.7 58115 0.0 01 00 02 25 1.8 0532 97
zfﬂ transitory trend inflation 22 53 09 02 11 01 16 38 06 0404 02
permanent trend inflation 1.8 04 6.8 0.1 0.0 25 09 03 13 080.1 3.0

Note: Unconditional information gain measures the reduction of uncertainty (variance) about
a shock due to observing a given variable, as percent of the unconditional uncertainty of the
shock.

Table 3. Unconditional information gains

The ranking of variables in terms of their total information contributions is
determined by the relative size of the information gains in the part of the spectrum
from where a given shock receives the most total information (see Table 1). In
several cases, the ranking changes with the frequency band. For instance, Ai;
contributes significantly more information than r; with respect to the intertemporal
preference shock in the BC and high frequencies. At the same time, 7, contributes
the most information with respect to the transitory interest rate shock in the low
and BC frequencies, in spite of being the least informative variable in the high
frequencies and overall. Similarly, Ay, is the least informative variable overall with
respect to the transitory trend inflation shock, but has the largest contribution in
the high frequency band.
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It is worth emphasizing that the information gains shown in Table 2 are from
observing a given variable conditional on already having observed the other two
variables. As the observed variables are obviously not mutually independent, it
is conceivable that in some cases the contributions are small because different
variables share common information with respect to those shocks. To help find out
if and when that is the case, Table 3 shows the unconditional information gains,
i.e. the percent reduction of uncertainty about a given shock due to observing only
one variable at a time.

The results reveal some notable differences between conditional and
unconditional information gains. Most striking is the reduction in the contributions
of the three observables with respect to the intertemporal preference shock. In
particular, the information gains from r; and Ai; change from, respectively, 85%
and 66% unconditionally, to 27% and 7% conditionally. Similarly, the contribution
of Ay; decreases from 3.5% to only 0.3%. This suggests that, to a large extent,
the information in either one of the observable variables is not unique to them but
is also contained in the other two. In other words, there is a significant degree of
redundancy of the information about the intertemporal preference shock. Another,
less striking, example of redundancy is the transitory interest rate shock, where the
conditional information gains from r; and Ai; are smaller than the unconditional
ones.

Information redundancy is not the only possible consequence of the existing
interdependence among observables. In the case of the permanent productivity
shock, the conditional information gains for all variables are significantly larger
than the unconditional ones. The same is true for the contributions of r; and A,
with respect to the permanent and transitory trend inflation shocks, as well as for
the contribution of Ay, with respect to the transitory interest rate shock. In all of
these cases there is a positive information complementarity instead of information
redundancy, that is, information increases when variables are observed together.

Following Iskrev (2019), the degree of information complementarity between
variables can be measured by comparing the joint information gain with respect
to a shock to the individual gains. Specifically, the information complementarity
between variables y; and y2 conditional on variables y3 C {y \ y12} at frequency
band w is defined as:

IGylzﬁﬂyS (w)
IGyl —x|y, (w) + IGy2 —x|y, (w)

-~ (33)

ICy12—>z|y3 (w) =

Negative values indicate negative complementarity, or information redundancy,
between y; and 1y, and positive values indicate positive complementarity
between the two variables. Since the information gain is non-negative, we have
ICy | aly, (W) = —1/2, with equality when y; and yo are (conditionally on
y3) functionally dependent, in which case IGy , aly, (w) = IGy )y, (w) =

IGy, aly, (w). A lack of information complementarity,
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Figure 1: Pairwise information complementarity between observables with respect to

shocks.
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ie. ICy  ajy, (w) = 0 occurs when y; and yy are (conditionally on ys)
independent, and hence 1G, ..y, (W) =1Gy _upy, (W) +1Gy 4y, (w). Note
that the conditioning could be with respect to any subset of observables, including
the empty set, in which case we have unconditional complementarity between y;
and ys.

Figure 1 shows the unconditional and conditional information complementarities
between all pairs of variables. The results are shown for the full spectrum
as well as the three frequency bands. As already anticipated, the strongest
complementarity overall is between r; and Aid;, and is negative for all shocks
except the permanent and transitory trend-inflation shocks. Both unconditionally
and conditionally the degree of complementarity tends to be significantly lower in
the higher frequencies. Conditioning on the third observable in most cases preserves
the sign of complementarity and reduces the magnitude. There are some notable
exceptions to this pattern, however. For instance, the degree of complementarity
between r; and Ai; increases when conditioning on Ay, especially in the business
cycle frequencies. Furthermore, the complementarity between the same variables
with respect to the transitory productivity shock changes signs when conditioning
on y:, from positive to negative in the low frequencies, and from negative to
positive in the high frequencies. At the same time, when evaluated over the full
spectrum, the complementarity is strongly negative unconditionally and only weekly
so, conditionally.

3.1.3. Information gains in the time domain. The time domain version of the full
spectrum information gain measure (see equation (20)) is given by:

_(var(zy) — var(z|YT)
IGy, v, = < ey x 100, (34)

where 1 <t <T and Yr = {y1,...,yr}. The difference between the two measures
is that, in the frequency domain, the information for any given x; stems from the
infinite past and future values of the observable variables. Therefore, for a given set
of observed variables, the total amount of information is invariant to the temporal
location of the latent variable. In contrast, in the time domain, it matters where
the location of ¢ is, relative to the beginning and the end of the sample. Thus, the
value of time domain measure changes with ¢ and is bounded from above by the
value of the full spectrum frequency domain measure.

Figure 2 compares the time and frequency domain information gains for the
seven shocks in the model. Specifically, it shows the ratio of the time domain
to the frequency domain measure for all values of ¢ in a sample of T' = 255
observations, which is the sample size in Uribe (2021). The results show that for
most values of ¢ the time and frequency domain information gains coincide. As
anticipated, differences occur only at the beginning and end of the sample. For
all shocks except the transitory trend inflation shock, for which convergence is
somewhat slower, there are about ten observations or fewer on either end of the
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Figure 2: Total information gains in the time domain relative to the frequency domain
(full spectrum).

sample where the time domain information gains are smaller than the frequency
domain ones.

3.1.4. Discussion of the results. As already noted, having more sources of
uncertainty than the number of observed variables necessarily implies that the
latent variables in the model cannot all be recovered fully. At the same time, as the
results presented in Section 3.1.1 show, some shocks in the Uribe (2021) model are
significantly better recoverable than others. The goal of this section is to develop
a further understanding of these findings.

A natural question to ask is: why are the information gains with respect to the
intertemporal preference and permanent productivity shocks so much larger than
the gains for the remaining shocks, and in particular compared to those with respect
to the labor supply and transitory productivity shocks? Intuitively, the amount
of information one or more variables contain about another variable depends on
the strength of their mutual dependence.? Furthermore, an insight gained from
the frequency domain perspective is that the interactions need to be strong in
the parts of the spectrum that are mainly responsible for the uncertainty of the
latent variable. In addition, the extent to which information from multiple sources
accumulates, in turn, depends on how interdependent they are among themselves.

2. In fact, the mutual information coefficient is commonly used to measure and test for statistical
dependence between random variables (see e.g. Linfoot (1957), Joe (1989), and Granger and Lin
(1994)).



18

For instance, variables that are functionally dependent on other observed variables
provide no useful information.3

Consider the intertemporal preference shock (&;). According to the posterior
mean estimates reported in Uribe (2021, Table 5), this shock is significantly more
persistent and volatile than all other shocks. In particular, its volatility is an order
of magnitude larger than the volatilities of all other shocks except the permanent
productivity shock (g¢). The high degree of persistence explains why most of the
uncertainty about & is concentrated in the lower end of the spectrum, as seen
in Table 1. Furthermore, as seen from the same table, most of the uncertainty
in the low frequencies is resolved by the information contained in the observed
variables, which suggests that there are strong interactions between &; and (some
of) those variables. Since in the present context, the variables have a clear causal
direction, i.e. from shocks to endogenous variables, a natural way of describing
their interactions is in terms of the shocks' impact on the observed variables. A
convenient measure of the size of the total impact is each shock's contribution
to the total variance of each variable. Figure 3 shows the individual contributions
of the shocks as a percent of the total variances of the observables, as well as
decompositions of the individual and total contributions in the low, BC, and high
frequency bands. Note that the measurement errors also contribute to the variances,
which is why the total contributions of the shocks sum up to less than 100%.

The results show that & drives most of the volatility in two of the observed
variables — r; and A, and, in the case of r, the contribution is mostly in the low
frequencies. This

3. Anexample of this is output growth in the model estimated by Schmitt-Grohé and Uribe (2012),
see Iskrev (2019) for details.
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Ay r Ai
@ 93.7 84.1 96.3 total
E 57 E low
G 37.2 173 40.7 BC
= 2.0 high
10.9 77.3 724 total
: 02 73 fow
43 13.8 34.8 BC
6.5 0.8 30.3 high
0.1 0.4 24 total
0 0.0 0.2 0.1 low
0.0 0.2 0.9 BC
0.0 0.0 14 high
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Figure 3: Total and individual contributions of the shocks as a percent of the variances of
the observables in the full spectrum and the low, business cycle, and high frequency
bands. The difference to 100% is accounted for by the measurement error variances.
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is consistent with the earlier findings that, of the three observed variables, r; is
the most informative and Ay; — the least informative one. Similarly, the second
best recoverable shock — to permanent productivity, is responsible for the bulk
of the volatility of the third variable — Ay;, and particularly in the BC and high
frequencies, which, as seen in Table 1, is also where most of the uncertainty of
that shock stems from. The variance contributions of the remaining five shocks are
significantly smaller, and account for only between 12%, in the case of transitory
interest rate shock (z}") with respect to Ay, and 2.3% — 2.4% in the case of both
the labor supply (6;) and transitory productivity (z;) shocks with respect again to
A’L't.

Equivalence between variance and information decompositions. Variance
decompositions in dynamic structural models are typically obtained by shutting-
off all shocks but one at a time and then computing the endogenous variables'
variances or spectral densities (see for instance Fernandez-Villaverde et al. (2016,
Section 8)). This gives the contribution of each shock to the total variances or
spectral densities of the endogenous variables. It is easy to see that the same
quantities can be obtained using the information gain measures introduced in
Section 2. Specifically, a shock’s contribution to the variance of a variable is equal
to the information gained, i.e. the reduction in variance, with respect to the variable
due to knowing that shock. In other words, instead of information from observed
variables to shocks, we measure the flow of information in the opposite direction
— from shocks to observables. Of course, this only works when the shocks are
mutually independent, which is also the assumption behind the standard variance
decomposition approach. If shocks are mutually dependent one has to distinguish
between conditional and unconditional variance contributions, as in the case of
information from observed variables with respect to shocks.

To summarize, as expected, there is a clear link between, on the one hand, the
shocks’ contributions to the observed variables’ volatilities and, on the other hand,
the degree to which each shock can be recovered from information contained in
those variables. At the same time, it is important to point out that the size of
the contributions is not necessarily a good indicator of the variables’ importance as
sources of information about the shocks. For instance, the intertemporal preference
shock contributes similar fractions of the variances of r; and Ad;. Yet, r; is
significantly more informative than Ai; about that shock. As noted earlier, this
is due to the fact that the variance contributions are in different parts of the
spectrum — the low frequencies in the case of ;, and the BC and high frequencies,
in the case of Aid;. Since most of the variance of the preference shock comes
from the low frequencies, r; is significantly more informative than Aié;. In other
cases, it is the information interactions among the observed variables that affect
their relative importance as sources of information. For instance, as can be seen
in Table 2, the conditional contribution of information by Ad; with respect to the
transitory trend inflation shock (2/™2) is much larger than that of Ay, in spite of
the significantly larger fraction of the variance of Ay, attributed to that shock,
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compared to Ai;. This is explained by the strong positive complementarity between
r¢ and Ay in the BC and especially the low frequencies, which is where most of
the uncertainty of that shocks is located. Lastly, small variance contributions of a
shock does not necessarily imply that the shock cannot be recovered. In general,
having the same number of non-redundant observables as the number of sources
of uncertainty means that all shocks are fully recoverable. This is the case in the
model | consider next.

3.2. Justiniano, Primiceri, and Tambalotti (2011)

Justiniano et al. (2011) (henceforth JPT) investigate whether investment shocks
are important drivers of business cycle fluctuations. To that end, and expanding on
their previous work in Justiniano et al. (2010), they estimate a New Keynesian
model featuring imperfectly competitive goods and labor markets, as well as
different nominal and real frictions such as sticky prices and wages, habit formation
in consumption, variable capital utilization and investment adjustment costs. As
in the previous section, here | outline only those features of the model that are
relevant for the information decomposition analysis that follows.

The model has eight structural shocks in total, with three technology shocks,
two of which are related to investment. Specifically, JPT distinguish between final
and intermediate consumption, investment, and capital goods, each being produced
in a different sector. They introduce a shock that affects the transformation
of consumption into investment goods, and another shock that affects the
transformation of investment goods into productive capital. The first, called
investment-specific technology (IST) shock, is introduced via the production
function in the investment good producing sector:

I =T, Y{, (35)

where I; is the quantity of investment goods in efficiency units produced with Y,/
units of the final good. Y represents the IST and is assumed to be a non-stationary
random process growing at a rate vy.

The second investment technology shock is introduced via the production
technology in the capital good producing sector, which assumes that new capital,
denoted with i, is produced from investment goods according to

e (=5(75)) o

where S is an investment adjustment cost function, and u; is a stationary shock
to the marginal efficiency of investment (MEI), assumed to be an AR(1) process.

The third technology shocks affects the production functions in the intermediate
good producing sector according to:

Y;(i) = max{ ALK, () Ly (i)~ — A, X F;0) (37)
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where Y;(7), K¢(i), and L.(i) are the quantities of output produced, and effective
capital and labor employed by intermediate good producer i. F' represents fixed
cost of production, and A; is a common non-stationary neutral technology process,
growing at rate z;.

The final consumption good Y; is produced by combining a continuum of
intermediate goods, according to

1 ) 1+)\p,t
n:{/ﬁwwwﬁ (38)
0

where )\, ; is a stationary price markup shock following ARMA(1,1) process.

Similarly to the model in the previous section, there is a shock to the
intertemporal preferences of the households populating the economy whose lifetime
utility function is given by

Eo f: ﬁtbt{ log (Ct — th—l) M }, (39)

-
Pt 1+v

where C} is consumption, b; is the stationary intertemporal preference shock,
assumed to follow an AR(1) process. JPT assume that there is a continuum of
households j € [0, 1], each one being a supplier of specialized labor denoted by
L(j). The specialized labor in turn is combined into homogenous labor input

according to
1 1
Lt = {/ Lt(i)ﬁ‘xw,t
0

where )\, ¢+ is a stationary wage markup shock assumed to follow an ARMA(1,1)
process.

The last two shocks are to government fiscal and monetary policy. Public
spending G is a time-varying fraction of output,

I+t
(40)

1
G = (1 - ) Y, (41)
gt
where the government spending shock g; as a stationary AR(1) process.
Monetary policy consists of setting the nominal interest rate R; according to
the following policy rule:

Ry Ri_1\"" (Wt)‘p’f X\ T X/ X ]P0 (42)
- = — v | Empts
R R ™ X; X7 /X7, ot
where e, ; is the monetary policy shock, R is the steady state of the nominal
rate, 7y is the inflation rate, X; = C; + Iy + G is actual real GDP and X} is the
level of GDP under flexible prices and wages and in the absence of markup shocks.

To summarize, there are eight shocks in the model, six stationary and two
non-stationary. Two of the stationary shocks — to price and wage markups, follow
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ARMA(l,l) processes, and one — to monetary policy, is an i.i.d process. The
remaining stationary shocks — to government spending, MEI, and intertemporal
preferences, as well as the growth rates of the two non-stationary shocks — to IST
and neutral technology, follow AR(1) processes. The disturbances to all shocks are
assumed to be Gaussian, leading to a linear Gaussian state space representation of
the solution of log-linear approximation of model.

JPT estimate the model using US data on hours worked (h; = log L),
inflation (7¢), the nominal interest rate (R;), and the growth rates of GDP
(¢ = Alog X¢), consumption (¢; = AlogCy), investment (iy = Alogly), real
wages (w; = Alog %) and the relative price of investment (7! = Alog %’:).
Unlike Uribe (2021), they do not allow for measurement errors in any of the
series. As seen below, this implies that all eight shocks can be recovered fully with
the information in the eight observed variables. In the remainder of this section |
investigate the main sources of information for each shock in terms of observed
variables and parts of the spectrum.

3.2.1. Information decomposition across frequency bands. Table 4 presents the
total information gains for the eight shocks and their decompositions into gains
from the low, BC, and high frequencies. As noted earlier, all shocks can be fully
recovered from information in the observables, in the full spectrum as well as
within each frequency band. The information contributions from the bands reflect
the fraction of each shock’s variance originating in that band.

shock total low BC high
z  neutral technology 100 11.2=100 x 0.11 40.0 =100 x 0.40 48.8 =100 x 0.49
g government 100 96.1 =100 x 0.96 3.2=100x 0.03 0.7 =100 x 0.01
v IST 100 8.4 =100 x 0.08 33.6 =100 x 0.34 58.0 =100 x 0.58
Ap price mark-up 100 51.7=100 x 0.52 16.1 =100 x 0.16 32.2 =100 x 0.32
Aw wage mark-up 100 5.1=100 x 0.05 27.3=100 x 0.27 67.6 =100 x 0.68
b preference 100 22.8 =100 x 0.23 49.9=100 x 0.50 27.4 =100 x 0.27
€mp  monetary policy 100 6.3=100 x 0.06 27.1 =100 x 0.27 66.7 =100 x 0.67
i MEI 100 47.4=100 x 0.47 40.8=100x 0.41 11.7=100 x 0.12

Note: Information gain (IG) measures the reduction of uncertainty (variance) about a
shock due to observing all three observed variables, as a percent of the unconditional
uncertainty of the shock. The contribution from each frequency band is shown as the
product of the IG for that band and the variance in that band as a fraction of the total

variance. Thus, the units in the last three columns are % = % x variance band
variance total

Table 4. Information gain decomposition across frequency bands, JPT model

For six of the eight shocks uncertainty is distributed monotonically across the
frequency bands, i.e. increases or decreases moving from low to high frequencies.
Only for one of them — the government spending shock, uncertainty is concentrated
in a single frequency band — the low frequencies, contributing 96% of the total
variance. In the case of the MEI shock, most of the uncertainty is in the low and
BC frequencies. For the other two technology shocks — neutral and IST, as well as
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the wage mark-up and the monetary policy shocks, uncertainty is mostly in the BC
and high frequencies. In the case of the intertemporal preference shock, half of the
uncertainty is in the BC frequencies, and the rest is divided almost evenly between
the low and high frequencies. The other shock with a non-monotonic distribution
of uncertainty is the price mark-up shocks, for which about half of the variance is
due to the low frequencies, with a significant contribution by the high frequencies,
and the least amount of uncertainty due to the BC frequencies.

shocks total low

r ¢ i h w w® R n x ¢ i h w 7w R 7

z neutral technology 15.6 0.0 0.246.4 0.0 0.0 0.0 0.1 09 0.0 0.1 1.5 0.0 0.0 0.0 0.0

g government 45.552.818.3 0.0 0.0 0.0 0.0 0.0 42.649.914.8 0.0 0.0 0.0 0.0 0.0
v IST 0.0 0.0 0.0 0.0 0.0 0.0 0.097.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 8.1
Ap price mark-up 13.7 0.2 0.321.429.3324 0.2 0.2 11.0 0.0 0.2 9.127.3 0.5 0.0 0.1
Aw wage mark-up 0.8 0.2 0.4 1.493.2233 03 03 0.1 00 0.0 0.1 16 1.4 0.1 0.0
b preference  1.4285 7.311.2 25 0.7 56 0.0 1.0 42 6.1 6.6 23 0.6 3.4 0.0
€mp  Mmonetary policy 0.3 3.1 0.210.2 0.112.1926 00 0.1 0.1 0.0 15 0.0 44 48 0.0
o MEI 0.1 0.0 87 04 22 04 52 19 00 00 39 01 20 01 32 1.2
shocks BC high

r ¢ i h w 7w R =« z ¢ i h w w™ R =
z  neutral technology 4.5 0.0 0.013.4 0.0 0.0 0.0 0.0 10.2 0.0 0.031.6 0.0 0.0 0.0 0.0
g government 25 2.6 3.0 0.0 0.0 0.0 0.0 0.0 0.5 0.3 0.5 0.0 0.0 0.0 0.0 0.0
v IST 0.0 0.0 0.0 0.0 0.0 0.0 0.033.1 0.0 0.0 0.0 0.0 0.0 0.0 0.056.1
Ap price mark-up 1.5 0.0 00 6.7 1.9 79 0.1 00 1.2 0.1 0.1 57 01240 0.1 0.0
Aw wage mark-up 0.3 0.1 0.1 04246 87 02 02 04 01 02 1.067.113.2 0.1 0.1
b preference  0.110.0 1.1 2.7 0.2 0.2 1.8 0.0 0.2143 0.1 2.0 0.0 0.0 0.4 0.0

E€mp  Monetary policy 0.1 0.8 0.1 48 0.0 41248 00 0.1 22 0.2 3.9 0.0 3.663.0 0.0
o MElI 0.0 00 1.7 0.2 0.1 02 16 03 0.0 0.0 32 0.2 0.0 0.1 04 03

Note: Conditional information gain measures the additional reduction of uncertainty (variance)
about a shock due to observing a variable given that the other seven variables are also
observed, as a percent of the unconditional uncertainty of the shock. The observed variables
are: the growth rates of output (y), consumption (c), investment, and wages (w), the inflation
rates for consumption (7) and investment (7?), hours worked (h) and the nominal interest
rate (r). Due to rounding in some cases the band-specific contributions do not add up to the
total values.

Table 5. Conditional information gains, JPT model

3.2.2. Information contributions by variables. Table 5 shows the conditional
information gains for each observed variable in the full spectrum and the individual
frequency bands. The three largest contributions, each exceeding 90%, are from
the growth rate of the relative price of investment (7%) with respect to the IST
shock (v), from the real wage growth (w) with respect to the wage mark-up
shock (A ), and from the nominal interest rate (R) with respect to the monetary
policy shock (e;,p). As JPT show, the price of investment in terms of consumption
goods coincides with the inverse of the IST process. Therefore, the IST growth
rate process is fully recovered by observing 7’ alone. A conditional information
gain of 97.2% in the full spectrum implies that, in absence of ' information
from the remaining variables reduces uncertainty about v by 2.8%. In addition



25 Spectral decomposition of information

to IST shock, 7% also contributes information with respect to the MEI shock,
although much less compared to other variables, and in particular the investment
growth rate, which is the most informative variable for that shock. Other large
conditional contributions are from the growth rates of output and consumption with
respect to the government spending shock, and from hours worked with respect
to the neutral technology shock. Consumption growth is also the most informative
variable with respect to the intertemporal preference shock, while inflation is the
most informative observable with respect to the price mark-up.

shocks total low
T c i h w m R =t r c i h w w R =
z  neutral technology 17.420.1 7.324.328.7244 96 00 54 6.1 27 06 7.5 2.0 06 0.0
g government 0.4 3.1 0.1 44 00 1.7 48 00 0.1 31 01 42 0.0 1.7 47 0.0
v IST 13 0.1 2.0 06 0.1 0.1 0.21000 0.0 0.1 0.1 0.0 0.0 0.1 0.1 84
Ap price mark-up 1.8 0.3 44 48181393 36 00 13 03 3.8 43 83 6.2 1.5 0.0
Aw wage mark-up 0.4 0.4 0.6 1.059.7 34 06 00 03 0.2 0.2 0.8 0.2 21 05 0.0
b preference 7.4619 09 69 00 1.7 97 00 03 36 0.2 0.6 0.0 06 1.7 0.0
€mp  monetary policy 35 1.2 28 3.1 0.0 17576 00 0.2 0.1 0.1 03 0.0 0.4 0.2 0.0
“w MEI 47.210.373.156.3 3.4 9.751.6 0.0 165 84282249 28 49304 0.0
shocks BC high
r c i h w w® R «t r c i h w w R =

z neutral technology 7.5 8.4 2.7 77168143 6.0 0.0 45 56 19159 44 8.1 3.0 0.0

g government 0.1 0.1 0.0 0.1 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0 0.0 0.0
v IST 0.2 00 03 0.1 00 00 0.1 336 10 0.0 1.7 0.5 0.0 0.0 0.058.0
Ap price mark-up 0.3 0.0 03 03 36 72 06 00 0.3 00 03 0.2 6.2258 1.5 0.0
Aw wage mark-up 0.1 0.1 0.2 0.110.1 1.2 0.2 00 0.0 0.1 0.2 0.049.4 0.1 0.0 0.0
b preference  4.034.9 05 39 00 09 56 0.0 32235 0.2 23 00 0.2 24 0.0
€mp Mmonetary policy 1.1 04 0.8 12 0.0 07 81 00 22 07 19 1.6 0.0 0.649.3 0.0
m MEI 246 19346266 0.6 44202 00 6.1 01104 47 0.0 04 1.0 0.0

Note: Unconditional information gain measures the reduction of uncertainty (variance) about
a shock due to observing a given variable, as percent of the unconditional uncertainty of the
shock.

Table 6. Unconditional information gains, JPT model

With a few exceptions, variables that contribute the most information overall are
also the most informative ones within each frequency band. One of the exceptions
is the contribution of wage growth with respect to the price markup shock, which is
significantly larger than the contribution of inflation in the low frequency band, but
much smaller in the BC and high frequencies, and thus overall. Another notable
exception is the intertemporal preference shock where consumption growth is by far
the most informative variable overall, even though in the low frequency band the
conditional contributions of both hours worked and investment growth are much
larger.

Table 6 shows results for the unconditional information gains. As discussed
earlier, for a given variable and a shock, the difference between conditional
and unconditional information gains indicates the existence of information
complementarities with respect to that shock between the variable and other
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observables. The complementary may be positive or negative depending on whether
the conditional gains are larger or smaller than the unconditional ones.

The most extreme case of positive complementarity is observed with respect
to the government spending shock, where the largest unconditional gain — from
R, is less than 5%, whereas there are two variables — ¢ and z, with conditional
gains exceeding 45%, and a third one — 4, with conditional gain exceeding 18%.
The obvious explanation for this result is the existing tight relationship among z,
¢, 4, and g implied by the resource constraint of the economy. Since ¢ is latent,
joint information from pairs of the observed resource constraint variables is larger
than the information contained in each of them individually. This intuition can
be confirmed by applying the measure of information complementarity introduced
earlier (see equation (33)). The top panel of Figure 4 shows the largest, in
absolute value, unconditional and conditional information complementarities with
respect to the government spending shock. In both cases, the largest positive
complementarities are between pairs of resource constraint variables. For instance,
the value of 3.2 in the case of x and ¢ implies that, conditional on observing the
remaining six variables, observing x and c together provides 2.2 times as much
information about ¢ as adding up the information from each of them individually.

government
unconditional o 2 conditional 32
62 6.3
41 45
24 .
¢, 7t 011 045 063 0.9 --..II T, R x,h ¢ h x,w ih i,w c,w b, hw 919
-v,ﬂc7 ThERhmei,wx,we,w x,1 X, --vzxc
-0.11 015 -0.13 13 -0.11 -0.1
-0.28 -0.27 -0.26 - 25
MEI
unconditional 0.68 conditional 0.18

0.12013013022026
i,h x,h x,i b, Ri,Rx,R¢, g mm x'w mR hw ik

0-121 wx,nx,wr,cc,rtw,n - i w
0 % -0.16
% -0.54-0.3170-28 0 31 -0.3 0 29 027
-0.41

-0.26
Figure 4: Largest pairwise information complementarities with respect to the government
spending and MEI shocks, full spectrum.

The bottom panel of Figure 4 shows the most significant complementarities with
respect to the MEI shock. As can be confirmed by comparing the values reported in
Table 5 and Table 6, the MEI shock presents the most prominent case of negative
information complementarities. In particular, the gain from ¢, which is the most
informative variable for that shock, both conditionally and unconditionally, drops
from more than 70% unconditionally, to less than 10%, conditionally. Similarly, the
information gains from R, h, and z all drop from around 50% to about 5% or less.
This implies that, to a large extent, information from these variables regarding
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the MEI shock is not unique to them but is also contained in other observed
variables. As can be seen in Figure 4, different combinations of i, R, h, and x are
among the variable pairs with the strongest negative information complementarity.
In the case of 7 and x, the explanation again can be traced to their strong mutual
dependence, together with ¢, implied by the resource constraint of the economy.
In fact, we should expect to find negative complementarity with respect to all
shocks, other than g, between any two of the resource constraint variables when
the third is among the conditional variables.* This is indeed the case as shown in
more details in the Appendix. Also there, | report the pairwise complementarity
coefficients for each frequency band. Examining those results can help explain, for
example, the finding that the overall information complementarity between ¢ and
1 with respect to the g shock is zero, which may be puzzling given the preceding
argument for why all pairs of resource constraint variables should exhibit significant
mutual complementarity. Indeed, the complementarities between ¢ and ¢, ¢ and z,
and z and ¢ are very strong in the BC and high frequencies. However, as seen earlier,
almost all information about g is in the low frequencies, where the complementarity
between ¢ and i is zero.

The main conclusion of JPT is that the MEI shock is the key source of business
cycle fluctuations whereas the IST shock plays no role. In particular, they show that
the MEI shock is responsible for large fractions of the variances of GDP, investment,
and hours at business cycle frequencies, and the contributions of the IST shock are
nil. In Figure 5, | report variance decompositions for the individual frequency bands
as well as the overall contribution of each shock to the variances of the observed
variables.> The results show that the MEI shock explains the bulk of the variances
of x, i, and h in the full spectrum, not just the BC frequencies. In addition, the
same shock contributes most of the volatility of R. This helps understand the
earlier observation that R is the second most informative variable about 1 (see
Table 5). Note that the MEI shock contributes most of the variance in the low and
BC frequencies of R — 65% and 55% of the total variance in those frequency bands,
respectively, and those are the parts of the spectrum where most of the uncertainty
about p resides. Furthermore, unlike the resource constraint variables, a relatively
smaller fraction of the information in R is redundant. The spectral decomposition

4. At the risk of belaboring the obvious, consider the case where g is also observed, or, alternatively,
where the g shock has zero variance. Then, because of the exact collinearity among them, the
information in any variable entering the resource constraint with respect to all shocks is completely
redundant given the information in the remaining resource constraint variables.

5. The JPT results are displayed in Table 3 of their article. There are several differences between
their presentation and the one in Figure 5. One is that JPT show the variance contributions as
fractions of the total variance in the business cycle frequencies. In my plot, the fractions are relative
to the total variances in the full spectrum. To obtain comparable contributions, the values in the plot
have to be multiplied by the fraction of the total variance of each shock due to the BC frequencies.
Another difference is that for the trending variables (z, ¢, %, and w), JPT show decompositions for
the levels, whereas | present results for the growth rates. Finally, the point estimates in JPT are the
median values of the posterior distributions of the contributions. | present decompositions at the
posterior median of the estimated parameters of the model.
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of the contribution of the preference shock to the variance of ¢ shows a relatively
small impact in the low frequency band, which helps explain another observation
made earlier — that in spite of being the most informative variable for that shock
overall, cis not as informative about it in the low frequencies. Similarly, the fact that
the contribution of the wage mark-up shock to the volatility of w is predominantly
in the higher end of the spectrum is consistent with the dominant role of w as a
source of information for that shock. In contrast, the low frequencies are a major
source of uncertainty about the price mark-up shock, contributing more than half
of its total variance. Given that most of that shock’ contribution to the variance of
h is also in the low frequency band, this helps understand why the importance of
h as a source of information about A, is comparable to that of w and 7, in spite
of the much smaller fraction of total variance of h due to that shock.

As seen earlier, the importance of h is even greater in the case of the neutral
technology shock, for which it is the observable with the largest conditional
contribution of information. This might be hard to anticipate on the basis of the
variance decomposition results, which show that more than half of the contribution
of z is to the low frequency component of the variance, and only 0.3% of the total
variance of h stems from the high frequency contribution of that shock. At the
same time, the BC and high frequencies account for almost 90% of the total
information about z, and the bulk of the information contributed by h is within
the high frequency band. As shown in more details in the Appendix, this result
is due to, on the one hand, the strong positive complementarity between h and
x, and, on the other hand, the also strong negative complementarities among =,
¢ and 7, as well as between 7 and w, and m and R. In other words, there is a
substantial redundancy in the information about z in variables for which this shock
is an important source of volatility. Furthermore, note that only 1% of the total
variance of h originates in the high frequency band. Therefore, z is responsible for
30% of it, making it the second most important shock, after p, for h in the high
frequencies.

The last observation supports a point made earlier, with respect to the Uribe
(2021) model, that the size of the variance contribution is not necessarily a good
indicator of the variables’ importance as sources of information about the shocks.
As also pointed out earlier, it is possible that shocks are recoverable even if they
play only a modest role as sources of volatility. In the JPT model, the monetary
policy shock is responsible for at most 9.5% of the volatility of any observable,
and the government spending shock contributes at most 7.3%. Yet both shocks
are fully recoverable.
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Figure 5: Total and individual contributions of shocks as a percent of the variances of the
observables in the full spectrum and the low, business cycle, and high frequency bands.



30
4. Conclusion

| have proposed a new framework for spectral decomposition of the information
observables provide with respect to latent variables in dynamic macroeconomic
models. Through this analysis, researchers can determine where in the frequency
domain information about latent variables predominantly comes from, and evaluate
the contributions of individual observed variables. In cases of information deficiency,
the methodology can reveal what type of information is needed to better recover
unobserved variables of interest. Having well-identified structural shocks and
unobserved endogenous variables, such as potential output or natural rate of
interest, is a key requirement for macroeconomic models to meet to be useful as
tools for policy analysis and to be credible as story-telling devices. The methodology
described in this paper will benefit both researchers who develop and estimate
structural macroeconomic models, as well as the readers of such research, by
improving their understanding and increasing the transparency of these models.
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Appendix

A. Uribe (2021) model

parameter posterior mean
) price stickiness 146.000
Qg coeff inflation in monetary policy rule 2.320
oy coeff output in monetary policy rule 0.188
Ym backward-looking component in inflation 0.606
Y1 coeff lagged interest rate in monetary policy rule 0.242
§ habit formation 0.258
Pe AR preference 0.915
0o AR labor supply 0.708
Pz AR transitory productivity 0.700
Py AR permanent productivity 0.221
Pgm AR permanent trend inflation 0.248
pzm AR transitory interest rate 0.306
p=m2 AR transitory trend inflation 0.796
o¢ std. preference 0.0287
op std. labor supply 0.00164
oz std. transitory productivity 0.00122
og std. permanent productivity 0.00758
ogm  std. permanent trend inflation 0.000848
Ozm std. transitory interest rate 0.000832
o.m2 std. transitory trend inflation 0.00131
o std. measurement errorAy; 4.46e-06
oye std. measurement errorr 4.55e-06
oge std. measurement error Ai¢ 1.74e-07

Table Al. Parameter values, Uribe (2021) model



B. Justiniano, Primiceri, and Tambalotti (2011)

parameter

posterior median

Pdy
Pu
Omp
Tz
g
Oy
Ip
Tw
Op
Tp

capital share

price indexation

wage indexation
consumption habit

SS mark-up goods prices

SS mark-up wages

inverse frisch elasticity

Calvo prices

Calvo wges

Elasticity capital utilization cost
Investment adjustment costs
Taylor rule inflation

Taylor rule output

Taylor rule smoothing

AR neutral technology growth
AR government spending
AR IST growth

AR price mark-up

AR wage mark-up
intertemporal preference
MA price mark-up

MA wage mark-up

Taylor rule output growth
AR MEI

std. monetary policy

std. neutral technology growth
std. government spending
std. IST growth

std. price mark-up

std. wage mark-up

std. intertemporal preference
std. MEI

0.169
0.113
0.102
0.864
0.177
0.166
5.162
0.783
0.773
5.491
3.017
1.735
0.059
0.863
0.286
0.990
0.148
0.978
0.968
0.583
0.793
0.990
0.199
0.807
0.216
0.943
0.362
0.634
0.222
0.310
0.038
5.601

Table B1. Parameter values, JPT (2011) model
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Figure B3: Largest unconditional pairwise information complementarities, BC frequencies.
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