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Abstract

Predictive regression methods are widely used to examine the predictability of (excess) returns
on stocks and other equities by lagged macroeconomic and financial variables. Extended IV
[IVX] estimation and inference has proved a particularly valuable tool in this endeavour as
it allows for possibly strongly persistent and endogenous regressors. This paper makes three
distinct contributions to the literature. First we demonstrate that, provided either a suitable
bootstrap implementation is employed or heteroskedasticity-consistent standard errors are
used, the IVX-based predictability tests of Kostakis et al. (2015) retain asymptotically pivotal
inference, regardless of the degree of persistence or endogeneity of the (putative) predictor,
under considerably weaker assumptions on the innovations than are required by Kostakis et al.
(2015) in their analysis. In particular, we allow for quite general forms of conditional and
unconditional heteroskedasticity in the innovations, neither of which are tied to a parametric
model. Second, and associatedly, we develop asymptotically valid bootstrap implementations
of the IVX tests under these conditions. Monte Carlo simulations show that the bootstrap
methods we propose can deliver considerably more accurate finite sample inference than
the asymptotic implementation of these tests used in Kostakis et al. (2015) under certain
problematic parameter constellations, most notably for their implementation against one-sided
alternatives, and where multiple predictors are included. Third, under the same conditions as
we consider for the full-sample tests, we show how sub-sample implementations of the IVX
approach, coupled with a suitable bootstrap, can be used to develop asymptotically valid
one-sided and two-sided tests for the presence of temporary windows of predictability.

JEL: C12, C22, G17

Keywords: predictive regression; IVX estimation; (un)conditional heteroskedasticity; subsample
tests; unknown regressor persistence; endogeneity; residual wild bootstrap.



3 Extensions to IVX Methods

1. Motivation

There exists a large body of empirical research investigating whether stock returns
can be predicted using publicly available data. A wide range of lagged financial
and macroeconomic variables has been considered as putative predictors for returns,
including: valuation ratios such as the dividend-price ratio, dividend yield, earnings-
price ratio, and book-to-market ratio; various interest rates and interest rate
spreads, and macroeconomic variables including inflation and industrial production.

Empirical evidence on the predictability of returns largely derives from inference
obtained from predictive regressions and, as such, the size and power properties of
predictability tests from these regressions are of fundamental importance. These
depend on the time series properties of the predictor, in particular its degree of
persistence and endogeneity. Campbell and Yogo (2006) and Welch and Goyal
(2008), among others, find that many of the variables used in predictive regressions
are highly persistent and that a strong negative correlation often exists between
returns and the predictors’ innovations. Nelson and Kim (1993) and Stambaugh
(1999) show that the estimated slope coefficient in such cases will be heavily biased.

In the context of a formulation of strong persistence where the predictor,
Z¢—1 say, is assumed to follow a first-order autoregression with a local-to-unity
coefficient p = 1 — ¢/T, where ¢ is a finite constant and T is the sample size,
standard likelihood-based statistics from the predictive regression have limiting
distributions which depend on ¢ and on the correlation between the innovations
driving the predictor and returns; see, for example, Cavanagh et al. (1995). In
particular, the standard regression t statistic may severely over-reject under the
null of no predictability when the predictor is endogenous. As a result, a number of
likelihood-based predictability tests have been developed in the literature designed
to be asymptotically valid (by which we mean asymptotically correctly sized under
the null hypothesis) under the assumption that the predictor is endogenous and
displays strong persistence in the local-to-unity class of processes; see, in particular,
Cavanagh et al. (1995), Campbell and Yogo (2006) and Jansson and Moreira
(2006).

A major practical drawback with these likelihood-based approaches is that
they are invalid if the predictor is stationary or near-stationary; the theoretical
validity of the methods requires each predictor to be at least as persistent as a
local-to-unity process. An alternative approach which has been developed in the
literature is to base predictability tests on methods of estimating the predictive
regression which are robust to the properties of the regressor. Various approaches
have been considered, but by far the most successful is proposed in Kostakis et al.
(2015) who estimate the predictive regression using the extended instrumental
variable [IVX] procedure of Phillips and Magdalinos (2009); see also, Gonzalo
and Pitarakis (2012), Phillips and Lee (2013), Breitung and Demetrescu (2015),
Lee (2016), Demetrescu and Hillmann (2020) and Demetrescu et al. (2020). In
the IVX approach each predictor in the predictive regression has an associated
stochastic instrument formed by constructing a mildly integrated variable from



the first differences of the predictor. The IVX instrument, by construction, has
lower persistence than a near-integrated variable and, as a consequence, delivers
an asymptotically pivotal predictability statistic.

Kostakis et al. (2015) demonstrate that, under certain regularity conditions
on the system innovations, IVX-based predictability statistics possess standard
pivotal limiting null distributions regardless of whether the predictor is local-to-unity
or weakly dependent (stationary). The asymptotic theory for IVX predictability
statistics can, however, provide a very poor approximation to their finite sample
behaviour, particularly for highly persistent and endogenous predictors which, as
noted above, is arguably the case of most practical relevance. To ameliorate these
finite sample distortions from the asymptotic theory, Kostakis et al. (2015) (see also
Chevillon et al. 2020) suggest a finite sample modification to the standard errors
used in computing the IVX statistics. While this finite sample correction appears to
work well for tests against two-sided alternatives reported in the simulation study
for the case of a single regressor in Kostakis et al. (2015), as we will show in
this paper, tests against one-sided alternatives remain very badly size-distorted for
highly persistent and endogenous regressors. Moreover, Xu and Guo (2020) present
simulation evidence which suggests that the quality of the prediction from the
asymptotic theory, even with the finite sample correction employed, also markedly
deteriorates as the number of regressors specified in the predictive regression is
increased.

The regularity conditions required by Kostakis et al. (2015) to establish
asymptotic mixed normality for their IVX estimator, which delivers the result
that the associated IVX predictability statistics have standard pivotal limiting
null distributions, include an assumption of unconditional homoskedasticity in
the vector of innovations driving the predictive model. Although the conditions
imposed in Kostakis et al. (2015) do allow for conditional heteroskedasticity in
the innovation vector (provided heteroskedasticity-consistent standard errors are
used in constructing their IVX test statistics) these conditions are rather restrictive
in practice. In particular, even though a relatively weak martingale difference
assumption is placed on the innovations driving the regressors, the errors in the
predictive regression equations are assumed to follow a finite-order parametric
GARCH model. This has the unfortunate consequence that it imposes the absence
of any dependence of the conditional variance of the regression errors on lagged
values of the innovations driving the predictors. This assumption is likely to be
unrealistic for many predictors used to predict stock returns. Moreover, while
GARCH models are very widely used in empirical finance, their usefulness for
returns data is not uncontentious; see, for example, Carnero et al. (2004), who
argue that the class of autoregressive stochastic volatility [ARSV] models is much
better suited to capturing the main empirical properties of the volatility of financial
returns series.

A major contribution of this paper is to address the foregoing issues
with practical implementation of the IVX tests. First regarding the regularity
conditions needed, we show that the IVX predictability tests of Kostakis et al.
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(2015) continue to deliver asymptotically pivotal inference, again regardless of
the degree of persistence or endogeneity of the regressors, in cases where
unconditional heteroskedasticity and/or conditional heteroskedasticity are allowed
in the innovations, provided either a suitable bootstrap implementation of the
test is employed or heteroskedasticity-consistent standard errors are used in the
construction of the IVX test statistics. In particular, we establish the conditions
required for asymptotic validity to hold for both of these approaches. These permit
quite general patterns of unconditional time heteroskedasticity in the innovations,
allowing not only for time-varying innovation variances but also the possibility
of time-varying correlations between the innovations. Similarly we show that
asymptotic validity holds for a much larger martingale difference class of innovations
than considered in Kostakis et al. (2015) with no need to exclude interdependence
between the conditional variances of the innovations in the model. Moreover, the
practitioner is not required to assume a parametric model for either the conditional
or unconditional time-variation in the innovations.

Second, and associatedly, in order to improve on their finite sample performance
we also discuss bootstrap implementations of the VX tests which are asymptotically
valid under these conditions. Although there are papers already in the literature
that consider the problem of bootstrapping mildly integrated variables, see Fan
and Lee (2019) and Smeekes and Westerlund (2019), neither of these are capable
of allowing for the generality of time-variation in the variance matrix of the
vector of innovations that we consider here. Moreover, neither of these approaches
is concerned with partial-sums based statistics. More relevant to the IVX tests
of Kostakis et al. (2015) considered in this paper, Demetrescu et al. (2020),
develop subsample implementations of the two-stage least squares (2SLS)-based
predictability tests of Breitung and Demetrescu (2015) and base inference on a fixed
regressor wild bootstrap [FRWB] resampling scheme. In this approach the regressor
(and instrument in the case of Breitung and Demetrescu 2015) is treated as fixed in
the resampling exercise, while the returns series is resampled using a wild bootstrap
scheme. Demetrescu et al. (2020) demonstrate that the FRWB approach correctly
replicates the first-order limiting null distributions of the temporary predictability
statistics they propose under conditional and unconditional heteroskedasticity of a
similar form to that considered in this paper. The FRWB is also used by Georgiev et
al. (2018, 2019) who develop tests for structural change in the predictive regression
model.

The FRWB can also be used to successfully replicate the first-order limiting
null distribution of the full sample IVX statistics under the conditions on the
innovations considered in this paper. However, in Monte Carlo simulations we find
that it does not address the finite sample distortions with the asymptotic VX
tests discussed above, most notably the distortions that occur when the regressor
is highly persistent and endogenous. This is perhaps unsurprising given that the
FRWB does not replicate in the bootstrap data the contemporaneous correlation
present between the model’s innovations. We therefore also discuss an alternative
residual wild bootstrap [RWB] resampling scheme which is designed to replicate this



correlation. Here we jointly wild resample the residuals from the fitted predictive
regression model and a parametric autoregressive model fitted to the predictor.
We also investigate the conditions under which the RWB-based VX predictability
tests are first-order asymptotically valid, and show that these deliver substantial
improvements in finite sample behaviour relative to the asymptotic IVX tests.

Although the main application of the IVX methodology has been to predictive
regressions for forecasting stock returns, it has also recently been applied to Fama
regressions in the context of detecting episodic bubble-type behaviour in foreign
exchange markets by Pavlidis et al. (2017). In their empirical analysis, Pavlidis et al.
(2017) consider a rolling subsample-based implementation of one-sided IVX tests
of Kostakis et al. (2015) and consider a test which rejects the null hypothesis of
no bubble if any of the subsample statistics in the rolling sequence exceeds a given
critical value. To avoid the inherent multiple testing bias, Pavlidis et al. (2017)
base their approach on a conservative critical value obtained using a Bonferroni
correction (i.e. adjusting the nominal significance level by the number of statistics
in the rolling sequence). Pavlidis et al. (2017) note that this approach is likely
to deliver a highly conservative test and suggest that a bootstrap implementation
might deliver more powerful size controlled tests.

Tests based on the suprema of rolling and recursive subsample sequences of
the 2SLS predictability tests of Breitung and Demetrescu (2015) have also been
implemented recently in the context of detecting temporary periods of stock return
predictability (so-called pockets of predictability) by Demetrescu et al. (2020). As
noted above, Demetrescu et al. use a FRWB to implement these tests. The final
contribution of this paper is to show that both the RWB and FRWB approaches
can also be implemented in the context of the corresponding tests from sequences
of subsample IVX statistics and that these are asymptotically valid under the
same regularity conditions on the innovations as are required for the corresponding
bootstrap implementations of the full sample tests. Moreover, unlike the 2SLS-
based tests of Demetrescu et al. (2020) which can only be implemented as two-
sided tests, these tests can be implemented as either one-sided or two-sided tests
for the presence of temporary windows of predictability, so that more powerful tests
can be obtained in cases where the direction of predictability under the alternative
is know.

The remainder of the paper is organised as follows. Section 2, introduces
the time-varying predictive regression model we consider together with the
assumptions needed for our analysis. Section 3 reviews the standard full sample
IV-based predictability tests of Kostakis et al. (2015) and details the subsample
implementations of these statistics. Representations for the limiting distributions
of these statistics under both the null and local alternatives are provided. These are
shown to depend in general on any heteroskedasticity present, regardless of whether
the putative predictor follows a strongly persistent process (modeled as near-
integrated) or a weakly persistent process (modeled as a stable autoregression).
Moreover, the form of these limiting distributions depends on whether the predictor
is near-integrated or weakly dependent, even under homoskedasticity. In the context
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of the full sample IVX statistic, however, the use of Eicker-White standard errors
is shown to deliver a standard pivotal limiting null distribution regardless of the
predictor’s persistence. Section 4 discusses bootstrap implementations of the VX
tests and demonstrates the first-order asymptotic validity of these. Section 5
presents the results from a Monte Carlo analysis into the finite sample behaviour
of the tests. Concluding comments including some suggestions for further research
are provided in Section 6. Detailed proofs of the technical results given in the paper
along with other supporting material appear in a supplementary appendix.

In terms of notation, we use L to denote the lag operator, Lw; = w1, Vt,
and I(-) to denote the indicator function, taking value one when its argument
is true and zero otherwise. We furthermore denote by 2% the space of cadlag
real functions on [0,1]* equipped with the Skorokhod topology, and abbreviate
2' to 9. The weak convergence of probability measures on 2% and on R” is
denoted by =. We use the notation P, E etc. for probability, expectation etc. with
respect to the distribution of the original data and use P*, E* etc. for probability,
expectation etc. induced by the data and the wild bootstrap multipliers (which
we shall denote {R;}) conditionally on the data. If wp, w (T € N) are random
elements of metric spaces, the weak-in-probability convergence wr éU>p w means
that E* f(wr) 2 Ef(w) for all continuous bounded real functions with matching
domain. Finally, the probabilistic Landau symbols O, and o, have their usual
meaning.

2. The Episodic Predictive Regression Model

Consider the predictive regression model for stock returns,! 7, allowing for time-
variation in the slope coefficient on a lagged predictor, x;_1, of the form

yt:a+ﬁtxt_1+ut, tzl,...,T, (].)

where z; satisfies the additive component model

Ty = ,U'a?—’_gtv t:O7"'7T7 (2)
gt = Pgtfl + wy, t:]-a"'vTu (3)
in which w; is assumed to follow a pth order stable autoregression; that is,
A(L)wy = vy where A(2) := (1 — a1z — agz?® — -+ — a,2P). For future reference,
we define w := 1/A(1) and, for the case where x; does follow a stable

autoregression, we let x2 denote the sum of the squared coefficients of the filter

1. This framework can also be applied to Fama regressions as is done in Pavlidis et al. (2017).
Here y1 = s¢ — ft—1,1 and =y = fi,;1 — s¢ (the forward premium), where s; is (the log of) the
spot exchange rate at time ¢ and f¢,1 is (the log of) the forward rate at time ¢ for maturity at time
t + 1. The efficient market hypothesis then corresponds to 8 = 0, t = 1,...,T, in (1), while an
exchange rate bubble is present in any time periods where 8¢ > 0.



(1 — pL)A(L))"". In our exposition and technical analysis we follow the bulk
of this literature and focus attention on the case of a single predictor; that is,
where ;1 in (1) is a scalar variable. Extensions to the case where the predictive
regression contains multiple predictors will be discussed at various points in the
text, although we leave a detailed treatment of this case for future research.

The DGP in (1) generalises the constant parameter predictive regression model
considered in Kostakis et al. (2015) by allowing for the possibility that the slope
coefficient on x;_1 varies over time, allowing for changes over time in the predictive
content of the regressor z; 1. The constant parameter predictive regression model
obtains by setting a constant slope parameter such that g; = 3, forallt=1,...,T.
The tests we consider in this paper are all for the null hypothesis, Hy, that (y; — «)
is a MD sequence and, hence, that y; is not predictable by x;_1, which entails
that 8; = 0, for all t = 1,...,T, in (1).2 The full-sample IVX tests of Kostakis
et al. (2015) test the same null hypothesis, Hy, against the alternative that y,
is predictable by x;_; with a constant slope parameter holding across the whole
sample; that is, 8; = 8 # 0 for all t = 1,...,T. The subsample implementations
of IVX we discuss will be used to test against alternatives such that 3, # 0 for
some t but without imposing constancy on ;. In any case, some structure needs
to be placed on the class of alternative hypotheses we may consider and this will
be formalised below.

The degree of persistence of the regressor, x;, is controlled via the parameter
p. We allow z; to be either weakly or strongly persistent through the following
assumption.

Assumption 1. Let the pth order lag polynomial A (L) be invertible with
characteristic roots bounded away from the complex unit circle and &y be a mean
zero Op(1) variate. Moreover, exactly one of the two following conditions holds on
p:

1. Weakly persistent regressor: The autoregressive parameter p in (3) is fixed
and bounded away from unity, |p| < 1.

2. Strongly persistent regressor: The autoregressive parameter p in (3) is local-
to-unity with p:=1 — ¢T'~! where c is a fixed constant.

Remark 1. Assumption 1 imposes the condition that the errors w; in (3) follow a
finite-order autoregression. This parametric assumption is imposed for the purposes
of facilitating the RWB implementations of the full sample and subsample IVX tests
proposed in section 4. Asymptotic versions of these tests (i.e. tests based on critical
values from the limiting null distributions of the statistics) could equally well be
based on a linear process assumption for w; of the form considered in Assumption

2. The methods which we outline in this paper could equally well be used to test the null hypothesis
that Bt = Bg for all t = 1,...T, but as the focus in both equity forecasting and Fama regressions
is on testing the null hypothesis of a zero coefficient on the lagged predictor we will restrict our
discussion to By = 0.
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INNOV of Kostakis et al. (2015, p. 1512) or the slightly weaker Assumption M
of Magdalinos (2020); in particular, Proposition 1 of this paper would remain
valid in such cases. The FRWB implementations of the IVX tests discussed in
section 4 would also be asymptotically valid under a linear process assumption
of this form. Moreover, we conjecture that the RWB bootstrap tests would also
be asymptotically valid in this case provided a sieve device is adopted in Step 2
of Algorithm 4 below, whereby the truncation lag for the fitted autoregression is
allowed to increase at a suitable rate with the sample size, T'.

Remark 2. We follow the bulk of the literature on predictive regressions in
considering regressors that follow either stable (weakly dependent) processes, see
Amihud and Hurvich (2004), or are near-integrated, see Campbell and Yogo (2006),
without assuming knowing of which of these is satisfied in the data. As we shall
see, the limiting behavior of the IVX statistics can differ under the two types of
persistence, but this can be consistently replicated (to asymptotic first order) by
the bootstrap procedures we propose.

The basic idea underlying the IVX procedure of Phillips and Magdalinos
(2009) is to instrument the regressor x;_1 by a variable of controlled persistence,
constructed as

t—1
20=0 and z=(1-— gL)jrl Axy = Znga:t_j,t =1,....,7, (4)
§=0

and where o :=1—aT ™" with 0 <7 < 1. Where z; is near-integrated satisfying
Assumption 1.2, the instrument z; is approximately a mildly integrated process and
therefore of lower persistence than x;. Moreover, where x; is weakly dependent
satisfying Assumption 1.1, we have that z; ~ x;. As a result, Kostakis et al. (2015)
demonstrate that the IVX full-sample estimator of the slope parameter in (1) is
asymptotically (mixed) Gaussian under Hy regardless of whether Assumption 1.1 or
Assumption 1.2 holds and that, consequently, the full-sample instrumental variable
tests for Hy they propose have standard limiting null distributions regardless of the
degree of persistence or endogeneity of x;.

For the purposes of this paper we follow Demetrescu et al. (2020) and conduct
our theoretical analysis of the large sample properties of both the full-sample
and sub-sample VX predictability statistics under local alternatives such that
the slope parameter (3; is local-to-zero for an asymptotically non-vanishing set
of the sample observations. This is an important generalisation of the large sample
results presented for the full sample IVX-based tests in Kostakis et al. (2015) and
Magdalinos (2020) which only apply under Hy. The localisation rate (or Pitman
drift) will need to be such that f; is specified to lie in a neighbourhood of zero
which shrinks with the sample size, T'. The appropriate Pitman drift is dictated by
which of Assumption 1.1 and Assumption 1.2 holds in (3); see also Demetrescu and
Rodrigues (2020). Where z; is near-integrated the appropriate rate is T-1/2-n/2
while for weakly dependent z;_1, the rate is T~1/2. Formally, we specify §; to
satisfy the following assumption.
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Assumption 2. In the context of (1)—(3), let B; := n;'b(t/T), where b(-) is
a piecewise Lipschitz-continuous real function on [0,1], with np = /T under
Assumption 1.1, and np = T/2+7/2 ynder Assumption 1.2.

Under the structure of Assumption 2, the null hypothesis Hy that 8; = 0, for
allt=1,...,T, can be expressed as

Hy : The function b(-) is identically zero on [0, 1], (5)
while the alternative hypothesis can be written as

Hy y(.y = The functionb(-) is non-zero over at least one non-empty open subinterval of [0, 1].
(6)

The latter entails that at least one subset of the sample observations (this need

not be a strict subset, so it could contain all of the sample observations) comprising

contiguous observations exists for which ; # 0, and where the size of this subset

is proportional to the sample size T. One-sided alternatives that 8, > 0 (8; < 0)

in some subset(s) of the data can be considered simply by defining b(-) to be a

non-negative (non-positive) function.

We conclude this section by detailing in Assumption 3 the conditions that we
will place on the disturbances u; and v; in (1) and (3), respectively. Subsequently
we will provide some discussion of these conditions before providing the key
(multivariate) invariance principles that hold under these conditions.

()= (),

1. H() = < hi1(r)  haa(: ) is a matrix of piecewise Lipschitz-continuous
hai(:)  haoa(:

bounded functions on (—oc, 1], which is of full rank at all but a finite number
of points;

2. 4, := (at,e)" is a Ly-bounded stationary and ergodic martingale difference
sequence satisfying E(th,1]) — I and E|[Eg X0 (4,4} — Io)||* = O(T*)
for some e < &, with Eq(-) denoting expectation conditional on {t_,;}%, and
I denoting the k£ x k identity matrix.

Assumption 3. Let

where:

Remark 3. Assumption 3 is similar to Assumption 3 of Demetrescu et al. (2020)
and we refer the reader to Demetrescu et al. (2020) for a detailed discussion of these
conditions. Briefly, Assumption 3.1 allows for unconditional time heteroskedasticity
of quite general form in the innovations through the function H, whereby the
unconditional covariance matrix of (us,v¢) is given by H(t/T)H'(t/T). This
structure allows both u; and v; to display time-varying unconditional variances and
for both contemporaneous and time-varying (unconditional) correlation between
u¢ and v;. Empirically plausible models of single or multiple (co-) variance shifts,
(co-)variances which follow a broken trend, and smooth transition (co-) variance
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shifts are all permitted under this assumption. In contrast, Assumption INNOV of
Kostakis et al. (2015, p. 1512) and Assumption M of Magdalinos (2020) impose
a constant unconditional variance matrix on (ut,vt)/. Assumption 3.2 imposes
a martingale difference [MD] structure on %, thereby allowing for conditional
heteroskedasticity. In common with Assumption INNOV of Kostakis et al. (2015)
and Assumption M of Magdalinos (2020), Assumption 3.2 imposes finite fourth-
order moments on p,.

Remark 4. As we will see below, in order to establish the large sample properties
of the IVX tests of Kostakis et al. (2015) in the strong persistence case we
rely on a weak convergence result for T11+n Z)[;:q z¢—1u¢. For the case of full-
sample sums, Kostakis et al. (2015) and Magdalinos (2020) make the parametric
assumption that u; is generated by a stationary finite-order GARCH(p, ¢) model
with finite fourth moments. This assumption therefore has the consequence that
it imposes the absence of any dependence of the conditional variance of u; on
lags of v; which is likely to be unrealistic for many predictors used to predict
stock returns; see Example 1 in the supplementary appendix for further discussion
on this point. Moreover, a number of authors, including Carnero et al. (2004)
and Johannes et al. (2014) argue that ARSV models capture the main empirical
properties of the volatility of financial returns series better than GARCH models.
To eliminate the need to choose a specific parametric volatility model, Assumption
3.2 instead adopts an explicit assumption of martingale approximability whereby
E||Eo Zthl('z,bt'wQ —L,)[|? = O(T%) for some € < 1, see Merlevede et al. (2006).
The exponent ¢ controls the degree of persistence permitted in the conditional
variances of the innovations. Stationary vector GARCH processes with finite
fourth-order moments satisfy Assumption 3.2 with & = 0, but the assumption is
considerably more general as it also allows for asymmetric effects in the conditional
variance. Stationary ARSV processes as, for example, are assumed in Johannes et al.
(2014) also satisfy Assumption 3.2.

Under Assumption 1.1 (weak persistence), { = (1 — pL)J_1 A(L) oy + ptéo,
which, given the exponential decay of the coefficients under weak persistence,
is asymptotically equivalent to the process (1 —pL) " A(L)"'v;, and with a
slight abuse of notation, we will write £ = (1 — pL)_l A(L)~ vy in what follows,
ignoring the asymptotically negligible term. Under Assumption 3, the normalised
partial sums of (ug, vy, £4—1us) in the weak persistence case satisfy the multivariate
invariance principle,

1 |.§:TJ Ut /T Mu(T)
— vy = [ G(s)dB(s):= | M,y(r) ()
VT t=1 Er_1uy 0 Mey(7)

on 23, where G(7) is a 3 x 6 matrix of piecewise Lipschitz functions whose
elements are formed from the elements of H(7), and where B(7) is a 6-dimensional
Brownian motion. Explicit expressions for the covariance matrix of B(7) and
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for G(7) are provided in Lemma 4 in the supplementary appendix, where the
convergence result in (7) is also formally established. Using the well-known Phillips-
Solo device, it is straightforwardly obtained from (7) that the suitably normalised
partial sums of & weakly converge to w/(1 — p)M,.

Remark 5. The limiting processes M,, M, and Mg, in (7) are individually
variance-transformed Brownian motions; cf. Davidson (1994, section 29.4).
These three processes are, in general, correlated under Assumption 3, and
indeed this correlation can be time-varying; see the supplementary appendix for
precise expressions. Under conditional homoskedasticity, M, can be seen to be
uncorrelated with either M,, or M,,. Under conditional heteroskedasticity, however,
M, and Mg, are in general dependent (as are M, and M¢,), even where H(7)
is constant, because Cov (§;—1ut,v:) is not necessarily zero if the conditional
correlation between w; and w; is nonzero. Where H(7) is constant, such that
(ug,v;)" is unconditionally homoskedastic, fOT G(s)dB(s) reduces to a standard
Brownian motion process. Where H(7) is non-constant the variance profiles of
M, M, and Mg, will, in general, differ (we define the variance profile of a generic
stochastic process W (s) as [W](s)/[W](1) where [W](s) denotes the quadratic
variation process of W (s)). Even in the special case where H(7) is a scalar multiple
of the identity matrix, although M, and M, will share the same variance profile,
this will not in general coincide with variance profile of M, because the variance
of its increments is a polynomial of degree four in the elements of H(7), while
those of M,, and M, are both polynomials of degree two (see the proof of Lemma
4 in the supplementary appendix).

Under Assumption 1.2 (strong persistence), the normalized partial sums
of (ug,ve) converge as previously to (M,, M,), where M, and M, are the
same limiting processes as in (7). Moreover, the normalized partial sums of
(vhmzt 1u¢) converge weakly as well,

1B v M, (7)

72 oo )= (305 @
on 22, with M, (1) := = Jo VM) (s)[M.,]'(s)dB(s), where B is a standard
Brownian motion independent of M,, and where [M,]'(s) and [M,]'(s) denote
the derivatives (with respect to s) of [M,](s) and [M,](s), respectively. These
derivatives are well-defined at all but finitely many s € [0, 1], see Lemma 3 in
the Supplementary Appendix. Convergence (8) is established in Lemma 5 in the
Supplementary Appendix. Under strong persistence, the levels of & satisfy the

weak convergence result T-1/2¢ 7| = wJeu(T), Where JCH( ) is an Ornstein-
Uhlenbeck-type process driven by M, (7); that is, J. u(T f e=(T=5)dM,(s).

Remark 6. The limiting process M, in (8) is a variance-transformed Brownian
motion as well. An important difference between the invariance principles in
(7) and (8) is that M., is independent of M, irrespective of any conditional
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heteroskedasticity while, as discussed in Remark 5, Mg, and M, are in general
dependent. Another important difference between the invariance principles under
weak and strong persistence is that the processes Mg, and M, despite being
driven by the same innovations, can have quite different behaviour depending on
the pattern of conditional and unconditional heteroskedasticity present in 1,. To
illustrate, under unconditional heteroskedasticity the variance profiles of Mg, and
M, will in general differ where conditional heteroskedasticity is also present; see
Example 2 in the Supplementary Appendix.

3. IVX-based Predictability Tests

In section 3.1 we first outline the full sample IVX-based predictability tests
of Kostakis et al. (2015). In section 3.2 we then discuss subsample-based
implementations of these tests. The limiting distributions of the full sample and
subsample IVX statistics are established under the local alternative in section 3.3.
Here we show that in the case of the full-sample IVX statistics basing these on
Eicker-White standard errors yields standard normal limiting null distributions.
For the subsample based statistics these will still depend, in general, on any
heteroskedasticity present in the innovations.

3.1. Full-sample IVX tests

The full-sample 1VX-based t-ratio, proposed in Kostakis et al. (2015), for testing
the null hypothesis Hy : 8y = 0 for all t =1,...,T in (1) is given by

by = 20 (9)
s.e.(Bzz)
where Bzx is the IVX estimator of (3,
T _
B = g Bt 02D (10)

i 21 (@1 —F)
with g := 771! Zthl yy and Z_q =11 Zthl x¢_1, and3
A \/ o 2321 E
s.e.(Bzz) == —F - (11)
Do 21 (Tp—1 —Z1)

with 62 = T=1 3T 42. A variety of choices for the residuals i, is possible. Both
Breitung and Demetrescu (2015) and Kostakis et al. (2015) recommend the use

3. Notice that, as discussed in Kostakis et al. (2015, p. 1514), z;_1 does not need to be demeaned
in (10) because the IV estimator, 3., is invariant to whether z;_1 is demeaned or not.
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of the OLS residuals from estimating (1) on the grounds that they come from the
best linear projection of y; on x;_; regardless of the persistence of the putative
predictor, and that their finite-sample behaviour appears to be more stable than
that of the corresponding IV residuals. One could also use residuals computed under
the null; that is, 4y = y; — %23:1 ys. Under the local alternatives considered
in Assumption 2, these two possible choices can be shown to be asymptotically
equivalent to one another in so far as the behaviour of the resulting IVX statistic is
concerned. Given that the IV residuals have reduced convergence rates compared
to the two possible choices above, we shall not consider them in the following.

One-sided tests based on t,, can be formed by rejecting against the right-
sided alternative that 6, = 8 > 0, for all t = 1,...,T, for large positive values
of the statistics and against the left-sided alternative that 8; = 8 < 0, for all
t=1,...,T, for large negative values of the statistics. The latter can be equivalently
implemented as right-sided tests simply by replacing the predictor z;_1 by —x;_1.
Two-sided tests can be formed by rejecting against the alternative that 5, = 5 # 0,
for all t = 1,...,T, for large positive values of (¢.).

Remark 7. In order to correct for the finite sample effects of estimating the
intercept term in (1), which are most pronounced for highly persistent regressors
that are strongly correlated with the predictive model’s innovations, Kostakis et al.
(2015, p. 1516) recommend the use of a finite-sample correction factor; see also the
discussion in Demetrescu and Hosseinkouchack (2020). This entails replacing the

numerator of (11) by \/&5 Z;le z? | — = where = is the finite-sample correction

factor given by = :=Tz2,(62 — 62,,6,2), with z_1 := T~} Zle zt—1, and where
&gj and Gy, are estimates of the long-run variance of wy, and of the long-run
covariance between wu; and w, respectively; a discussion on the practical choice
of these estimators is provided in Kostakis et al. (2015, pp. 1513 and 1524). The
inclusion of this correction factor does not alter any of the large sample results that

follow.

Remark 8. Kostakis et al. (2015) also consider a variant of the ¢, statistic based
on the use of heteroskedasticity-robust standard errors. Replacing the conventional
standard error, s.e.(f.z), in (9) by the corresponding Eicker-White standard error,

T 2 52
s.e. (/Bzz) : 25:1 Zt—1 (‘thl — ffl) ( )

the Eicker-White form of the IVX t-ratio is then defined as

EW . __ Bzm
thL’ o T. (13)
s.e.EW(3..)
As we will show in section 3.3, the tZWV statistic has a standard normal limiting

null distribution even under unconditional and/or conditional heteroskedasticity
of the form specified in Assumption 3, regardless of whether x; is strongly or
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weakly persistent. Kostakis et al. (2015) and Magdalinos (2020) have previously
shown that this result holds under unconditional homoskedasticity and for the form
of conditional heteroskedasticity they assume which as discussed in section 2 is
a special case of our Assumption 3.2. The same result is also true for the ¢,
statistic based on conventional standard errors in the strongly persistent case when
the innovations are unconditionally homoskedastic, but does not hold in general
otherwise. The finite sample correction factor = discussed in Remark 7 can also be
applied to the numerator of (12).

Remark 9. Kostakis et al. (2015) consider the more general set-up of multiple
predictive regressions of the form v, = o+ By +u, t = 1,...,T, where
B = (B1,....,0k)" and where x; := (x14,...,x5,) is such that z; = p, + &,
where &, satisfies the k-dimensional generalisation of (3), & = T'&,_; + vy,
t =1,...,T, and where p, is a k-vector of constants. Kostakis et al. (2015)
specify the matrix I'" to be diagonal with ith diagonal element p;, i = 1,...,k,
and assume that the predictors all lie within the same persistence class; that
is, the z;¢, ¢ = 1,...,k, either all satisfy Assumption 1.1, or they all satisfy
Assumption 1.2. Generating the set of k instruments, z; := (214, ..., 2k,¢)’, from
the predictors z; ¢, i = 1, ..., k, each generated according to (4) a two-sided Wald-
type IVX based test rejects the null R3 = 0, where R/is\a known g x k matrix

of full row rank, for large values of WE := B;IR’(RCOV(Bzx)R’)’lRBm where
B.. =Ar'Crwith Ar =31z 1(x1—%_1), Cri=31_ 1 2e-1(ye — 7).

Z_1:=T71! Zthl x;_1, and where Cov(B,,) := 62A;' Br(AL") with By =
Zthl zi 12, 4, 62 :=T"1 Zle @2 and 1; being the residuals of the estimated
predictive regression. An Eicker-White version of WER can be formed by replacing

2Bt in the expression of Cov(B,,) with Dy := Zthl zi_12,_ 02, A finite
sample correction factor can again be used; see Kostakis et al. (2015, p. 1515) for
precise details. VX (partial) t-type tests of the null hypothesis 3; =0, i € {1,...,k},
can also be considered.

3.2. Subsample IVX Tests

As we will subsequently show in Proposition 1, the full-sample test based on
t.« has non-trivial asymptotic local power against H; (.) of (6) for both weakly
and strongly persistent regressors. However, these tests are clearly designed for
the case where the function b(-) of Assumption 2 is such that b(t/T) = b,
t =1,...,7. If it were known that a pocket of predictability might occur only
over the particular subsample ¢t = [7T'| + 1,..., [T, such that b(t/T") = b for
t = |nT]+1,...,[2T] but was zero elsewhere, then it would be more logical
to base a test for this on the IVX statistic computed only on the subsample
t=|nT|+1,...,[mT], viz,

Bzx (7_1; T2)

_— 1
s5.€.(B22(T1,72)) (14)

tz.’L'(Tla TQ) =
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where

=T =
. — | T Zt—1 (yt - y(T177—2))
ﬁzI(TlvTZ) = LT;TJL 1T]+1 - (15)
Sl 1 A1 (@1 = To1(71, 7))

~ T

. Uu(leTZ)\/ng:QLTﬂTJ+1 Zt2—1

s..(Bsz(1,72)) = [72T| -
Zt:LnTJ-i-l Zeo1 (1 — $71(7'1, 2))

(16)

with §(71,72) == (T*) ™1 tL;QLZfTJJrl Y, To1(m1,72) == (T*) 7! tL:f:ij+1 Ti—1,
where T* := ([T | — |11T]), and where 6,(71,72)? is the analogue of 52 in
(11) computed for the subsample t = [ T] + 1,...,|72T]. The corresponding
subsample analogue of the full sample Eicker-White tZ/ statistic in (13) can be
defined similarly and will be denoted tZV (71, 7).

In practice it is unlikely the practitioner will know which specific subsample(s)
of the data might admit predictive regimes. As discussed in Demetrescu et al.
(2020), a conventional approach in such cases is to base tests on certain functionals
of sequences of subsample predictability statistics. These sequences need to be
agnostic of the data to avoid any endogenous selection bias and any test formed
from them must be such that multiple testing issues are also avoided. Given we
are testing the null of no predictability against the alternative of predictability in at
least one subsample of the data, an approach based on the maximum (in the case
of two-sided and right-tailed tests) or minimum (in the case of left-sided tests) of
the sequence of subsample predictability statistics would seem appropriate.

Common choices of such agnostic sequences of statistics include forward and
reverse recursive sequences and rolling sequences, and we will use those here.
Tests based on the forward recursive sequence of statistics are designed to detect
pockets of predictability which begin at or near the start of the full sample period,
while those based on the reverse recursive sequence are designed to detect end-
of-sample pockets of predictability. For a given window width, tests based on a
rolling sequence of statistics are designed to pick up a window of predictability, of
(roughly) the same length, within the data.

The subsample IVX tests we propose based on these sequences of subsample
statistics are then formally defined as follows. We will outline these for the case
of IVX statistics computed with conventional standard errors, but these can also
be implemented with Eicker-White standard errors as in Remark 8 by replacing
toe(-,-) with tZW(...) throughout.

e The sequence of forward recursive statistics is given by {t.,(0,7)},, <r<1, where
the parameter 7, € (0,1) is chosen by the user. The forward recursive regression
approach uses |T'7y | start-up observations, where 77, is the warm-in fraction, and
then calculates the sequence of subsample predictive regression statistics ¢, (0, 7)
fort =1,...,|7T], with 7 travelling across the interval [7, 1]. An upper-tailed test
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can then be based on the maximum taken across this sequence, viz,

T = max {t..(0,7)}. (17)
7, <1<1
The corresponding left-tailed test can be based on the minimum across this
sequence, denoted .7/f", and a two-tailed test can be based on the corresponding
maximum taken over the sequence of (., (0,7))? statistics, denoted .7,

e The sequence of backward recursive statistics is given by {t,,(7,1)}o<r<r,
with 77 € (0,1) again chosen by the user. Here one calculates the sequence of
subsample predictive regression statistics t.,(7,1) for t = |77 + 1,...,T, with 7
travelling across the interval [0, 77]. Analogously to the forward recursive case, an
upper-tailed test can again be based on the maximum from this sequence,

FB .= max {t..(r,1 18
i max {t(r1)) (18)
while corresponding lower-tailed tests and two-sided tests can be formed from the
statistics ﬁLB and Z,B, defined analogously to the forward recursive case.

e The sequence of rolling statistics is given by {t., (7,7 + A7) }o<r<1—ar Where
the user-defined parameter A7 € (0,1). Here one calculates the sequence of
subsample statistics t,. (7,7 + A7) for t = |7T] + 1,...,[7T] + |TA7|, where
AT is the window fraction with |T'A7| the window width, with 7 travelling across
the interval [0,1 — A7]. An upper-tailed test can again be based on the maximum
from this rolling sequence,

T = max  {t.(r, 7+ AT 19
o= max, {ta(nT + A) (19)
while corresponding lower-tailed tests and two-sided tests can again be formed from
the statistics ﬂLR and Z,Ft, defined analogously to the recursive cases.

Remark 10. Notice that the full sample IVX statistic ¢, of (9) is contained within
the forward recursive, backward recursive, and rolling sequences of statistics and
obtains by setting 7 =1, 7 = 0, and A7 = 1, respectively, in those sequences.

Remark 11. Subsample implementations of the multiple predictor IVX Wald
tests discussed in Remark 9 can also be defined in an analogous fashion to 7%,
TP and FE of (17), (18) and (19), respectively. Here, defining the subsample
analogue of the IVX Wald statistic WER computed over the data subsample
t=|nT|+1,...,|T]|, as WE(r,7), we can consider tests which reject for
large values of the maxima from analogous forward recursive, backward recursive
and rolling sequences of such subsample statistics, which we will denote #/&t, #/&
and # R, respectively.

Tests based on recursive and rolling sequences of subsample statistics have also
been proposed in the literature on testing for episodic bubbles; see, in particular,
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Phillips et al. (2011) and Homm and Breitung (2012). Pavlidis et al. (2017) propose
tests for detecting episodic bubbles in foreign exchange markets by considering a
rolling subsample-based implementation of the right-sided IVX t-ratios of Kostakis
et al. (2015) applied to Fama regressions (see footnote 1) estimated over a rolling
sequence of subsamples of the data. They consider a test which rejects the null
hypothesis of no bubble if any of the subsample statistics in the rolling sequence
exceeds a given critical value. In order to deliver size-controlled inference, they base
their test on a conservative critical value obtained using a Bonferroni correction,
adjusting the nominal significance level by the number of statistics in the sequence.
Given that the number of statistics in the rolling sequence will generally be quite
large (for a given sample size, T, the number of statistics in the sequence will
be larger the smaller the rolling window width, |T'A7]), Pavlidis et al. (2017)
acknowledge that this approach will deliver a very conservative test. The methods
developed in this paper therefore provide an alternative test to that in Pavlidis et
al. (2017), likely to be considerably more powerful, based on the maximum from
the rolling sequence of statistics.

Demetrescu et al. (2020) also consider tests for episodic predictability based
on the maxima from corresponding sequences of rolling and recursive subsample
implementations of a 2SLS predictability statistic as discussed by Breitung and
Demetrescu (2015). As a necessary consequence of overidentified IV inference with
strictly exogenous instruments, the approach proposed in Demetrescu et al. (2020)
can only be used to test against two-sided alternatives, while as we have seen the
subsample IVX-based tests considered in this paper can be used to test against
either one-sided or two-sided alternatives. Where, as is often the case, theory
predicts the sign of the slope parameter on x; 1 under predictability, being able
to consider one-sided tests will clearly deliver tests with greater power relative to
two-sided testing.

3.3. Asymptotic Theory

In this section we provide limiting distribution theory for the VX statistics from
sections 3.1 and 3.2 in Proposition 1. In Proposition 2 we then provide the limiting
null distribution of the Eicker-White form of the IVX statistic, tZ¥V in (13). Some
remarks follow both Propositions including a comparison with existing large sample
results available in the literature.

Proposition 1 Consider the model in (1)=(3) and let Assumptions 2 and 3 hold.
Then under the local alternative H j(.y of (6):
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(i). Under Assumption 1.1, as T — oo

Mgy (12) = Mey (1) + 62 [T2[M,] (s)b(s)ds
RN u(2) — Meu(T1) S (M) (s)b(s) = G (b, ):

\/72 o ([Mu](72) — [Mu](71)) ((Mu](72) — [Mo](71))
yf = sup {G1(b,0,7)} := GfU(b);

TE[TL,l]

77 = sup {Gi(b,7,1)} = Giy(b);
T€[0,7u]

,?UR = sup {G1(b,T, 7+ AT)} := GEU(b).
7€[0,1—AT7]

(ii).  Under Assumption 1.2, and with e < min{1 —n, 3n} in Assumption 3,
zu(TQ) - zu(Tl)
Vit (Mul(r2) = M) (7)) (IMa] (m2) — [M I(71))
[2w2 JeuZo| 72 — [1* Zy(s)ddem(s) — 77 2ol [2 Jem(s
+ -
“ \/72 = ([Mu](72) — [Mu] (1)) ([ v](Tz) - [Mv](ﬁ))

toa (7'17 7—2) =

= GQ(b7 7—177-2)7

T = sup {Ga(b,0,7)}:= Gl (b);
T€[TL,1]

B B

ﬁU = sup {GQ(b7 T, 1)} = G?,U(b);
T€[0,7v]

IR = sup  {Ga(b, 7,7+ A7)} = GHy(b),
T€[0,1—AT]

where a and n are the parameters defining the /VX filter in (4) w and K>
are as defined in section 2, Zy(7) := b(7)J.u( fo c.1(s)db(s), and for
a generic stochastic process W (r), W|? := W(T’g) Wi(r ) The results for
t..(71,72) hold for any given fixed values of 71 and 172, 0 < 11 < 19 < 1.

Remark 12. Corresponding representations for the limiting distributions of the
left-sided .7;F, 7;% and 7! statistics under the conditions of Proposition 1
can be obtained simply by replacing the sup operator by the inf operator in the
representations given in Proposition 1, and with an obvious notation we denote
these limiting distributions as GfL(b), GfL(b) and GfL(b), j = 1,2, respectively.
Similarly, representations for the limiting distributions of the two-sided statistics
Tt TP and TR, denoted Gﬁz(b), sz(b) and Gﬁz(b), Jj =1,2, respectively,
can be obtained by squaring the limiting quantities over which the supremum is
taken in the expressions in Proposition 1.

Remark 13. Part (ii) of Proposition 1, which relates to the case where x; is strongly
dependent, imposes a further restriction on the degree of persistence permitted in
the conditional variances via the additional requirement that ¢ < min{1 — 7, %n}
This restriction therefore entails that ¢ < 1/3 (with this maximum upper bound for
e corresponding to the use of an IVX filter with n = 2/3). Recalling, for example,
that parametric GARCH models are such that ¢ = 0, it seems likely that this
additional restriction would not be restrictive in practice.
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Remark 14. The results in Proposition 1 establish the asymptotic local power
functions of the tests based on the subsample and full sample IVX-based statistics
(the latter obtained by setting 7o = 1 and 71 = 0 in the limiting representations
for t,,(m1,72)) from sections 3.1 and 3.2, respectively, under the local alternative
Hj (). These local power functions depend, in general, on any heteroskedasticity
and/or weak autocorrelation (short-run dynamics) present in the errors and differ
according to whether x; is weakly or strongly persistent. In the strongly persistent
case they also depend on the parameter a used in the IVX filter and on the local-to-
unity parameter, c. For the full sample t,, test these results therefore complement
those provided in Kostakis et al. (2015) and Magdalinos (2020) which apply only
under the null hypothesis. From Proposition 1 it can be seen that the full sample .,
test exhibits non-trivial power against the class of time-varying local alternatives
we consider in this paper; that is, it has power to detect predictive episodes. In the
case where b(s) = b, for some constant b, the results in Proposition 1 provide the
asymptotic local power functions of the tests in the case where (local) predictability
holds across the full sample; in this case the limiting process Z,(7) in part (ii) of
Proposition 1 simplifies to bJ. 1 (7).

Remark 15.  The limiting null distributions of the statistics obtain from the results
in Proposition 1 on setting b(s) = 0 for all s (whereby Z;,(7) collapses to zero).
Doing so, the limiting null distributions of the individual statistics t.,(71,72) can
be seen to be (pointwise) normal. For example, under strong persistence, we have
for the full-sample statistic that

M.,.(1) fo VM) (s)[M,]'(s)dB(s)
[Mu](l)[Mu](l) [M }( )[M,](1)

. N<0 f& I J’()ds>
’fol[ dsfo (s)ds

It can then be seen that in the unconditionally homoskedastic case where H is
constant, the limiting null distribution of ¢,, is standard normal under strong
persistence, and hence that of (¢..)? is x2. This holds regardless of any conditional
heteroskedasticity present in the innovations. In the weakly persistent case,
however, we have that

tZI‘

Msu() i( [Mea)(1) >
7B ()DL DL L)

whereby it follows that the variance of the limiting distribution of ¢, will in general
depend on any conditional heteroskedasticity and/or short-run dynamics (the latter
through the parameter I€2) present, even where H is constant. On the other hand,
#?2 drops out of this expression under conditional homoskedasticity of 1,, even if H
is time-varying. For further details see the proof of Lemma 4 in the supplementary
appendix.
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Remark 16. The limiting null distributions of the subsample-based statistics, gr.
ng and ij, j € {U, L,2}, all depend, in general, in a highly complicated way
on nuisance parameters arising from any heteroskedasticity and (in the weakly
dependent case) serial correlation present in (u¢, v¢)" and on whether z; is strongly
or weakly persistent. While, as we show below in Proposition 2, these dependencies
can be be removed from the limiting null distribution of the full sample ¢, statistic
by basing the statistic on Eicker-White standard errors, this is not true of the
subsample-based statistics.

As discussed in Remark 15, the standard t,, statistic, while having a limiting
null distribution that is free of nuisance parameters when z; is strongly persistent
and the innovations are unconditionally homoskedastic, does not in general have
a pivotal limiting null distribution when z; is weakly persistent. The non-pivotal
nature of the limiting null distribution of t,, under conditional heteroskedasticity
in the case of a weakly persistent predictor motivated Kostakis et al. (2015)
to also consider the Eicker-White statistic tZ" in (13). In Proposition 2 we
demonstrate that the limiting (marginal) null distribution of the subsample Eicker-
White tEW (71, 75) statistic has a standard normal limiting null distribution under
the conditions of Proposition 1 and regardless of whether x; is weakly dependent
or near-integrated.

Proposition 2 Under the conditions of Proposition 1, and for any given fixed
values of 1 and 73, tZW (11, 79) = N(0,1), and hence (tE)V (11, 72))% = X2, under
the null hypothesis, H, regardless of whether Assumption 1.1 or Assumption 1.2
holds.

Remark 17. As a consequence of Proposition 2 the full-sample t£V statistic of
(13) is seen to have a standard normal limiting null distribution under Hy regardless
of whether x; is weakly or strongly persistent. The standard normality of the limiting
null distribution of £/ has previously been shown to hold by Kostakis et al. (2015)
under their Assumption INNOV and by Magdalinos (2020) under his Assumption
M, both of which assume unconditional homoskedasticity. The result in Proposition
2 therefore establishes that this result holds under the much more general conditions
of Assumption 3, which includes: (i) the case where H is non-constant such that
the innovations are unconditionally heteroskedastic, and (ii) the case where the
sequence 1), exhibits conditional heteroskedasticity of very general form; see again
the discussion in Remarks 3 and 4.

Remark 18. Provided the vector (uy,v})’ satisfies an obvious (k + 1)-dimensional
generalisation of Assumption 3, then the multiple predictor full sample Wald
statistic, Wg of Remark 9, when implemented with Eicker-White standard errors,
can be shown to have a x§ limiting null distribution regardless of whether x; is
strongly or weakly persistent. The limiting null distributions of the corresponding
subsample-based statistics, #/&, WBR and #®, of Remark 11 will, like the
corresponding subsample-based tests for a scalar predictor, x;, discussed in this
section, have limiting null distributions which will, in general, depend in a highly
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complicated way on nuisance parameters arising from any heteroskedasticity and
(in the weakly dependent case) serial correlation present in (u, v;)" and on whether
x; is strongly or weakly persistent.

As discussed above the subsample IVX statistics proposed in this paper, even
when based on sequences of Eicker-White tZW (. .) statistics, have non-pivotal
limiting null distributions whose form depends on whether the putative predictor
x¢ is a near-integrated or a weakly dependent process. The same is true of the
corresponding 2SLS subsample-based supremum statistics of Demetrescu et al.
(2020). This poses significant problems for conducting inference not encountered
with the test based on the full sample 2/ statistic which has a standard normal
limiting null regardless of whether x; is weakly or strongly persistent. In the next
section we discuss how these issues can be solved by using bootstrap methods.

4. Bootstrap IVX Tests

As the results in section 3.3 show, implementing tests based on either the full
sample t,, statistic from section 3.1 or the subsample-based ;ZF, %B and ij,
j = U, L,2, statistics from section 3.2 will require us to address the fact that
their limiting null distributions will, in general, depend on nuisance parameters
arising from heteroskedasticity and/or serial correlation present in the data, and on
whether the predictor z;_; is weakly dependent or near-integrated.

We will consider two bootstrap resampling schemes in this section. The first, a
residual wild bootstrap [RWB], is outlined in Algorithm 4. In Algorithm 4 we then
outline how the fixed regressor wild bootstrap [FRWB] employed by Demetrescu
et al. (2020) can also be used with the full sample and subsample VX statistics
discussed in this paper.*

[Residual Wild Bootstrap]

Step 1: Fit the predictive regression to the sample data (y:, z:—1)" to obtain the residuals
a¢, t =1,..., T, using any of the two choices outlined below (11).
Step 2: Fit by OLS an autoregression of order p + 1 to x¢; viz,

p+1
xry =m+ E &jxt_j -+ Ut
Jj=1

and compute the OLS residuals o¢, t=p+1,...,T.Set oy =0fort =1,...,p.

4. In what follows to save space we outline our proposed bootstrap procedures only for the case
where conventional standard errors are used and where the finite sample correction factor of Kostakis
et al. (2015) is not employed; cf. Remarks 7 and 8. Bootstrap implementations of the tests with
the finite sample correction factor can instead be used without altering any of the large sample
properties given in this section. Moreover, bootstrap implementations of the IVX tests based around
Eicker-White standard errors may also be considered and again share the same asymptotic validity
properties as the bootstrap tests based on conventional standard errors.
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Step 3:

Step 4:

Step 5:

Step 6:

Extensions to IVX Methods

Generate bootstrap innovations (uy, vZ‘)/ := (Ryfie, Rt@t)/, t=1...,T, where Ry,
t=1,...,T, is ascalar i.i.d.(0, 1) sequence with E(R}) < oo, which is independent
of the sample data.

Define the bootstrap data (y;, z;_1)" where yi = u} (so that the null hypothesis is
imposed on the bootstrap y;) and where z; is generated according to the recursion

p+1
i = Z&jxr,j +uy, t=1,...,T
=1
with initial conditions z: = ... = 2%, = 0. Create the associated bootstrap IVX

instrument, z7, as:
t—1
20=0 and 2z = E oAxi_j, t=1,...,T,
i=0

where g is the same value as used in constructing the original IVX instrument, z;.
Using the bootstrap sample data, (y;,2;_1,2;_1) , in place of the original sample
data, (yt,xe—1, zt_l)/, construct the bootstrap analogues of the t..(71,72), <7jF,
ij and ﬂjR, j = U, L,2, statistics from section 3.2. Denote these bootstrap
statistics as t5, (71, 72), QJ*F l?}*’B and j’j*’R, j=UL,2.

Taking the test based on Zf to illustrate, a bootstrap p-value is then computed
aspipi=1-— G*{’T(Zf), where G () denotes the conditional (on the original
sample data) cumulative distribution function (cdf) of ﬂl}kF Notice, therefore,
that the bootstrap test, run at the )\ significance level, based on ﬂUF is then
defined such that it rejects Hy if pj ;- < A. Bootstrap p-values for the other tests
are similarly obtained.
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[Fixed Regressor Wild Bootstrap]

Step 1: As Step 1 in Algorithm 4.

Step 2: Generate bootstrap innovations uj := Ryt, t = 1...,T, where Ry satisfies the
same conditions as given in Step 3 of Algorithm 4

Step 3: Fort =1,...,T, define the bootstrap data y; = uj (so that the null hypothesis
is imposed on the bootstrap y;).

Step 4: As detailed in Step 5 of Algorithm 4, but where the original sample data,
(yt, Tt—1, zt_1)' are instead replaced by the fixed regressor bootstrap sample data,

(y;a Tt—1, Zt—l)/'
Step 5: As Step 6 of Algorithm 4

Remark 19. The key difference between the RWB outlined in Algorithm 4 and the
FRWB outlined in Algorithm 4 surrounds the generation of the bootstrap analogue
data for x; and, hence, z;. In the FRWB scheme one calculates the bootstrap
statistics in Step 4 using the data (y;,z¢ 1,2;1); that is, y; is generated
exactly as in Algorithm 4, but the observed outcomes on x := [zg,%1,...,27]
and z := [29,21,...,27) are treated as a fixed regressor and fixed instrument
vector, respectively, when implementing the bootstrap procedure. As such, while
the RWB rebuilds into the bootstrap data (an estimate of ) the correlation between
the innovations u; and v; through Step 3 of Algorithm 4 (it is crucial in doing so
that the same R; is used to multiply both u; and ©;), the FRWB does not. This is
an important distinction because, as the simulation results we report in section 5
will show, the finite sample behaviour of the IVX statistics is heavily dependent on
the correlation between wu; and v; in the case where x; is strongly persistent. As a
result we find that the RWB delivers considerably better finite sample performance
than the FRWB in the case where x; is strongly persistent.

Remark 20. A further difference between the RWB and the FRWB is that because
one creates bootstrap analogues of x; and z;, ; and z; respectively, one implicitly
has to use an estimate of p in doing so. Under Assumption 1.2 (strong persistence) it
is well known that the associated local-to-unity parameter, ¢, cannot be consistently
estimated. Consequently, when z; is strongly persistent the bootstrap data on z}
will not be generated with the same local-to-unity parameter as the original data
Z¢. In the case of the FRWB this issue does not arise because the original data
on x; is used in calculating the bootstrap statistics. However, the IVX statistics
instrument ;1 by z:_1, and their bootstrap analogue statistics instrument x;_;
by z;_,, where z; and z; are, by construction, both mildly integrated processes
regardless of the value of ¢ under Assumption 1.2. There is therefore no necessity
for the estimate of ¢ from Step 2 to be consistent in order to validly implement
the RWB in Algorithm 4. Notice that this would not be true under Assumption
1.2 if we were bootstrapping the standard OLS t-statistic from (1) because this
statistic does not instrument x; by a variable of lower persistence and, as result,
has a limiting null distribution which depends on c.
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Remark 21. It could also be possible to implement a moving block bootstrap
[MBB] based scheme, similar to that used in Fan and Lee (2019), for the IVX-
based tests considered here. An outline of this algorithm can be found in the
Supplementary Appendix. We conjecture that this MBB procedure is asymptotically
valid provided H were constant such that the innovations were unconditionally
homoskedastic. To account for unconditional heteroskedasticity a block wild
adaptation of this bootstrap could be employed and again this is outlined in the
Supplementary Appendix. We will not pursue either of these MBB-based methods
further here as in unreported simulations we found them to perform poorly in finite
samples relative to the RWB-based tests.

Remark 22.  With simple modifications, the RWB of Algorithm 4 can be
implemented for the multiple regressor full sample Wald statistic, WBE of Remark 9,
and the corresponding subsample-based statistics, 7/}‘ Wé‘ and # R, of Remark
11. In Step 2 of Algorithm 4 a vector autoregression of order p + 1 is fitted to «;
to obtain the residuals ©; with the residuals from these collected together into ;.
In Step 3 one then calculates the bootstrap innovations (u},v;}’)" = (Ryd, Rtf);)/,
t=1,...,T. In Step 4 one generates the bootstrap data y; = u} imposing the
null hypothesis, together with the bootstrap predictor vector, x;, by the recursion
based on the coefficient estimates obtained in Step 2. The bootstrap instruments,
zf, are derived from x; according to the same VX filter used to obtain z; from
x;. The RWB statistics are then computed from the bootstrap sample data,
(v, 2;_1,2;_;) . The FRWB of Algorithm 4 can also be modified to allow for
multiple regressors by using the bootstrap sample data, (yf,mt,l,zt,l)/ in Step
4. Provided the conditions outlined in Remark 18 hold, both the FRWB and RWB
bootstrap tests for multiple regressors will share analogous asymptotic validity
properties to the bootstrap tests in the case of a single regressor established below.

Remark 23. In practice the autoregressive lag truncation order used in Step 2
of Algorithm 4 will be unknown. This can be selected in the usual way using a
consistent information criterion such as the Bayes Information Criterion (BIC)
or Hannan-Quinn [HQ] information criterion. A less parsimonious information
criterion, such as the Akaike Information Criterion [AIC] could also be used, or
even a deterministic truncation lag chosen according to, for example, the popular
Schwert (1989) rule where the lag truncation is set equal to |#(7/100)'/4], for
some positive constant . The lag length fitted in Step 2 actually has rather little
bearing on the power of the resulting bootstrap tests, as is also shown in the context
of bootstrap augmented Dickey-Fuller unit root tests in Palm et al. (2008). Notice
that no choice of p is required in connection with the FRWB outlined in Algorithm
4,

In Proposition 3 we now demonstrate the large sample validity of the RWB
and FRWB bootstrap implementations of the IVX tests from Algorithms 4 and
4, respectively. In particular, we show that these correctly replicate the first order
asymptotic null distributions of the IVX statistics under both the null hypothesis
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and local alternatives. However, for the RWB-based tests this result requires a
further restriction to hold on the fourth moments of the innovations in the case
where x; is weakly persistent. This additional restriction is not required for the
asymptotic validity of the FRWB tests.

Proposition 3 Consider the model in (1)=(3) and let Assumptions 2 and 3 hold.
Then under the local alternative H j(.y of (6):

(i). Under Assumption 1.1,

(a). For the bootstrap statistics generated according to the RWB scheme
in Algorithm 4, provided E[(1,%]) ® (¢_;p" ;)] = 0 for all natural
i # j, it holds that t (71,72) £, G1(0,m,7m2), T°T 2, GTL(0),
yj*’B =, GP;(0), and T el ;(0), in each case for j = U, L,2.

(b). For the bootstrap stat/st/cs generated according to the FRWB scheme
in Algorithm 4, t%,(11,79) =, G1(0,71,72), T}~ el ;(0), ez-*’B =
G?5(0), and 9*}2 » G1;(0), in each case for]_U,L,2.

(ii)).  Under Assumptlon 1.2, and with ¢ < min{n, 3} in Assumption 3, and
regardless of whether the bootstrap statistics are generated according to
the RWB scheme in Algorithm 4 or the FRWB scheme in Algorithm 4,
tr.(11,72) 2, Go(0,71,7), T £, GLL(0), 7P &, GF,(0), and
z*’R =p GE,(0), in each case for j = U,L,2.

Remark 24. A comparison of the limiting results for the bootstrap statistics in
Proposition 3 with those given for the corresponding statistics in Proposition 1
demonstrates the usefulness of the RWB and FRWB procedures from Algorithms
4 and 4, respectively; as the number of observations increases, the bootstrapped
statistics have the same first-order limiting null distributions as the corresponding
original test statistic.® For this result to hold for the RWB statistics, however, it is
seen that fourth moments of the form E[(¢,4}) ® (¢_;3" ;)] for i # j should not
contribute to the quadratic variation of the process M¢,,. The reason is that in the
RWB world the mixed fourth moments E*[(R7%,4}) @ (Ry—iRi—jp, by ;)] =0
by construction for all natural ¢ # j, and hence, these do not contribute to the
quadratic variation of the RWB analogue of Mg,. As with the conditions placed
on {%,} by Assumption 3.2, this assumption is not tied to any specific parametric
model. Even where this condition is violated, the impact on the (asymptotic) size
of the resulting RWB test might still be relatively small, given that the quantities
E[(¢,9)) ® (¢_;9" )], for all natural i # j, only constitute part of the quadratic
variation of Mg, and it is this latter quantity which the bootstrap limit needs to
reproduce. A well known class of models which violate this condition are GARCH
models with non-zero leverage effects. We will explore the impact of such a model
on the finite sample size behaviour of the RWB tests in section 5.

5. Observe that the condition placed on ¢ in part (ii) of Proposition 3 is less restrictive than that
imposed for part (ii) of Proposition 1 regardless of the value of 1 used in the IVX filter and therefore
this result holds for all DGPs such that Proposition 1 holds.
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Remark 25. A consequence of the results in Proposition 3, using the same
arguments as in the proof of Theorem 5 in Hansen (2000), is that for each of
the tests the bootstrap p-values are (asymptotically) uniformly distributed under
the unit root null hypothesis, Hy, leading to tests with (asymptotically) correct size,
thereby establishing the asymptotic validity of the bootstrap tests. In the case of
the FRWB, this validity result is achieved without the practitioner needing to have
knowledge of whether x; is weakly or strongly persistent and holds regardless of any
autocorrelation or heteroskedasticity present in u; and v; satisfying Assumption 3.
For the RWB this is also true, provided the condition E[(¢,¢]) ® (¢_;9" ;)] =0
for all natural i # j holds. A further consequence of the result in Proposition 3 for
t%,.(T1,72), setting 7 = 0 and 75 = 1, is therefore that under the null the RWB and
FRWB bootstrap implementations of the full sample ¢, test deliver asymptotically
pivotal inference under Assumption 3 (or the restricted version thereof in the case
of the RWB scheme) without the need for Eicker-White standard errors.

Remark 26. An additional implication of the results in Proposition 3 is that each
of the bootstrap IVX-based tests proposed in Algorithms 4 and 4 will admit the
same asymptotic local power functions under the local alternative H; (., of (6)
as the corresponding (infeasible) size-adjusted tests based on the corresponding
original IVX statistic.

Remark 27. As discussed in Remark 24, a key difference between the large
sample properties of the RWB and FRWB is that the former can only be validly
applied in the case where x; is weakly persistent if the mixed fourth moments
E[(v,9)) ® (¥_;4" ;)] with i # j do not contribute to the quadratic variation of
the process M¢,,. However, as we will see in the simulations in section 5, the RWB
delivers considerably better finite sample performance than the FRWB when z; is
strongly persistent, while the two display similar performance when the degree of
persistence in x; is weaker. In principle then one might use the sample data on z;
to decide which of the RWB and FRWB to use. In particular, one could adopt the
RWB of Algorithm 4 unless the sample data on x; suggested the persistence in x;
was relatively weak. This idea has previously been advocated in the predictability
testing literature by Elliott et al. (2015) who propose a testing procedure which
switches between a weighted average power test where z; is strongly persistent
and the standard OLS t-test from (1) when x is weakly persistent. The switching
mechanism they adopt is to use the OLS ¢-test when ¢ > 130 and the weighted
average power test otherwise, where ¢ is an estimate of the local-to-unity parameter,
c. A similar rule could be used here, whereby we use the RWB unless ¢ exceeds some
specified value. An obvious estimate of ¢, based on the autoregressive estimates
from Step 2 of Algorithm 4, is ¢ := T(1 — 3>-%_, a;). This rule ensures that,
with probability approaching one, the RWB would not be chosen in large samples
when z; was weakly dependent, and therefore this hybrid bootstrap will share the
asymptotic validity result enjoyed by the FRWB in the weak persistence case.

Remark 28. In practice the cdf G7 r(-) of the bootstrap QJF statistic, and
the corresponding cdfs for the other statistics, required in Step 6 of Algorithm
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4 and Step 5 of Algorithm 4 will be unknown but can be approximated in
the usual way through numerical simulation. To illustrate, again for the case
of the 7;F" statistic, this is achieved by generating B bootstrap (conditionally)
independent statistics, say ﬁl}i}f, b =1,...,B, each computed as in Algorithm

4 above. The simulated bootstrap p-value for the test is then computed as
pir=DB"" ST (Z;’f > ?UF) and is such that p} , “3 pj  as B — oo,
where “3" denotes almost sure convergence. An approximate standard error for ]51*7:,,
is given by (57 7 (1 —ﬁ’iT)/B)l/Q; see Hansen (1996, p. 419). For a discussion
on the choice of B see, inter alia, Davidson and MacKinnon (2000). Simulated
bootstrap critical values can also be obtained for the tests. Again illustrating for
the case of a test based on the yUF statistic, a A level empirical bootstrap critical
value, cvy p say, can be calculated as the upper tail A percentile from the order
statistic formed from the B bootstrap statistics, 9&’5, b=1,...,B. The resulting
bootstrap test, which rejects Hy if QUF > cvy, B, will have asymptotic size that for
sufficiently large B will be as close as desired to the given nominal level, A.

5. Finite Sample Results

In this section we present results from a detailed Monte Carlo study into the finite
sample properties of the IVX tests of Kostakis et al. (2015) based on the use of
asymptotic critical values. We will consider versions of these tests implemented
both with and without Eicker-White corrected standard errors. We will compare
the finite sample behaviour of these asymptotic tests with their RWB and FRWB
bootstrap implementations developed in this paper. In section 5.1 we report finite
sample size and power results for the leading case of a single predictor. Then in
section 5.2 we report results for the case where multiple predictors are considered.
In order to present results from as a wide a range of empirically plausible DGPs as
possible, tabulations of results will only be reported in the main text for a subset
of the cases we discuss in the text. Tables pertaining to the other cases appear in
the supplementary appendix. All of the results we present pertain to the case of
full sample statistics. For all of the statistics considered, OLS residuals are used in
computing the standard errors.

5.1. Single Predictor Regressions

We first consider the case where a single predictor, z;_1, is included in the predictive
regression. Results are reported for the IVX test of Kostakis et al. (2015) both with
and without Eicker-White corrected standard errors, tZExW and t,,, respectively;
these statistics were computed exactly as detailed in section 3.1 with the finite
sample correction factor, =, included; see Remarks 7 and 8. We will compare these
with their RWB and FRWB bootstrap analogues, t%:W 5 and t,F'EW B described
in Algorithms 4 and 4 in section 4, respectively. In the context of the RWB the
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autoregressive lag length used in Step 2 of Algorithm 4 was chosen applying the
BIC over p € {0, ..., [4(T/100)%25|}. The bootstrap statistics are all based on
conventional standard errors and all include the finite sample correction factor.
Our analysis consists of testing the null hypothesis of no predictability, Hy : 8 =0,
in (1) in the context of a constant parameter prediction model, so that 5, = /3, for
allt=1,...,T. We will consider tests directed against both one-sided alternatives,
left-tailed tests for Hy : § < 0, and right-tailed tests for Hy : § > 0, together with
two-sided tests for Hy : B # 0. Results are reported for tests run at the 1%, 5%
and 10% nominal significance levels. For the bootstrap implementations we use
999 replications and all results are based on 10000 Monte Carlo replications. All
simulations are preformed in MATLAB, versions R2018b and R2020a, using the
Mersenne Twister random number generator.

5.1.1. Empirical Size. To investigate the finite sample size properties of ¢, £V,
t5:EWB and 5, FEWB ynder the null hypothesis of no predictability, we generate
data according to (1)-(3) with 5; = 8 =0 for all t = 1,...,T. In generating the
data we set the intercepts o and p, in (1) and (2), respectively, to zero with
no loss of generality. We initialised the autoregressive process characterising the
dynamics of the putative predictor, ¢, in (3) at £ = 0, and considered a wide
range of values for the autoregressive parameter p in (3) covering stationary, near-
integrated and mildly explosive predictors; in particular, we set p =1 — ¢/T with
ce{-5,-2.5,0,2.5,5,10,25,50, 75,100, 125, 150, 200, 250}. All results reported,
both in the main text and in the supplementary appendix, are for sample sizes
T = 250 and T = 1000. In total, for the single predictor case, we consider 11
distinct classes of DGP. For the sake of space we will present Tables of results for
two of these DGPs in this section. A summary of the results for the other 9 DGPs
will also be given, with the full details of these DGPs and the associated tables of
results for these cases relegated to the accompanying supplementary appendix.

Main Results

The first DGP (DGP1) we will consider corresponds to (1)-(3) with the
innovation vector (uy,v;) drawn from an i.i.d. bivariate Gaussian distribution with
Loy

1
the correlation between u; and v;. Results from DGP1 for ¢ = —0.95, -0.90, -0.50
and 0 are reported in Tables 1-4.°

The second DGP (DGP2) we will consider is one designed to be such that
the regularity conditions needed for the validity of the RWB when x; is weakly
persistent are violated. The DGP we consider is a well known model where the
conditional variance of the innovations (u,v;)" follows a stationary ARCH model

mean vector zero and covariance matrix Y= ] where ¢ corresponds to

6. Notice that, because we report results for both left-tailed, right-tailed and two-tailed tests, it
is not necessary to report results for positive values of ¢; cf. Campbell and Yogo (2006, p. 30)



30

with leverage effects and is of the form

Yt _ 0 Ut _ 0 1 0
(-0 ) (e o
Yy = ( a ) = ( 51'5\/1"' %a%—lﬂ{at_1<0} >

€t Eot

with

and (e1¢,e2¢)’ ~ NIID(0,I3). The AR parameter p is again set equal to 1 — ¢/T.

DGP2 satisfies our assumptions of finite fourth moments of v; and martingale
approximability of 141/} (with € = 0). However, and crucially, the quadratic variation
of Mg, depends on,

h%lhglblbg E(a?at_lat_2) = ,03 E(afat_lat_g)

p* 1,
_8E|51|3E{|a1|[ <1+2a%> —1”>0; (21)

see the proof of Lemma 4. This model therefore violates the limiting condition
that M, 4 Me¢,, which is necessary and sufficient for the validity of the RWB
in the case where z; is weakly persistent. Specifically, the non-zero term in (21)
is absent from the quadratic variation of M, in the limiting distribution of the
RWB bootstrap statistic when z; is weakly persistent; cf. Remark 24. Because
the focus is therefore on the weakly persistent case results will be reported only
for ¢ € {5,10, 25,50, 75,100, 125,150,200, 250}. Recall, however, that this limiting
condition is not required for the asymptotic validity of the FRWB statistic.

Consider first the results pertaining to the homoskedastic DGP1. A comparison
of the results in Tables 1-4 for ¢ = —0.95, -0.90, -0.50 and 0, respectively,
show that when the innovations are homoskedastic the endogeneity correlation
parameter, ¢, has relatively little impact on the size properties of the two-sided
tests, regardless of the significance level considered, at least for cases where the
autoregressive parameter c is positive and not close to zero. Here there is relatively
little difference between the tests based on asymptotic critical values and the
corresponding RWB and FRWB bootstrap tests. For all of these cases the two-
sided tests display finite sample size close to the nominal levels considered. However,
where x; is mildly explosive with ¢ = —5 there is a tendency to undersize in t,,,
tEW and t5:F'EWB for both ¢ = —0.95 and ¢ = —0.90 which is largely redressed
by %W B For 0 < ¢ < 10 slight oversizing is also seen for both ¢ = —0.95
and ¢ = —0.90 with t,,, tZY and t:;F'EWB which is again largely eliminated by
t:;DRWB.

A rather different picture emerges when considering one-sided implementations
of the tests. The one-sided t.,, tEV and t5:F'EWB tests display severe size
distortions for ¢ < 50 when ¢ = —0.95. Specifically, for ¢ = —0.95 the left-tailed
tow, tEW and t5,FRBWB tests display very significant undersizing, while their right-
tailed counterparts are severely oversized (for instance when ¢ < 10 empirical size is
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in most cases more than double the nominal size considered). The size distortions
observed for these one-sided tests decrease, other things equal, as |<p| decreases,
but significant size distortions are still observed even for ¢ = —0.5. We also observe
that the empirical rejection frequencies of the one-sided t.,, tEV and t%,FRWB
tests under DGP1 are all very similar to each other for given values of ¢ and c.
Consequently, the FRWB based implementations of the one-sided IVX tests do not
appear to offer any tangible improvement on the finite sample size properties of
the asymptotic tests, as might be expected in the light of Remark 19. In contrast,
both the left-sided and right-sided tests implemented with the RWB offer empirical
size properties which are close to the nominal level throughout.

Consider next the results in in Table 5 for DGP2 where the conditional variance
of (ug,vs)" follows an ARCH model with leverage effects. The results show that in
general the two-sided versions of the tEW, ¢5:BWB and 5, FRWDE tests all display
reasonable size control throughout. In contrast, significant size distortions are seen
for the two-sided ¢, test regardless of the significance level considered. The latter
finding is consistent with our discussion in Remark 15 on the non-pivotal nature
of the limiting null distribution of ., under conditional heteroskedasticity when
x; is weakly dependent. Large size distortions are also seen for the one-sided .,
tests. Moreover, and as observed with DGP1, although the two-sided tsz and
5 FRWE tests shows decent finite sample size control the same is not true of the
one-sided versions of these tests. In contrast the one-sided ;W5 tests deliver
decent finite sample size control for all values of ¢ and regardless of the sample
size. Consequently, although the limiting condition M, 4 My, formally required
for the asymptotic validity of the RWB tests is not met by DGP2, the results in
Table 5 suggest that ¢, 5 nonetheless displays arguably the most reliable finite
sample size control among the tests considered for data generated according to
DGP2.

Summary of Additional Results

In addition to the results discussed above for DGP1 and DGP2 we have also
investigated the impact on the finite sample performance of the IVX statistics and
their bootstrap implementations from a variety of additional empirically relevant
models which allow for serial correlation and heteroskedasticity. Full details of the
simulation DGPs considered and the tabulated results (which appear in Tables D.1
- D.36) are given in the supplementary appendix. In what follows we provide a
summary of those results.

» The results in Tables 1-4 relate to the case where the error process, vy, driving
the predictor in DGP1 is serially uncorrelated. We have also repeated these
experiments for the case where v; in DGP1 admits short-run dependence
following either a positively autocorrelated (DGP3) or negatively autocorrelated
(DGP4) stationary AR(1) process. These results, which can be found in Tables
D.1 - D.8, were qualitatively very similar to those reported above for serially
uncorrelated vy.
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= We consider two DGPs which include a contemporaneous one-time break of
equal magnitude in the unconditional variances of u; and v, as in Georgiev et
al. (2018) and Demetrescu et al. (2020). The first, labelled DGP5, contains
an upward change in the unconditional variances of u; and v; at the sample
midpoint (Tables D.9 - D.12), while the second, labelled DGP6, contains a
corresponding downward change in the unconditional variances of u; and v,
(Tables D.13-D.16).

The results reported in Tables D.9 to D.16 reveal that, as expected, the two-
sided IVX test with conventional standard errors, t,,, displays significant size
distortions. For example, for a 5% significance level and ¢ = —0.95 the rejection
frequencies observed across all values of ¢ considered, when an upward change
in variance occurs (Table D.9) are in the range [0.064, 0.095] for T = 250 and
[0.066,0.097] for T = 1000. For a downward change in variance (Table D.13)
results are similar ([0.017,0.098] for T'= 250 and [0.018,0.091] for T" = 1000),
except for cases where ¢ < 0 (mildly explosive predictors) in which case some
undersizing is observed. The magnitude of these size distortions are relatively
stable across the values of ¢ considered.

In contrast, for the one-sided versions of ., the empirical size distortions for
the former worsen, other things equal, as |¢| increases. For example, for DGP5
with 7' = 250 and ¢ = —0.95 the range of empirical rejection frequencies for
the left-sided tests is [0.003,0.075] and for the right-sided tests [0.085,0.151];
see Table D.9. On the other hand, for ¢ = 0 the left and right-sided tests
rejection frequencies’ range is [0.064,0.081]; see Table D.12.

The size distortions observed with the two-sided ¢, test for both DGP5
and DGP6 are significantly ameliorated by the use of Eicker-White standard
errors (tZW) when ¢ > —2.5. However, the one-sided (left and right-sided)
tEW tests do not seem to improve much relative to t,, when ¢ < 25; see
Tables D.9 to D.16.

The RWB and FRWB bootstrap implementations of the two-sided ¢, test
are both seen to do a very good job at controlling finite sample size in the
presence of unconditional heteroskedasticity. For the one-sided tests, ¢%;7W B
displays empirical rejection frequencies which are again in general close to
the nominal significance level considered, regardless of the values of ¢ and .
In contrast, the one-sided /"W 5 test displays significant size distortions
for values of ¢ < 25; these improve as |¢| decreases, as anticipated by the
discussion in Remark 19.

= To further evaluate the impact of conditional heteroskedasticity we considered
three further volatility specifications: i) a GARCH(1,1) model coupled with
either Gaussian (DGP7) or Student-t distributed innovations with 5 degrees
of freedom (DGP8), thereby allowing for unconditionally heteroskedastic and
fat-tailed innovations (Bollerslev 1986); ii) a GoGARCH(1,1) model [see
Van der Weide (2002) and Boswijk and Weiden (2011)] also allowing for
either Gaussian (DGP9) or Student-¢ distributed innovations with 5 degrees
of freedom (DGP10); and iii) an autoregressive stochastic volatility process
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(DGP11), as used in Gongalves and Kilian (2004) and Cavaliere and Taylor
(2008).

As observed earlier in relation to the results from DGP2, the non-pivotal
nature of the t,, statistic's limiting null distribution under GARCH type
conditional heteroskedasticity is also apparent in the results in Tables D.17
to D.20 and D.21 to D.24 corresponding to DGP7 and DGP8, respectively.
These results highlight that the size distortion of the two-sided ¢, statistic
increases as || increases regardless of whether N (0, 1) (Tables D.17 to D.20)
or Student-t innovations (Tables D.21 to D.24) are used in generating the data.
The magnitude of the size distortions is, however, considerably exacerbated
when the innovations are heavy tailed (DGP8). For instance, for N(0,1)
innovations, T' = 250, ¢ = —0.95 and for a 5% significance level the range
of the empirical rejection frequencies for ¢,, is [0.042,0.082], whereas for
Student-t distributed innovations the range is [0.081,0.167]. The Eicker-White
correction does a good job in correcting the size distortion of the two-sided ¢,
test regardless of whether the innovations are N (0, 1) or Student-¢ distributed.
In the previous example, the ranges of the rejection frequencies of tZ"" when
the innovations are N(0,1) and Student-t distributed is [0.047,0.066] and
[0.062,0.068], respectively. The results also show that the RWB and FRWB
both display good empirical size properties in a two-sided hypothesis testing
context. However, for one-sided testing ;W5 delivers significantly better
finite sample size control than t%:F"EW 5 when x; is strongly persistent, while
they display similar performance for weaker levels of persistence in x;. Overall
t5:FWB is the best performing test regardless of the nominal significance levels
used and regardless of the underlying distribution of the innovations. All of
the other one-sided tests display serious size distortions when the predictor
is strongly persistent (¢ < 25), for both N(0,1) or Student-t distributed
innovations.

For the GoGARCH models (DGP9 and DGP10 in Tables D.25 to D.28
and Tables D.29 to D.32, respectively), qualitatively similar conclusions can be
drawn to those discussed above for the GARCH(1,1) case albeit the magnitude
of the size distortions observed for the t::F'EWB +EW and ¢ . tests are
generally smaller.

Finally, regarding the impact of stochastic volatility (DGP11), the results
in Tables D.33 to D.36 suggest that all of the two-sided tests display adequate
finite sample size control, with the exception of tZW which is oversized
for T = 250, although its size properties are improved for T" = 1000. For
the one-sided tests, similar conclusions are drawn as for the GARCH and
GoGARCH specifications. Specifically, t5,F"BWB tEW and ¢, are considerably
oversized when the predictor is strongly persistent and ¢ = —0.95, but tj;CRWB
consistently displays reliable empirical rejection frequencies close to the nominal
level across the range of values of ¢ considered.
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5.1.2. Finite Sample Local Power. \We next provide a brief analysis of the relative
finite sample local power properties of the IVX tests and their bootstrap analogues.
To that end, we again generate simulation data from DGP1, but now for a variety
of local alternatives. For the sake of space, we only report results for ¢ = —0.95,
for a sample of size T' = 250 and for four values of the persistence parameter,
¢, associated with zy; specifically, ¢ = {—5,0,10,20}. The slope parameter S is
parameterised in (1) as S = b/T, with the following values considered for the
Pitman drift parameter, b € {—20,—19,...,19,20}.

Because of the large finite sample size distortions associated with the one-sided

tow, tEW and t5,F'BW B tests discussed in section 5.1.1 for these combinations of ¢

and ¢, we only report local power results results for the two-sided ¢, tEZWV, t,RWB
and t’;;CFRWB tests all of which have well controlled empirical size properties under
DGP1. The finite sample local power curves of these tests are graphed in Figure
1. Recalling from Remark 26 that the RWB and FRWB tests share the same
asymptotic local power functions as the corresponding (size-adjusted) asymptotic
IVX test, Figure 1 shows that this prediction from the limiting theory is borne out
well even for a sample of size T" = 250 with the power curves of the bootstrap
and asymptotic tests being almost indistinguishable from each other for all of the
values of ¢ considered.

5.2. Multiple Predictors

In our final set of experiments, we investigate the finite sample behaviour of the
asymptotic IVX test and its RWB and FRWB bootstrap counterparts in cases
where multiple predictors are included in the predictive regression. For our analysis
we use the same DGP as is considered in Xu and Guo (2020); that is,

Yy = a+x,_ 18+ u, t=1,...,T, (22)
Xy = pPXi_1+ Vi, t=0,...,T, (23)

where x; := (21,4,...,2K,¢)" is @ K x 1 vector of predictor variables, B is a K x 1
vector of parameters, @ = 0.25, p is a K x K diagonal matrix with common
diagonal element p, i.e., p := diag(p, ...,p), and (us,v})' ~ NIID(0,3) where

o2 Ouwy, 0 - 0
O, 012)1 0o - 0
2

x=1 0 0 oy - 0 (24)

0 0 0o - U?,K
with 02 = 0.037, 0y, = —0.035, 02, = ... = 02, = 0.045. Notice, therefore,
that the first predictor, z1: is endogenous (with an endogeneity correlation
parameter 1 = —0.83), while the remaining predictors x2 ¢, ..., T k + are exogenous.
For the autoregressive parameter we again consider p = 1 — ¢/T with ¢ €

{-5,2.5,0,2.5,5,10, 25,50, 75,100, 125, 150, 200, 250}
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Table 6 reports the empirical rejection frequencies, for T' = 250 and T" = 1000
and for K € {1,3,5,10}, for the Wald-type IVX tests W,, and WEW discussed
in Remark 9, together with the RWB and FRWB bootstrap implementations of
W, denoted W2,EWEB and W2 EEWB | respectively, computed as described in
Remark 22. In the context of W2 W 5 in Step 2 of the multivariate version of
Algorithm 4 autoregressions of length p 4 1 were fitted to each element of x; with
p selected in each case by BIC using the same range of values of p as were used in
the simulations for a single predictor.

For K =1 (the single predictor case), and in line with what was observed in
section 5.1.1 for the two-sided tests based under DGP1, all of the Wald-based VX
statistics display empirical rejection frequencies close to the nominal level. Again,
W EWE displays the smallest size distortions among the tests considered. For
instance, for a 5% significance level the rejection frequencies of WZ*L;.RWB are in
the range [0.042, 0.056] for T'= 250 and [0.038, 0.056] for T'= 1000, whereas for
WEERWE WEW and W,,. these are [0.037, 0.058], [0.045, 0.064], and [0.040,
0.060], respectively, when T' = 250 and [0.034, 0.060], [0.036, 0.060] and [0.035,
0.059], respectively, when T' = 1000.

However, it is as K increases that the significant advantage of the RWB
becomes clear, particularly in the case where the predictors are strongly persistent.
It is clear from the results that the W} ,F'EWEB WEW and 1V, tests are not
reliable when the predictors are strongly persistent. The rejection frequencies we
observe for W, are in line with those reported in Xu and Guo (2020) who also
show that the quality of the prediction from the asymptotic theory deteriorates
as the number of regressors, K, specified in the predictive regression increases.
For instance, for K =3 and ¢ < 0; for K =5 and ¢ < 2.5; and for K = 10 and
c < 25, even for T'= 1000 all three of these tests display rejection frequencies larger
than 15% at a 5% nominal level. For the smaller sample, T" = 250, qualitatively
similar size behaviour is observed (but with distortions of larger magnitude) for
WEBEWE and W,,.. However, WEW becomes severely oversized as K increases,
for all values of c. For instance, for K = 10, T' = 250 and a 5% significance level, the
smallest empirical rejection frequencies seen for this statistic is more than double
the significance level considered. To illustrate the severity of the size distortions,
observe from Table 6 that, for K = 10 unit root predictors (¢ = 0) and a 5%
significance level, the empirical rejection frequencies of W FEWB WEW and
W are 30.6%, 40.6% and 32.4%, respectively, for T = 250, and 29.5%, 30.0%
and 28.0%, respectively for T' = 1000. For mildly explosive predictors, the situation
is even worse with empirical size in the region of 70% for each of W, FEWE 1y EW
and W, when K =10 and ¢ = —5.

In contrast, the residual wild bootstrap based test, WjiRWB, controls empirical
size much better than the other tests with empirical rejection frequencies acceptably
close to the nominal level for all of the values of K considered. Some size distortions
remain for values of ¢ < 5, albeit unlike with the other tests these do not get
appreciably worse as K increases. Moreover, in those cases where size distortions
are seen with the W;RW B test, these are very much smaller than those seen for
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those cases with the other tests. For example, for tests run at the 5% nominal
level, there are no entries in Table 6 where W W5 displays an empirical size in
excess of 10%, which compares very favourably with the other tests.

Finally, although not reported here we also investigated the finite sample
behaviour of the partial IVX t-type tests discussed in Remark 9. To summarise our
findings, we found that, for both one-sided and two-sided implementations, the
t-type tests associated with the exogenous predictors, z2,..., 2k ¢, all displayed
qualitatively similar finite sample size properties to those which were observed
in section 5.1.1 for the single predictive regression case for DGP1 with ¢ = 0
(see Table 4). For the t-type tests associated with the endogenous predictor, x1 ¢,
both one-sided and two-sided versions of the RWB implementation of the tests
continued to display good finite sample size control, regardless of the number
of predictors, K, and the value of c. In contrast, however, the empirical sizes
of the other implementations of the tests, including those based on the FRWB,
deteriorated very badly as K increased, rendering these tests highly unreliable in
practice.

6. Conclusions

In this paper we have extended the IVX-based predictability tests of Kostakis
et al. (2015) in three distinct ways. First, we have shown that provided either
a suitable bootstrap implementation is employed or Eicker-White standard errors
are used, these tests still deliver asymptotically pivotal inference, regardless of the
degree of persistence or endogeneity of the predictor, under considerably weaker
assumptions on the innovations, including quite general forms of conditional and
unconditional heteroskedasticity, than are required by Kostakis et al. (2015) in
their analysis. Second, we have developed asymptotically valid residual and fixed
regressor wild bootstrap implementations of the IVX tests and established the
conditions required for their asymptotic validity. Simulation evidence has been
provided which demonstrates that tests based around a residual wild bootstrap
resampling scheme perform well in finite samples, largely correcting the finite
sample size distortions seen with the asymptotic tests of Kostakis et al. (2015)
in some scenarios. Third, we have shown how sub-sample implementations of the
IVX approach, again based on the residual wild bootstrap, can be used to develop
asymptotically valid one-sided and two-sided tests for the presence of temporary
windows of predictability.

We finish with two suggestions for further research. First, our exposition in
the paper has focused, like the bulk of this literature, on the case where the
predictive regression contains a single predictive regressor. As we have discussed in
the text, the methods discussed in this paper readily extend to the case of multiple
regressors, provided these satisfy the condition imposed by Kostakis et al. (2015)
that all of the regressors belong to the same persistence class; that is, they are
all either strongly persistent or are all weakly persistent. However, based on the
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results in this paper, we conjecture that the bootstrap IVX-based tests considered
in this paper would also retain asymptotic validity in the considerably more general
scenario where some of the regressors were weakly persistent and others were
strongly persistent, and where the strongly persistent regressors could be allowed
to be cointegrated with each other. The practitioner would not need to know which
of the regressors were weakly persistent and which were strongly persistent, and
would not need to know the form of any cointegrating relations holding among
the latter. A formal proof of this conjecture is likely to be very involved and is
certainly beyond the remit of this paper, but constitutes an important next step
in this research agenda. The technical material in this paper provides important
groundwork for this endeavour. Second, the finite sample efficacy of the residual
wild bootstrap IVX tests proposed in this paper will depend, in part, on the finite
sample properties of the autoregressive parameter estimates obtained in Step 2
of Algorithm 4. The OLS estimates we have employed are known to suffer from
non-negligible finite sample biases. It might be useful to explore a refinement of
Algorithm 4 based on the bootstrap-after-bootstrap approach of Kilian (1998) (in
this approach the bootstrap data in Step 5 are generated not using the original point
estimates from the fitted autoregressive model but using bias-corrected estimates
which are themselves obtained by bootstrap methods) to investigate if this further
improves on the finite sample properties of our proposed bootstrap tests.
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Left-sided tests - T=250 Left-sided tests - 7' = 1000
L;,IHW’B [;;CFRVVB ’ZELM/' ton L;,iHu’E L;;CFRVVB IZE‘J,‘/V ton L;;ERVVE L;,FRVVB [zE;.W' ton L;;ERVVB L;,FRW'B 2 Lea LZSER“"B L;;EFR\'VB LZE;V ton L;;HW"B L;.FRVVB IzEjlf ton
c 1% 5% 10% c 1% 5% 10%

-5 0.010 0.000 0.001  0.000 0.046 0.004 0.004 0.003 0.097 0.011 0.013 0.012 -5 0.008 0.000 0.000 0.000 0.045 0.002 0.003 0.003 0.094 0.010 0.011 0.010
25 0006 0000 0000 0.000 0045 0000 0000 000 011l 0002  0.002 0002 25 0005 0000 0000 0000 0046 0000 0000 0000 0109 0001  000L 0.001
0 0.014 0.000 0.000 0.000 0.041 0.001 0.001 0.001 0.065 0.002 0.002 0.003 0 0.015 0.000 0.000 0.000 0.042 0.001 0.001 0.001 0.068 0.003 0.003 0.003
25 0021 0001 0001 0001 0062 0005 0005 0005 0.099 0012 0012 0011 25 0024 0001  000L 0001 0060 0006 0006 0.006 0097 0015 0016 0.016
5002 0002 0001 0001 0068 0010 001l 0010 0113 0026 0026 0025 5 002 0002 0002 0002 0068 0013 0014 0013 0109 0028  0.028 0028
10 0.020 0.003 0.003 0.002 0.064 0.019 0.019 0.018 0.115 0.043 0.044 0.042 10 0.021 0.004 0.004 0.004 0.064 0.022 0.021 0.021 0.113 0.044 0.044 0.044
25 0017 0006 0006 0005 0057 0029 003 0028 0108 0059  0.059 0058 25 0016 0007 0007 0008 006l 003 003 0031 0107 0064  0.064 0063
50 0.012 0.007 0.006 0.006 0.056 0.034 0.036 0.035 0.105 0.072 0.074 0.071 50 0.014 0.008 0.008 0.008 0.057 0.035 0.035 0.035 0.108 0.072 0.072 0.071
75 0011 0007 0007 0007 0056 0037 0038 0037 0105 0078 0082 0080 75 0012 0008 0008 0008 0055 003 0039 0038 0107 0078 0080 0078
100 001I 0007 0008 0008 0054 0038 0040 0038 0108 0083  0.087 0084 100 0013 0008 0007 0.008 0055 0040 0040 0040 0105 0082  0.081 0.081
125 0011 0007 0008 0007 0054 0039 0042 0041 0109 0089 0091 0087 125 0013 0008 0008 0.008 0054 0041 0042 0041 0104 0082 0084 0.082
150 001l 0007 0008 0008 0055 0043 0046 0042 0107 0090  0.094 0090 150 0011 0009 0008 0.008 0053 0043 0043 0043 0105 0085  0.085 0083
200 0.010 0.008 0.009 0.009 0.054 0.046 0.048 0.045 0.108 0.092 0.097 0.094 200 0.012 0.009 0.008 0.008 0.053 0.044 0.044 0.042 0.105 0.088 0.088 0.088
250 0011 0010 0011 0009 0054 0048 0051 0048 0110  0.099 0.0 0.098 250 0012 0009 0009 0009 0.053 0044 0044 0044 0106  0.000 0091 0089
Right-sided tests - 7" = 250 Right-sided tests - 7" = 1000
-5 0.011 0.016 0.020 0.017 0.046 0.074 0.080 0.073 0.092 0.151 0.155 0.150 -5 0.007 0.012 0.014 0.013 0.039 0.064 0.065 0.064 0.086 0.139 0.140 0.137
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50 0011 0013 0016 005 0052 0067 0072 0067 0108 0135 0139 0136 50 0010 0015 0015 0015 0051 0070 0071 0070 0104 0133 0133 0133
75 001l 0014 0015 0014 0053 0064 0068 0065 0105 0125 0120 0126 75 0011 0013 0013 0013 0051 0067 0068 0067 002 0126  0.127 0126
100 001l 0012 0016 0014 0053 006l 0065 0062 0105 0119  0.124 0119 100 0010 0013 0013 0012 0051 0065 0066 0065 0104 0123  0.124 0123
125 0.011 0.012 0.014 0.013 0.052 0.060 0.063 0.060 0.103 0.116 0.120 0.116 125 0.009 0.012 0.012 0.011 0.051 0.063 0.063 0.063 0.103 0.121 0.122  0.121
15 0011 0012 0013 0013 0053 0056 0060 0050 0103 0111 0115 0111 150 0009 0012 0011 0011 0051 0061 0061 0061 0103 0121 0121 0.120
200 0010 0012 0013 001l 005 0054 005 0053 0103 0109 0.112 0109 200 0008 0012 0011 000 0050 0059 0060 0050 0106 0119 0120 0119
250 0010 0011 0013 0010 0051 0051 0055 0053 0103  0.03  0.07 0.102 250 0010 0011 0011 0010 005 0050 0050 0050 0105 0116 0116 0116
Two-sided tests - 7" = 250 Two-sided tests - 7" = 1000
5 0010 0008 0012 0011 0048 003 0044 0039 0095 0075 0083 0077 5 0007 0006 0007 0006 0040 0030 0032 0031 0087 0066 0067 0.066
-2.5 0.009 0.008 0.010 0.009 0.038 0.040 0.048 0.044 0.083 0.094 0.098 0.094 -2.5 0.007 0.008 0.008 0.008 0.037 0.042 0.043  0.042 0.080 0.091 0.092 0.091
0 0010 001l 0013 0011 0047 0051 0057 0053 0095 0105 0.115 0110 0 0008 0009 0009 0009 004l 0050 005 0049 0090 0103 0105 0103
25 0.012 0.012 0.015 0.013 0.053 0.058 0.062 0.060 0.107 0.116 0.121  0.120 2.5 0.008 0.011 0.011  0.009 0.050 0.056 0.057 0.058 0.101 0.112 0.114 0.113
5 0012 0012 0014 0012 0054 0058 0063 0060 0111 0118 0127 0121 5 0009 001 0010 0009 0052 0056 0058 0058 0108 0118 0120 0119
10 0012 0012 0015 0013 0055 0060 0066 0060 0109 0115 0122 0.118 10 0009 001l 001l 001l 0055 0061 0063 0062 0108 0117 0119 0.119
25 0.011 0.010 0.014 0.012 0.056 0.056 0.060 0.058 0.105 0.109 0.114 0.109 25 0.011 0.013 0.012 0.012 0.052 0.056 0.057 0.056 0.105 0.111 0.112 0.112
50 0011 0010 0012 0011 0051 0051 0054 0052 0102 0101 0108 0102 50 0011 0012 0012 0011 0051 0053 0054 0053 0102 0104 0106 0105
75 0.011 0.010 0.012 0.011 0.049 0.047 0.052  0.049 0.102 0.100 0.106 0.102 75 0.012 0.011 0.011 0.011 0.051 0.052 0.054 0.052 0.105 0.106 0.107 0.105
100 0000 0010 0011 0010 0040 0048 0052 0050 0101 0009 0105 0100 100 0010 0010 0010 0010 0051 0051 0053 0052 0103 0104 0106 0.105
125 0010 0010 0011 0011 0050 0049 0053 0051 0101 0100 0.05 0101 125 0010 0009 0010 0009 0050 0051 0052 0052 0106 0104 0.105 0104
15 0009 0009 0011 0010 0051 0049 0054 0052 0102 0099 0106 0101 150 0009 0010 0010 0009 0050 0052 0053 0051 0103 0102 0105 0.103
200 0009 0010 0012 0010 005 0048 005 0050 0101 0099  0.104 0098 200 0009 0010 0009 0009 0052 0051 0052 0051 0103 0102  0.104 0102
250 0.010 0.010 0.012 0.011 0.049 0.048 0.053 0.050 0.101 0.100 0.105 0.101 250 0.011 0.010 0.011  0.009 0.050 0.051 0.051 0.051 0.102 0.102 0.103 0.103
Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and 558 and 137 "B are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4.

Table 1. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and 7" = 1000.
DGP1 (homoskedastic 11D innovations): y; = Sx¢—1 + ut, ¢ = pri—1 + wi and wy = Ywi—1 + ve, where 5 =0, p=1—¢/T,9 =0 and
(ut,vr) ~ NIID(0,X), with X =[1 —0.95; —0.95 1].
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Left-sided tests - 7" = 250 Left-sided tests - 7" = 1000

(GRWE o FRWB BW e RWB o FRWE  BW tee  (GRWE W FRWB L BW (RWE o FRWE BW e RWB W FRWE BW o xRWB e FRWE L BW
c 1% 5% 10% c 1% 5% 10%

-5 0.009 0.001 0.001  0.000 0.049 0.004 0.005 0.004 0.097 0.014 0.016 0.013 -5 0.008 0.000 0.000 0.000 0.047 0.003 0.003 0.003 0.095 0.013 0.013 0.013
25 0008 0000 0000 0000 0.047 0000 0001 0001 0111 0002 0002 0002 25 0006 0000 0000 0000 0.048 0000 0000 0000 0109 0001 0001 0001
0 0.012 0.000 0.000 0.000 0.039 0.001 0.001 0.001 0.063 0.004 0.004 0.004 0 0.013 0.000 0.000 0.000 0.040 0.002 0.002 0.002 0.066 0.004 0.004 0.004
25 0019 0001 000l 0.00I 0059 0005 0005 0.005 0096 0014 0014 0013 25 0021 000l 0001 0001 0058 0007 0.007 0007 0095 0018 0017 0.018
5002 0002 0001 0002 0066 0010 001l 0010 0112 0027  0.027 0027 5 002 0003 0003 0003 0065 0014 0014 0014 0106 0030 0031 0030
10 0.018 0.003 0.003 0.003 0.063 0.019 0.020 0.020 0.111 0.044 0.045 0.044 10 0.019 0.004 0.004 0.004 0.063 0.023 0.022 0.022 0.110 0.047 0.045 0.045
25 0015 0006 0006 0006 0055 0030 0032 0030 0107 0061  0.061 0060 25 0016 0008 0008 0008 005 003 003 0031 0110 0063  0.063 0063
50 0.011 0.006 0.007 0.006 0.054 0.033 0.036 0.034 0.105 0.072 0.074 0.072 50 0.014 0.008 0.008 0.008 0.056 0.036 0.036 0.036 0.108 0.076 0.076 0.075
750009 0007 0007 0007 0054 0038 0038 0037 0105 0078 0081 0080 75 0012 0008 0008 0008 005 003 0040 0039 0108 0080  0.081 0080
100 0010 0008 0009 0008 0050 0037 0040 0039 0106 0084  0.086 0084 100 0013 0008 0008 0.008 0054 0040 0041 0040 0107 0083  0.083 0082
125 0.011 0.008 0.008 0.007 0.053 0.041 0.043 0.041 0.107 0.087 0.090 0.088 125 0.013 0.008 0.008 0.008 0.055 0.044 0.043 0.043 0.105 0.085 0.084 0.083
150 001l 0008 0009 0009 0054 0043 0045 0044 0106 0089  0.092 0089 150 0012 0008 0008 0008 0055 0045 0044 0044 0103 0085 0086 0.084
200 0.011 0.009 0.010 0.009 0.054 0.046 0.049 0.047 0.107 0.093 0.095 0.092 200 0.012 0.008 0.008 0.008 0.054 0.045 0.046 0.046 0.104 0.088 0.089 0.088
250 0011 0009 0011 0010 005 0048 0051 0048 0106  0.096  0.099 0.007 250 0011 0009 0009 0009 0052 0046 0046 0046 005  0.000 0091 0091
Right-sided tests - 7' = 250 Right-sided tests - 7" = 1000
-5 0.010 0.015 0.019 0.017 0.044 0.074 0.079 0.073 0.093 0.150 0.155 0.149 -5 0.008 0.012 0.013 0.013 0.041 0.066 0.067 0.064 0.085 0.140 0.141 0.140
25 0010 0016 0019 0017 004 0093 0100 0094 0091 0234 0238 0234 25 0009 0017 0017 0016 0040 0092 0091 0090 0087 0225 0225 0224
0 0011 0021 0025 002 005 0104 0112 0108 0113 0225 0231 0226 0 0010 0020 0020 0019 0051 009 010l 0100 0103 0219 0216 0217
25 0.013 0.023 0.026 0.024 0.063 0.110 0.114 0.112 0.125 0.218 0.227 0.221 2.5 0.010 0.020 0.021 0.020 0.058 0.103 0.106 0.105 0.118 0.212 0213 0.212
5 0013 0024 002 0024 0062 0106 0114 0109 0128 0202  0.208 0204 5 0011 0020 0020 0019 005 0100 0102 0102 0118 0198  0.198 0197
10 0.014 0.022 0.026 0.023 0.061 0.094 0.100 0.096 0.121 0.178 0.183 0.180 10 0.010 0.018 0.018 0.017 0.059 0.094 0.095 0.094 0.116 0.173 0.175 0.175
25 0011 0017 0019 0017 0058 0078 0082 0079 0111 0146 0.150 0143 25 0010 0015 0015 0015 0055 0080 0080 0078 0110 0149  0.151 0.149
50 0011 0014 0016 0014 0053 0067 007. 0068 0107 0132 0.36 0132 50 0011 0014 0014 0014 0051 0060 0070 0069 0103 0133 0133 0132
75 0.010 0.014 0.017 0.014 0.052 0.064 0.067 0.064 0.104 0.125 0.130 0.127 75 0.010 0.013 0.013 0.013 0.052 0.066 0.066 0.066 0.101 0.126 0.125 0.123
100 0010 0013 0014 0014 0052 0062 0065 0062 0.04 0119 0124 0121 100 0009 0012 0012 0012 0053 0065 0064 0064 0102 0121 0122 0.122
125 0.010 0.012 0.014 0.012 0.053 0.059 0.062 0.059 0.103 0.114 0.118 0.113 125 0.009 0.011 0.012 0.011 0.051 0.060 0.062 0.062 0.102 0.122 0.122  0.120
150 0010 0012 0014 0012 0052 0056 005 0058 0101 0110 0113 0111 150 0009 0011 001l 0011 0051 006 0060 0060 0103 0119 0120 0.119
200 0010 0012 0013 0011 0051 0055 005 0055 0104 0109 0.111 0107 200 0009 0011 0011 0010 0053 0059 006l 0061 0103 0118 0.118 0119
250 0011 0011 0012 0011 0048 0040 0053 0051 0104 0105 0.109 0106 25 0009 0011 0011 0010 0051 0058 005 0060 0103 0115 0.15 0115
Two-sided tests - 7" = 250 Two-sided tests - 7" = 1000
5 0010 0008 00l 0010 0045 003 0044 0038 009% 0077 008 0077 5 0008 0006 0007 0006 0041 0032 0034 0033 0087 0068 0070 0.067
-2.5 0.009 0.008 0.010 0.010 0.037 0.042 0.047 0.044 0.084 0.095 0.100 0.095 -2.5 0.007 0.008 0.008 0.008 0.037 0.040 0.043 0.041 0.081 0.090 0.091 0.090
0 0010 001l 0013 0011 0048 0052 0057 0053 0095 0104 0.113 0109 0 0009 0011 0010 0010 0043 0048 0049 0048 0087 0100 0102 0101
25 0.011 0.011 0.015 0.014 0.055 0.059 0.062 0.061 0.107 0.113 0.119 0.117 25 0.008 0.011 0.010 0.010 0.050 0.056 0.057 0.057 0.098 0.109 0.113 0.112
5 0012 0012 0015 0013 005 0059 0064 0060 0107 0115  0.125 0119 5 0010 0011 0011 0010 0051 0058 005 0058 0104 0117 0116 0116
10 0012 0012 0016 0013 0055 0057 0065 0061 0108 0112 0121 0.116 10 0009 0010 0010 0010 0054 0059 0061 0060 0105 0115 0117 0.116
25 0.010 0.011 0.013 0.012 0.054 0.055 0.060 0.057 0.105 0.107 0.114 0.109 25 0.010 0.011 0.011 0.010 0.052 0.056 0.056 0.055 0.105 0.110 0.111  0.109
50 0010 0010 001l 0011 0049 0050 005 0052 0102 0103 0107 0102 50 0010 0011 0012 0011 0051 0053 0054 0052 0102 0106 0106 0.105
75 0.010 0.010 0.011 0.011 0.048 0.049 0.053 0.049 0.102 0.099 0.105 0.101 75 0.010 0.011 0.011 0.011 0.051 0.053 0.053 0.053 0.102 0.105 0.106 0.104
100 0010 0010 0011 000 0049 0048 0052 0050 0100 0099  0.105 0101 100 0010 0011 0010 0010 0052 0052 0052 0053 0103 0103 0105 0.104
125 0009 0008 0011 0010 0052 0050 0054 0052 0101 0098 0.05 0101 125 0010 0010 0010 000 0051 0052 0053 0053 0103 0103 0105 0104
150 0.008 0.009 0.010 0.010 0.049 0.050 0.054 0.052 0.102 0.099 0.104 0.102 150 0.009 0.010 0.010 0.009 0.051 0.052 0.054 0.052 0.104 0.105 0.105 0.104
200 0009 0009 001l 0010 0049 0048 0052 0050 0104 0102 0107 0102 200 0009 0010 0009 0.009 0049 0050 0053 0051 0106 0105  0.107 0107
250 0.009 0.010 0.012 0.010 0.049 0.049 0.054 0.049 0.101 0.097 0.103 0.099 250 0.010 0.009 0.009 0.009 0.050 0.050 0.051 0.050 0.105 0.104 0.105 0.106
Note: ¢., and tZW correspond to the statistics presented in (9) and (13) of the main text, and 5B and 157 W E are the corresponding residual Wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4.

Table 2. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and T = 1000.
DGP1 (homoskedastic 11D innovations): y; = Sx¢—1 + ut, x¢ = pri—1 + wi and wy = Ywi—1 + v¢, where 5 =0, p=1—¢/T,9 =0 and
(ut,vr) ~ NIID(0,X), with X =[1 —0.90; —0.90 1].



Left-sided tests - T=250 Left-sided tests - 7' = 1000
I:&RVVB L*SEFRVVE LiVV oz IZ;ERVVB L;;FR!VB LJE;’V Loz [:;ERVVB L;,FRW’B LZE:V Loz L;,IR\'VB [;.FHW"B Lf;‘yV Loz L:%RVVB [;.FHW’E LE(VV oz I:QRVVB L;,FRVVE LEIVV oz
c 1% 5% 10% ¢ 1% 5% 10%

-5 0.010 0.002 0.005 0.002 0.053 0.019 0.024 0.019 0.105 0.046 0.052  0.047 -5 0.010 0.002 0.002  0.002 0.050 0.018 0.018 0.018 0.097 0.045 0.045 0.044
25 0010 0000 0001 0000 0050 0006 0007 0005 0102 0016 0017 0.016 25 0008 000l 0000 0000 0048 0004 0004 0004 0099 0014 0015 0014
0 0.006 0.000 0.001 0.001 0.030 0.005 0.006 0.006 0.059 0.017 0.017 0.017 0 0.008 0.001 0.001 0.001 0.032 0.009 0.008 0.008 0.064 0.020 0.020 0.020
25 0009 0002 0002 0.002 0045 0016 0017 0016 0086 0037 0039 0.037 25 0013 0002 0003 0002 0049 0018 0018 0018 0091 0042 0042 0.042
5 0012 0004 0004 0004 005 0023 002 0023 0095 0051 0052 0050 5 0013 0004 0003 0003 0054 0024 0024 0025 0101 0055  0.085 0.054
10 0.012 0.006 0.006 0.006 0.052 0.030 0.031 0.030 0.099 0.062 0.064 0.063 10 0.012 0.006 0.005 0.005 0.053 0.031 0.031 0.031 0.104 0.067 0.066 0.066
25 0011 0007 0007 0006 0050 0036 0038 003 0101 0076 0079 0.077 25 0012 0008 0007 0008 0053 0039 0039 0039 0105 0079 0079 0078
50 0.010 0.006 0.007 0.007 0.048 0.039 0.040 0.039 0.100 0.083 0.087 0.085 50 0.013 0.011 0.009 0.008 0.051 0.042 0.042 0.043 0.102 0.085 0.085 0.085
750008 0007 0007 0006 005 0042 0045 0043 0097 0082 0085 0083 750013 0011 0010 0010 0053 0045 0045 0045 003 0087 0088 0.087
100 0009 0007 0008 0007 0049 0043 0045 0043 0097 0085 0088 0.087 100 0014 0011 0011 0011 0052 0047 0046 0045 0101 0089  0.089 0.083
125 0010 0008 0009 0.008 0051 0044 0046 0045 0096 0086 0088 0.089 125 0013 0011 0011 0011 0051 0045 0.046 0045 0101 009  0.091 0.090
150 0010 0008 0009 0009 0051 0046 0048 0047 0097 0089 0091 0.089 150 0013 0011 0011 0012 0052 0046 0046 0046 0103 0093  0.094 0092
200 0.010 0.019 0.010 0.010 0.052 0.047 0.050 0.048 0.102 0.093 0.096 0.095 200 0.013 0.011 0.011 0.011 0.053 0.047 0.046 0.046 0.104 0.095 0.096 0.095
250 0010 0010 0012 0010 0053 0049 0052 0051 0103 0098 0100 0097 250 0013 0012 0012 0012 0052 0048 0047 0046 0104 0095 0005 0.095
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.016 0.020 0.015 0.046 0.072 0.079 0.072 0.097 0.144 0.152  0.143 -5 0.008 0.013 0.015 0.013 0.047 0.070 0.072  0.070 0.097 0.139 0.141 0.139
25 0012 0020 002 0020 0053 0101 0107 010l 0107 0196 0203 0.197 25 0009 0018 0016 0016 0047 0095 009 0094 0102 0191 0193 0191
0 0013 002 002 0019 006l 0097 0102 00% 0121 0191  0.197 0190 0 0011 0018 0019 0018 005 009l 0090 0091 0116 0.8  0.185 0185
2.5 0.014 0.019 0.022  0.020 0.061 0.090 0.096 0.090 0.119 0.171 0.175 0.174 2.5 0.012 0.019 0.020 0.019 0.058 0.087 0.087 0.086 0.114 0.167 0.168 0.167
5 0013 0018 0020 0019 0061 008l 0087 0085 0113 0158 0162 0158 5 0011 0018 0018 0018 0057 0082 008l 0080 011l 0154 0155 0.155
10 0.012 0.017 0.018 0.018 0.056 0.074 0.078 0.076 0.111 0.142 0.147 0.145 10 0.011 0.017 0.015 0.016 0.053 0.073 0.074 0.074 0.106 0.139 0.140 0.139
25 0012 0014 0016 00l6 0053 0065 0060 0067 0110 0131 0134 0131 25 0009 0013 0013 0012 0052 0064 0065 0063 0101 0122 0125 0.124
50 0010 0013 0014 0013 0054 0063 0066 0064 0108 0120 0124 0122 50 0011 0012 0012 0012 0049 0057 0059 0058 0097 0115 0115 0114
75 0009 0012 0013 001l 0055 0060 0065 0062 0107 0116 0121 0.119 75 0010 0012 0012 0012 0040 0056 0057 0057 0096 0112 0112 0111
100 0009 0011 0012 001 0054 0059 0063 0061 0109 0116 0119 0117 100 001l 0012 0012 00l 0049 0056 0059 0057 0101 0110 01l 011l
125 0.010 0.010 0.012 0.011 0.055 0.059 0.061 0.059 0.109 0.112 0.118 0.114 125 0.010 0.012 0.012 0.011 0.049 0.054 0.056 0.055 0.101 0.109 0.110 0.111
150 0010 0011 0012 0010 0055 0057 0061 0058 0107 0111 0115 0.112 150 0011 0012 0012 0012 0050 0055 0055 0054 0100 0109 0109 0.110
200 0009 0010 0010 0010 0053 0054 0057 0054 0105 0107 0111 0108 200 0011 0012 0012 0012 005 0054 005 0054 0098 0110 0109 0109
250 0000 0009 0010 0009 0051 0052 0055 0051 0105 0105 0110 0107 250 0011 0012 0013 0012 005 0053 005 0055 0.02  0.08 0.108 0.108
Two-sided tests - T = 250 Two-sided tests - 7' = 1000
50009 0009 0015 0009 0048 0043 005 0042 0098 0089 0102 0090 5 0008 0008 0008 0007 0047 0042 0043 0041 0098 0088  0.090 0089
-25 0.010 0.011 0.014 0.011 0.049 0.050 0.059 0.051 0.101 0.106 0.113 0.106 -25 0.008 0.008 0.008 0.007 0.043 0.047 0.047 0.045 0.093 0.097 0.100 0.098
0 0011 0010 0012 0012 0048 0051 005 0053 0098 0100 0108 0102 0 0009 0010 0010 0010 0045 0049 0050 0048 0094 0099 0099 0099
2.5 0.012 0.011 0.013 0.013 0.052 0.054 0.059 0.055 0.101 0.105 0.113  0.106 2.5 0.010 0.011 0.011 0.010 0.050 0.052 0.053 0.052 0.100 0.105 0.105 0.104
5 0011 0012 0014 0013 005 0055 005 0057 0103 0105 0110 0107 5 0010 0011 0011 0010 0050 0053 0054 0053 0100 0105 0105 0105
10 0013 001l 0013 0013 0052 0053 0057 0055 0104 0104 0110 0.106 10 0010 0011 0010 0010 0050 0052 0054 005 0101 0104 0105 0.105
25 0.011 0.011 0.013 0.012 0.049 0.050 0.054 0.052 0.101 0.102 0.107 0.103 25 0.010 0.011 0.011 0.011 0.049 0.050 0.052 0.051 0.102 0.102 0.104 0.102
50 0009 0008 0011 0008 0049 0050 0054 0050 0101 0100 0106 0.104 5 0011 0010 0011 0011 0054 0052 0053 0053 0101 0099 0100 0.101
75 0.008 0.008 0.010 0.008 0.049 0.049 0.054 0.052 0.104 0.102 0.110 0.105 75 0.012 0.012 0.012 0.012 0.053 0.053 0.054 0.053 0.100 0.101 0.102 0.102
100 0008 0009 0011 0010 0050 0048 0054 0052 0103 0103 0108 0.104 100 0013 0013 0013 0013 0052 0052 0053 0052 002 0103 0105 0103
125 0008 0009 001l 0009 0051 0050 0055 0050 0105 0103 0107 0.104 125 0012 0012 0012 0013 0052 0052 0052 0053 0102 0099 0102 0.100
150 0008 0010 0011 0009 0051 0049 0054 005 0105 0104 0109 0.105 150 0011 0012 0012 0012 0052 0052 0053 0054 0100 0099  0.02 0.100
200 0009 0010 0012 0010 0049 0049 0055 0052 0104 0100  0.107 0102 200 0012 0012 0012 0012 0052 0052 0053 0053 0102 000  0.100 0099
250 0.009 0.011 0.013 0.010 0.049 0.049 0.053  0.050 0.103 0.099 0.107 0.102 250 0.012 0.011 0.011 0.012 0.050 0.050 0.051 0.051 0.102 0.099 0.101 0.101
Note: ¢., and tZW correspond to the statistics presented in (9) and (13) of the main text, and 55" B and 5B are the corresponding residual Wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4.

Table 3. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and 7" = 1000.
DGP1 (homoskedastic 11D innovations): y; = Sx¢—1 + ut, ¢ = pri—1 + wi and wy = Ywi—1 + ve, where 5 =0, p=1—¢/T,9 =0 and
(ut,v1) ~ NIID(0,X), with & =[1 —0.50; —0.50 1].
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Left-sided tests - 7" = 250 Left-sided tests - 7" = 1000

(RWB W FRWE  BW lon (G RWE e FRWE L EW e RWE e FRWE EW (o FWEB e FRWE  BW te  (GRWE nFRWB BW tee  (GRWE W FRWB L BW
c 1% 5% 10% c 1% 5% 10%

-5 0.011 0.011 0.017  0.010 0.052 0.051 1 0.060 0.052 0.102 0.102 0.111 0.102 -5 0.009 0.009 0.009 0.009 0.051 0.050 0.051 0.051 0.097 0.096 0.098 0.096
25 0011 0011 0015 0010 0050 0050 0058 0051 0103 0103 0111 0102 25 0010 0009 0010 0009 0050 0050 0050 0050 0097 0096  0.096 0.095
0 0.011 0.011 0.013  0.011 0.049 0.049 0.056 0.050 0.098 0.100 0.100 0.097 0 0.011 0.011 0.011 0.010 0.053 0.052 0.052 0.053 0.102 0.102 0.103 0.103
25 0000 0009 0012 0010 0051 0050 0053 0050 0.099 0099 0101 0.099 25 0012 0012 001l 0012 0055 0055 0054 0053 0102 0103 0103 0.103
50010 0010 0011 0010 0052 0051 0053 0050 0098 0098  0.099 0.097 50012 001l 0011 0011 005 0051 0053 0051 0105 0106 0.05 0.105
10 0.010 0.011 0.012 0.011 0.051 0.051 0.054 0.052 0.102 0.100 0.102 0.101 10 0.010 0.011 0.010 0.011 0.051 0.052 0.052  0.052 0.104 0.103 0.104 0.104
25 0010 0010 001 0010 005 0050 0052 0051 0098  0.096  0.008 0.009 25 0011 0011 0011 0011 005 0053 0053 0052 0104 0104 0.104 0103
50 0.009 0.009 0.010  0.009 0.048 0.048 0.051 0.049 0.100 0.098 0.101 0.101 50 0.012 0.011 0.011 0.011 0.053 0.052 0.053 0.053 0.105 0.104 0.106 0.104
750009 0009 0010 0010 0047 0046 0050 0048 0099  0.096  0.099 0.008 75 0012 0011 0011 0011 0053 0051 0051 0051 0103 0102 0.104 0102
100 0009 0010 0010 0011 0048 0048 0051 0048 0097 0095  0.098 0.098 100 0012 001l 0011 0011 0052 0052 0052 0051 0103 0104 0104 0103
125 0.010 0.010 0.011  0.011 0.048 0.046 0.049 0.048 0.096 0.093 0.097 0.096 125 0.012 0.011 0.012 0.012 0.051 0.051 0.052 0.051 0.103 0.103 0.103 0.102
150 0009 0010 0011 0011 0047 0047 0048 0048 0095 0092  0.096 0.095 15 0011 0012 0012 0012 0052 0051 0053 0052 0.03 0102 0103 0102
200 0.009 0.009 0.011  0.010 0.047 0.047 0.049 0.047 0.096 0.093 0.095 0.095 200 0.011 0.011 0.011 0.011 0.053 0.052 0.053 0.053 0.100 0.100 0.101 0.100
250 0009 001l 0011 0010 0040 0048 0051 0048 0096 0094  0.098 0.095 250 0011 0011 0011 0012 0051 0051 0051 0052 0099  0.099  0.00 0.098
Right-sided tests - T = 250 Right-sided tests - 7' = 1000
-5 0.012 0.011 0.017 0.0118 0.052 0.051 0.060 0.050 0.101 0.101 0.110 0.100 -5 0.011 0.011 0.012 0.010 0.048 0.048 0.049 0.048 0.100 0.099 0.103 0.099
25 0010 0011 0015 00100 0053 0052 0058 0052 0097 0100  0.05 0.097 25 0010 0010 0010 0009 0.048 0048 0049 0046 0096 0096 0097 0095
0 0010 0012 0014 00111 0051 0051 0055 0049 0098 0100 003 0098 0 0009 0009 0009 0.009 0050  0.049 0048 0048 0099 0100  0.101 0100
25 0.010 0.011 0.012 0.0103 0.052 0.052 0.053 0.052 0.102 0.101 0.103 0.103 25 0.009 0.010 0.010 0.009 0.051 0.051 0.052  0.050 0.102 0.103 0.102 0.101
5 0011 0011 0013 00106 0052 0051 0053 0051 0104 0101  0.05 0.102 5 0000 0009 0009 0009 0052 0053 0053 0053 0102 0103 0103 0103
10 0.011 0.010 0.011  0.0096 0.051 0.051 0.054 0.051 0.102 0.101 0.104 0.104 10 0.010 0.010 0.010 0.009 0.052 0.052 0.053 0.052 0.100 0.101 0.102 0.100
25 0012 0011 0013 00116 0051 0052 005 0052 0104 0103  0.05 0104 25 0010 0010 0010 0010 005 0049 0050 0050 009 0007 0098 0097
50 0011 0010 0012 00109 005 0054 0057 0056 0103 003 0106 0103 50 0010 0010 0010 0009 0049 0048 005 0049 0096 009  0.096 009
75 0.010 0.010 0.010 0.0100 0.054 0.055 0.058 0.054 0.104 0.102 0.108 0.104 75 0.011 0.010 0.011 0.010 0.050 0.049 0.049 0.049 0.098 0.098 0.098 0.097
100 0010 0010 0012 00104 0054 0052 0056 0055 0106 0104 0106 0.104 100 001L 001l 0012 0011 0049 0047 0049 0048 0100 0099  0.099 0099
125 0.009 0.011 0.012 0.0114 0.053 0.052 0.056 0.053 0.104 0.103 0.106 0.103 125 0.011 0.010 0.011 0.010 0.049 0.048 0.050 0.049 0.100 0.098 0.100 0.101
150 0010 0010 0012 00111 0051 0052 0054 0052 0104 0101  0.05 0102 150 0011 0010 0011 0011 0052 0050 0051 0050 0100 0100  0.01 0101
200 0010 0010 0011 00103 0051 0051 0055 0052 0102 0099  0.103 0102 200 0010 0010 0010 0009 0053 0051 0052 0052 0102 0101 0102 0.101
250 0009 0010 0011 0011 0053 0051 0054 0054 0100 0098  0.02 0.100 250 0009 0009 0009 0010 0052 0051 0053 0053 0103 0102 0102 0.102
Two-sided tests - T = 250 Two-sided tests - 7' = 1000
5 0010 0011 002 001 005 005 0065 0051 0102 0101 0119 0102 50009 0010 00LL 0009 0048 0049 0052 0049 0098  0.097 0099 0.099
-2.5 0.011 0.011 0.019 0.011 0.052 0.052 0.066 0.052 0.101 0.101 0.116 0.102 -2.5 0.011 0.010 0.011 0.010 0.050 0.050 0.051 0.049 0.098 0.097 0.099 0.096
0 0009 0010 0015 0011 0050 0051 0058 005 0.098 0100 0111 0.099 0 0010 0010 0010 0010 0050 0050 0050 0049 000 0100 0100 0.101
25 0.010 0.010 0.012 0.010 0.050 0.050 0.057 0.052 0.100 0.101 0.106 0.102 25 0.010 0.011 0.010 0.010 0.050 0.051 0.051 0.050 0.102 0.105 0.105 0.103
5 0010 0010 0012 0011 0049 0051 0055 0052 0102 0100 0.06 0.101 5 0010 0011 0010 0010 0052 0050 005 0051 0104 0104  0.106 0104
10 0012 0012 0013 0012 0049 0048 0052 0050 0100 0101  0.08 0.103 10 001l 0010 0010 0010 0051 0050 0051 0050 0104 0103 0104 0.104
25 0.011 0.011 0.013  0.013 0.053 0.053 0.057 0.055 0.102 0.100 0.106 0.103 25 0.011 0.010 0.010 0.011 0.052 0.053 0.052  0.050 0.103 0.100 0.103 0.103
5 0010 0010 0011 0010 0052 0051 005 0052 0103 0101 008 0104 50 0012 0012 0012 0011 0052 0051 0051 0051 0103 0100 0103 0103
75 0.009 0.010 0.011  0.009 0.052 0.051 0.056 0.053 0.102 0.101 0.108 0.102 75 0.011 0.011 0.012 0.012 0.052 0.052 0.052 0.052 0.102 0.099 0.101 0.100
100 0008 0009 0011 0010 0050 0049 0053 0052 0101 0100  0.07 0.102 100 0012 0012 0012 0012 0052 0051 0052 0053 0098 0008  0.101 0.099
125 0009 0010 0012 0011 0050 0049 0054 0050 0100 0097 005 0.101 125 0011 0012 0011 0011 0051 0051 0051 0052 0100 0100  0.102 0100
150 0.009 0.010 0.012 0.010 0.049 0.051 0.056 0.052 0.099 0.097 0.102 0.100 150 0.011 0.012 0.011 0.011 0.052 0.051 0.051 0.052 0.103 0.102 0.104 0.102
200 0009 0009 0012 0010 005 0053 005 0054 0098  0.099 0104 0099 200 0013 0011 0012 001l 0051 005 0051 0051 0105 0103 0106 0.105
250 0.010 0.010 0.012 0.010 0.049 0.051 0.054 0.051 0.101 0.100 0.105 0.101 250 0.011 0.011 0.011 0.011 0.050 0.050 0.051 0.050 0.103 0.102 0.104 0.105
Note: ¢., and tZW correspond to the statistics presented in (9) and (13) of the main text, and 5B and 157 W E are the corresponding residual Wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4.

Table 4. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and T = 1000.
DGP1 (homoskedastic 11D innovations): y; = Sx¢—1 + ut, ¢ = pxi—1 + wi and wy = Ywi—1 + v¢, where 5 =0, p=1—¢/T,9 =0 and
(ut,vr) ~ NIID(0, %), with X =[1 0; 0 1].



Left-sided tests - T' = 250 Left-sided tests - 7' = 1000

(o FWB e FRWE L EW o RWE e FRWE EW o RWEB FRWE BW (o FWB e FRWE L EW o RWB e FRWE BW o RWEB  FRWE BW
¢ 1% 5% 10% c 1% 5% 10%

5 001l 002 0024 0024 0062 009 0106 0107 0127 0195 0203 0205 5 0012 0021 0021 0021 0060 0097 0101 0102 0124 0191 0193 0.19%
10 0013 0019 0023 0024 0059 0088 0096 0099 0122 0174 0181 0.184 10 0012 0019 0020 0020 0059 0090 0092 0093 0118 0170 0173 0.177
25 0012 0015 0018 0022 005 0076 0081 0092 0116  0.144 0152 0.162 25 0012 0017 0016 0019 005 0076 0075 0080 0109  0.146 0146 0.152
50 0012 0015 0016 0.023 005 0067 0074 008 0117 0131  0.137 0.158 50 0011 0014 0015 0018 0053 0066 0.068 0.074 0107 0128  0.130 0.140
75 0.012 0.014 0.016 0.025 0.060 0.062 0.069 0.090 0.118 0.124 0.131 0.157 75 0.011 0.013 0.014 0.017 0.055 0.064 0.066 0.075 0.105 0.120 0.121 0.136
100 0011 0014 0015 0026 0060 006l 0067 0089 0115 0120 0125 0.154 100 0011 0013 0013 0018 0057 006l 0063 0076 0107 0118 0.118 0.137
125 0012 0013 0016 0.027 0059 0060 0066 0.088 0.17 0116 0120 0.151 125 0012 0012 0013 0018 0058 0061 0062 0.078 0109 0116  0.118 0.139
150 0.013 0.014 0.016 0.026 0.059 0.058 0.063 0.085 0.113 0.111 0.119 0.149 150 0.012 0.012 0.012 0.019 0.059 0.061 0.063 0.080 0.114 0.119 0.119 0.142
200 0011 0012 0015 0024 0057 005 0060 0082 0111 0108 0113 0.146 200 0012 0012 0012 0022 0061 0060 0063 0085 0116 0115 0118 0.150
250 0011 0012 0013 0023 0053 0053 0.057 0078 0109 0106 0.110 0.138 250 0012 0013 0013 0023 0062 0062 0063 0088 0120 0116 0118 0151

Right-sided tests - 7' = 250 Right-sided tests - 7" = 1000
5 0017 0002 0002 0003 005 0014 0015 0015 0101 0035  0.035 0.036 5 0015 0002 0002 0.002 0057 0013 0013 0013 0107 0034  0.03 0.035
10 0.016 0.004 0.004 0.004 0.059 0.021 0.022  0.024 0.110 0.050 0.050 0.053 10 0.014 0.003 0.003 0.004 0.057 0.021 0.020 0.021 0.109 0.047 0.047  0.049
25 0013 0006 0006 0010 0061 0030 0030 0039 0111 0065 0066 0.078 25 0012 0006 0006 0007 0057 0030 0030 003 0110 0060 0068 0.073
50 0016 0007 0008 0015 0062 0037 0038 0053 0109 0071  0.073 0.092 50 0014 0008 0007 0011 005 0037 0037 0045 0110 0075  0.075 0.084
75 0.015 0.008 0.009 0.019 0.061 0.039 0.041 0.061 0.111 0.074 0.078 0.104 75 0.015 0.008 0.008 0.013 0.061 0.041 0.040 0.052 0.108 0.079 0.079 0.094
100 0016 0008 0010 002 0059 0037 0040 0065 01 0078  0.080 0.109 100 0016 0009 0009 0015 0060 0041 0041 0055 0109 0082  0.081 0.099
125 0015 0009 0000 0.024 0057 0039 004l 0067 0110 008l  0.083 0.114 125 0016 0010 0000 0018 0061 0042 0042 005 0111 008l  0.082 0.105
150 0014 0008 0010 0025 0059 0040 0042 0071 0109 0082  0.085 0.117 150 0017 0009 0009 0021 0060 0042 0042 0062 011 0083  0.08 0.109
200 0013 0010 001l 0025 005 004l  0.045 0072 0106  0.087  0.091 0.118 200 0017 0009 0010 0023 0062 0042 0.042 0067 0112 0083  0.084 0.112
250 0.012 0.011 0.011 0.025 0.054 0.043 0.047 0.075 0.102 0.088 0.093 0.119 250 0.018 0.010 0.010 0.026 0.062 0.042 0.044 0.071 0.111 0.085 0.086 0.119

Two-sided tests - 7" = 250 Two-sided tests - 7" = 1000
5 0010 0012 0015 0014 005 0055 0065 0063 0106 0112 0122 0.122 5 0010 0011 00IL 0011 005 005 0.05 0058 0103 0109 0.114 0.114
10 0.011 0.012 0.014 0.014 0.051 0.053 0.060 0.062 0.108 0.109 0.117 0.124 10 0.010 0.012 0.011 0.012 0.053 0.056 0.058 0.059 0.103 0.108 0.112 0.115
25 0011 001l 0013 0017 005 0052 0057 0.060 0112 0105 0111 0.131 25 0012 001l 0012 0013 0053 0053 0.055 0.05 0105 0104  0.106 0.113
50 0014 0012 0014 002 005 0050 0056 0081 0117 0103 0.112 0.142 50 0012 0012 0012 0014 005 0051 0052 0062 0106 0102  0.105 0.119
75 0015 0011 0013 0027 0061 0051 0057 009 0118 0101 0110 0.150 75 0014 001l 001l 0017 005 0052 0054 0069 0115 0103 0106 0.127
100 0015 0011 0014 0030 0063 0053 0058 0.005 0.18  0.098 0.107 0.154 100 0014 0012 001l 0019 0061 0055 0054 0.074 0115 0102  0.104 0.130
125 0.014 0.012 0.014 0.032 0.062 0.051 0.059 0.098 0.116 0.098 0.107 0.155 125 0.015 0.011 0.011 0.021 0.064 0.054 0.055 0.079 0.115 0.102 0.104 0.136
150 0014 0011 0014 0033 0060 0051 0057 0097 0115 009  0.105 0.56 150 0016 0011 0012 0024 0064 0054 005 008 0119 0101 0105 0.142
200 0012 0011 0014 0033 0058 0050 0.0 009 0.10  0.096  0.104 0.154 200 0016 0010 001l 0027 0068 0053 0.056 008 0122 0104  0.105 0.152
250 0.013 0.011 0.014 0.029 0.053 0.051 0.054 0.092 0.106 0.096 0.104 0.153 250 0.016 0.011 0.011 0.030 0.068 0.052 0.055 0.097 0.124 0.102 0.106 0.160
Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and 57" B and 15" P are the corresponding residual Wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4.

Table 5. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250 and

T = 1000. DGP2 (ARCH with Leverage Effects): zt = 0 (") = 0 (! (1) b, with ¥, = (at;er) =

t pPTL—1 vt pPTL—1 1
(e10y/1+ 307 110, <opican)’ and (11, 820)' ~ NIID(0,L).
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T =250 T = 1000

WIS WEW e gprie pEW o ree gprews pEW WESS I WEW o pree jprows pEW g gpres o pEW g
K ¢ 1% 5% 10% K ¢ 1% 5% 10%

1 -5 0009 0008 0011 0009 0048 0037 0045 0040 0098 0080 0083 0.080 1 5 0009 0008 0008 0008 0043 0034 0036 0035 0094 0075 0077 0.074

-25  0.009 0.010 0.012 0.010 0.042 0.045 0.051 0.048 0.098 0.106 0.113  0.108 -25  0.008 0.008 0.009 0.009 0.038 0.042 0.043 0.043 0.088 0.098 0.098  0.097

0 0.011 0.011 0.013  0.012  0.050 0.053 0.059 0.056 0.102 0.108 0.115 0.114 0 0.008 0.010 0.010 0.009 0.045 0.051 0.051 0.050 0.093 0.105 0.106  0.105

25 0.012 0.012 0.015 0.013  0.054 0.058 0.062 0.059 0.106 0.112 0.119 0.115 25 0.009 0.010 0.011 0.011  0.051 0.054 0.056 0.056 0.103 0.114 0.114 0.113

5 0013 0012 0015 0013 0056 0058 0064 0060 0108 0113 0119 0115 5 0010 001l 0010 0010 0054 005 0060 0058 0107 0117 0117 0117

10 0013 0013 0015 0013 0054 005 0061 0056 0.03 0110 0116 0.113 10 0012 0012 0014 0013 0055 0060 0060 0059 0.08 0118 0119 0.117

25 0.011 0.012 0.014 0.012  0.055 0.057 0.060 0.057 0.105 0.104 0.112  0.108 25 0.012 0.013 0.013 0.013  0.056 0.059 0.059 0.059 0.105 0.113 0.113  0.112

50 0.012 0.013 0.015 0.014 0.054 0.055 0.059 0.056 0.107 0.104 0.111 0.106 50 0.011 0.011 0.011 0.011  0.055 0.059 0.059 0.058 0.105 0.108 0.109 0.107

75 0013 0012 0015 0014 0055 0055 0060 005 0105 0103 0108 0103 75 0012 0011 0012 0012 0056 0057 0058 0058 0104 0106 0107 0106

100 0012 0012 0015 0012 0055 0054 0059 0055 0106 0102 0109 0104 100 0011 0012 0012 0012 0056 0056 0057 0058 0103 0104 0105 0105

125 0.012 0.011 0.014 0.013  0.055 0.054 0.058 0.054 0.104 0.103 0.109 0.104 125 0.012 0.012 0.012 0.012 0.056 0.056 0.057 0.056 0.104 0.105 0.106  0.105

150 0.011 0.011 0.014 0.012 0.053 0.051 0.056 0.052 0.106 0.103 0.111 0.105 150 0.011 0.012 0.012 0.011 0.055 0.053 0.055 0.055 0.104 0.105 0.106  0.104

200 0.010 0.010 0.013  0.012 0.052 0.051 0.056 0.052 0.105 0.102 0.108 0.103 200 0.011 0.012 0.012 0.011 0.054 0.054 0.053 0.052 0.104 0.106 0.106 0.104

250 0000 0011 0012 001l 005 0049 0055 0051 0106 0103 009 0.103 250 0011 0011 0011 0011 0053 0052 0053 0053 0104 0105 0.106 0.104

3 -5 0.020 0.135 0.171  0.148  0.085 0.352 0.385 0.366 0.158 0.494 0521  0.507 3 -5 0.020 0.126 0.131 0.126 0.083 0.346 0.354 0346 0.151 0.493 0.498  0.492

-25 0.023 0.052 0.067 0.054  0.097 0.176 0.193 0.177 0.177 0.284 0.301 0.283 -2.5  0.024 0.048 0.049  0.047  0.092 0.162 0.159 0.155 0.167 0.262 0.264  0.260

0 0.016 0.027 0.035 0.027 0.075 0.105 0.117  0.104 0.134 0.184 0.196 0.183 0 0.016 0.026 0.027 0.025 0.071 0.096 0.096 0.095 0.130 0.168 0.168  0.166

25 0014 0020 0028 002 0067 008 0103 0090 0122 0157 0174 0.161 25 0013 0021 0022 002 0063 0081 0084 0083 0117 0149 0153 0149

5 0014 0018 0025 0021 005 0077 0095 0083 0118 0145 0166 0.151 5 0013 0019 0020 0018 0060 0076 0079 0077 0114 0144 0149 0145

10 0.013 0.016 0.024 0.018  0.054 0.066 0.083 0.071 0.109 0.129 0.152  0.137 10 0.013 0.016 0.018 0.017 0.057 0.072 0.078 0.075 0.111 0.135 0.140  0.136

25 0.011 0.012 0.019 0.014 0.052 0.061 0.075 0.066 0.104 0.112 0.131  0.120 25 0.011 0.014 0.015 0.014 0.056 0.064 0.067 0.065 0.107 0.120 0.126  0.123

50 0011 0012 0018 0014 0053 0057 0070 006l 0104 0110 0131 0115 50 0011 0012 0013 0012 0053 0058 0061 0059 0103 0112 0115 0113

75 0011 0012 0018 0014 0053 0053 0069 0058 0105 0107 0130 0114 75 0010 0011 0012 0010 0050 0055 0058 0055 0103 0107 0112 0109

100 0.010 0.012 0.018  0.014 0.051 0.053 0.069 0.057 0.107 0.106 0.129 0.113 100 0.010 0.011 0.011 0.010 0.048 0.052 0.054 0.051 0.100 0.104 0.107  0.105

125 0.011 0.012 0.018 0.014  0.052 0.054 0.070 0.058 0.107 0.105 0.128 0.113 125 0.010 0.010 0.011 0.010 0.048 0.049 0.054 0.050 0.098 0.100 0.106  0.103

150 0.011 0.013 0.018 0.013  0.052 0.054 0.069 0.058 0.107 0.107 0.128 0.114 150  0.009 0.010 0.010 0.010 0.047 0.049 0.052 0.049 0.098 0.098 0.104 0.102

200 0010 0011 0017 0014 0052 0055 0071 0059 0109 0107 0130 0.114 200 0009 0000 0009 0010 0046 0048 0051 0048 0097 0099 0103 0.098

250  0.009 0.011 0.018 0.013  0.053 0.055 0.071  0.060 0.107 0.108 0.127  0.114 250  0.009 0.010 0.010 0.010 0.046 0.048 0.050 0.048 0.097 0.096 0.101  0.099

5 -5 0.018 0.167 0.225 0.184 0.074 0.402 0.466 0421 0.138 0.558 0.606 0.573 5 -5 0.015 0.162 0.176  0.164 0.074 0.398 0.408 0403 0.143 0.549 0.558  0.548

-25  0.022 0.087 0.117 0.089  0.091 0.239 0281 0.241  0.160 0.372 0.405 0374 -25 0.021 0.080 0.082 0.075 0.091 0.237 0238 0230 0.170 0.360 0.360 0.352

0 0020 005 0067 005 0082 0157 0186 0156 0152 0258 0289 0.254 0 0019 0044 0046 0043 0085 0152 0154 0148 0155 0253 0252 0246

25 0.017 0.036 0.053 0.039  0.069 0.120 0.156 0.129 0.132 0.208 0246  0.215 25 0017 0.032 0.034 0.031 0.069 0.118 0.126 0.117 0.131 0.206 0.209  0.203

5 0014 0.028 0.046  0.033  0.063 0.105 0.138 0.116 0.124 0.183 0223  0.195 5 0014 0.027 0.029 0.027 0.063 0.104 0.110 0.105 0.122 0.184 0.192 0.185

10 0.013 0.022 0.040 0.028 0.062 0.086 0.120 0.098 0.114 0.157 0.197 0.171 10 0.012 0.021 0.024 0.021 0.058 0.089 0.096 0.092 0.115 0.161 0.171  0.164

25 0012 0017 0029 0021 0053 0067 0100 0080 0110 0129 0167 0141 25 0012 0016 0019 0017 0052 0069 0077 0071 0108 0134 0143 0138

50 0011 0014 0025 0017 0052 0059 008 0069 0107 0118 0155 0130 50 0011 0014 0016 0015 0040 0057 0064 0059 0103 0118 0126 0120

75 0.011 0.013 0.024  0.017  0.051 0.055 0.085 0.063 0.104 0.110 0.149 0.122 75 0.011 0.013 0.014 0.013  0.050 0.055 0.062 0.057 0.102 0.112 0.120 0.114

100 0.010 0.013 0.022 0.015 0.049 0.053 0.082 0.062 0.103 0.106 0.145 0.119 100  0.009 0.010 0.013 0.011  0.051 0.056 0.060 0.057 0.101 0.107 0.115  0.109

125 0009 0011 0022 0013 0049 0053 0080 0062 0102 0105 0142 0118 125 0009 0011 0012 0011 0052 0055 0060 0057 0100 0104 0112 0107

150 0008 0011 0020 0013 0046 0052 0078 0061 0101 0106 0142 0117 15 0009 0010 0012 0010 0051 0055 0059 0056 0100 0104 0111 0107

200 0.006 0.009 0.020 0.012  0.047 0.051 0.079 0.060 0.098 0.103 0.139 0.114 200 0.009 0.011 0.012 0.011 0.051 0.052 0.057 0.054 0.098 0.102 0.110 0.104

250  0.007 0.010 0.019 0.012 0.044 0.049 0.077 0.058  0.100 0.104 0.142  0.116 250 0.010 0.010 0.012 0.010 0.051 0.052 0.058 0.054 0.097 0.100 0.108  0.103

10 -5 0.011 0.243 0.396 0.298 0.058 0.513 0.635 0.559 0.114 0.658 0.754  0.691 10 -5 0.014 0.244 0.265 0.245  0.060 0.502 0526 0501 0.118 0.650 0.666 0.647

25 0016 0160 0280 0195 0072 0398 0505 0425 0144 0542 0631 0558 25 0019 0166 0177 0154 0076 0384 0394 0371 0149 0523 0531 0509

0 0.020 0.114 0.208 0.132  0.087 0.306 0.406 0.324 0.168 0.443 0531  0.456 0 0.023 0.112 0.120 0.103  0.091 0.295 0.300 0.280 0.169 0.426 0.431  0.407

25 0.016 0.078 0.162 0.098 0.075 0.238 0.342  0.262 0.144 0.360 0.459 0.384 25 0.019 0.079 0.090 0.075 0.078 0.229 0.244 0.224 0.146 0.349 0.363  0.346

5 0.013 0.061 0.133 0.078 0.067 0.191 0.301 0.225 0.130 0.303 0.415 0.337 5 0.016 0.059 0.071 0.061 0.068 0.188 0211 0.191 0.133 0.301 0.318  0.304

10 0.012 0.041 0.100 0.058 0.060 0.141 0.244 0.175 0.115 0.238 0.356  0.278 10 0.014 0.044 0.053 0.044 0.061 0.147 0.166 0.151 0.119 0.242 0.268  0.249

25 0011 002 0064 0034 005 0089 0174 0118 0104 0162 0263 0201 25 0013 0027 0033 0027 0057 0101 0119 0108 0111 0175 0201 0184

50 0.010 0.016 0.048 0.025 0.048 0.067 0.142  0.091  0.099 0.129 0223  0.164 50 0.012 0.020 0.025 0.020 0.057 0.081 0.096 0.085 0.108 0.144 0.167 0.152

75  0.009 0.014 0.044 0.022  0.046 0.060 0.129 0.081 0.100 0.118 0.204  0.146 75 0.012 0.016 0.022 0.017 0.055 0.071 0.085 0.077 0.108 0.129 0.152  0.136

100 0009 0013 0043 0020 0046 0056 0120 0077 0097 0110 0197 0139 100 0011 0015 0021 0016 0055 0066 0080 0071 0106 0122 0143 0129

125 0008 001l 0041 0020 0043 0053 0117 0074 0093 0104 0191 0134 125 0011 0014 0018 0016 0055 0061 0077 0067 0105 0120 0140 0123

150  0.007 0.012 0.039 0.019 0.042 0.052 0.116 0.071  0.092 0.101 0.191 0131 150 0.011 0.013 0.017 0.014 0.052 0.058 0.075 0.064 0.103 0.115 0.134  0.120

200 0.006 0.010 0.036 0.017  0.039 0.049 0.116 0.070  0.091 0.101 0.190 0.132 200 0.010 0.012 0.016 0.013 0.053 0.057 0.070 0.063 0.104 0.111 0.130 0.119

250  0.005 0.010 0.035 0.016 0.036 0.050 0.116 0.072 0.094 0.104 0.193  0.133 250 0.009 0.011 0.015 0.012 0.051 0.055 0.070 0.061 0.103 0.109 0.130 0.116

Note: W, and WZE;W are the Wald-type IVX based statistics discussed in Remark 9 of the main text, and ;&RWB and W;}FRWB are the

corresponding residual Wild bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) versions of W, computed as described in Algorithms 4 and 4 of
Section 4 of the main text.

Table 6. Empirical rejection frequencies of Wald-type IVX based tests for predictability in a multiple predictive regression context with
K € {1,3,5,10} predictors, for sample sizes T' = 250 and T" = 1000.
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Figure 1: Power plots for two-sided tests for predictability. Data is generated from DGP1
with ¢ = —0.95 and for T' = 250. c is the noncentrality parameter which controls the
persistence of the predictor used in the predictive regression and b are the values of the
Pitman drift parameter.
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to
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Matei Demetrescu, lliyan Georgiev, Paulo Rodrigues and Robert Taylor

Summary of Contents

This supplement contains four sections. Section A contains Examples 1 and 2
referred in Remarks 4 and 6 of the main paper. Section B outlines how moving
blocks bootstrap methods can be applied to the setting considered in this paper.
Section C contains detailed proofs of Propositions 1-3. Section D reports additional
supporting Monte Carlo results to those reported in section 5 of the paper.

Appendix A: Additional material

<ZI):<(1)¥)(ZI> (A1)

at = A/aglt1

— / 2
€t = bo + blet—l’/tﬁ

with {r¢1} and {v42} two mutually independent zero-mean unit-variance |ID
sequences. Assume v1, vtz to be uniformly Ly bounded, and b} < 1/E(1,) to

Example 1.
Let

where, with ag, by > 0,
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ensure that e; does itself have finite 4th moment. The process v; = ¢; is therefore
a stationary ARCH(1) process whenever 0 < b; < 1, whereas a; is conditionally
homoskedastic (a; is an 11D sequence).

The natural filtration is % = {(ve1;5142), (Ve—1,15%-1,2),...}, and the
conditional variance of u; is easily seen to be

E (uf\ft_l) = ag +’72 (bo + blvffl) .

In this model, the conditional variance of u; obviously does not depend on the past
innovations v; when vy = 0; however, this restriction also implies the absence of any
contemporaneous correlation between u; and v, inconsistent with the conditions
ordinarily expected to hold in a predictive regression model for financial variables.

The model outlined above satisfies our Assumption 3.2, (see remark 4), but
violates assumption INNOV of Kostakis et al. (2015) because u; from (A.1) cannot
have a so-called strict finite-order GARCH representation (i.e. with 11D shocks) in
general:

1. If u; did have such a strict GARCH representation, it would hold that
u; = Vhyn: where 1; is an 11D sequence, and h; = ag + aluil + B1hi_1
(we show below that u? has an ARMA(1,1) representation, such that u; itself
can only have a GARCH(1,1) representation). The ARMA(1,1) representation
of this squared GARCH model equation is then

uj =g+ (a1 + B)uf_; + 0 — P11

where ¥; = hy (n7 — 1). The errors 9 in the squared GARCH model equation
must be conditionally heteroskedastic martingale differences with the particular

conditional variance, E (07|.%;) = hi E ((77,52 - 1)2).
2. The squared u; implied by the model in (A.1) is given as

up = ao+7bo+*bvi_y + (af —ao) + 7 (v7 — (bo + b1vi_1)) + 2varve

= ao+7°bo +biyvi + &
where
& = (af — ao) + 72 (b() + blvtg_l) (Vtz’Q — 1) + 2vapvy
is a MD sequence w.r.t. .%;. Furthermore,
72”752—1 = U§—1 - a%—1 —2vay_1vi1

such that, plugging this in, we obtain

u? = (ao + 72b0) + by (u?_l — af_l - 2%%—1%—1) + &
= (ao + ’y2b0 — blao) + bluf_l + 7t
where
m = & —b (af_l - ao) — 2b1vai—10t—1

= (a? —ag+ 2’yatvt) —b (a?_l —ap + 2’yat_1vt_1)
-l-’yQ (bo + blvf_l) (1/32 - 1)
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is a weakly stationarity process and therefore possesses a linear representation.
The autocovariance function of 7; is obtained as follows,

<wt>_<<1 1>+<1 O)L)( ai — ap + 2vayvy )
Tt 0 0 0 0 7% (bo + brve—1) (viy — 1)

2

a; — ag + 2vavg
where ¢

( 72 (bg + bivs_1) (1/1:2’2 -1)
noise sequence under our assumptions, such that ;t > is a vector MA(1)
t

process. Therefore, m; does has a marginal MA(1) representation — but one
where the innovations are uncorrelated, and not MD sequences in general. In
turn, this does make uf an ARMA(1,1) process, but not necessarily one with
MD innovations, so, in general, the model (A.1) does not have a GARCH
representation where the driving shocks are IID.

> is easily seen to be a zero-mean white

Example 2. Consider the following particular case where A(L) =1 but p # 0 is
fixed and bounded away from unity and ), is conditionally heteroskedastic. Assume
also that h12(7) = 0 V7. Then, & = Z;io p?vy_j such that

oo

Var (§—1ut) = E (h%(t/T)a? (Z P lho1((t— 1= 3)/T)as—1—j + hao((t — 1 —j)/T)et—l—j})
=0
(A2)

where some algebra shows that

2
Var (¢;_1ut) = E (h%l(t/T)af (h21(t/T) > a1y +haa(t/T)Y pjet_l_]-) ) +o(1).
j=0 =0
(A3)

One therefore obtains
Var (§-1ue) = hiy (¢/T) (C1h3,(t/T) + Cah3,(t/T) + Cshor (t/T)haa(t/T)) + o(1)

where C = Z;‘io Ziio PR E (a%at—l—jat—l—k)'

Co =320 reo p’p"E (afe;—1-je;—1-x) and

Cy; = 22‘;’;0 S0 PP E (afas—1—jer—1-k). Therefore, we have at all
differentiability points

[Mew]' (s) = B3y (s) (C1h3; (s) + Cahbo(s) + Cshar(s)haa(s)) -
At the same time, it follows analogously that
[Mu) (s) = hii(s)  [M]'(s) = h3y(s) + hda(s)

such that
[M..]' (s) = 11 (s) (h31(s) + hia(s)) -
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Summing up, the quadratic variation (and thus the variance profile) of M., is in
general different from that of Mg,.
]

Appendix B: Moving blocks bootstrap

Following Fan and Lee (2019), one could employ a block-bootstrap scheme. This
amounts, in their notation, to the following algorithm:

1. Let b be an integer block length and let B(t) = (wy, wiy1, ..., Weyp—1) denote
a data block with starting point t € {1,...,T — b+ 1}, where the data to be
resampled stacks w; = (¢, 2¢)".

2. The total number of possible blocks and the number of blocks in one
bootstrapped sample are denoted by g and m. The letter ¢ indicates the
bootstrapped sample size, T'= ¢+ b — 1 and ¢ = mb. (Intuitively, one should
choose m such that ¢ ~ T'; Fan and Lee (2019) only require m = O(T) and
T=0(m).)

3. Sample m blocks randomly with replacement from {B(t) :t=1,...,n—b+
1}: the resulting bootstrap sample w7, ..., w} is (B(l1),...,B(Iy)) with I;
are |ID discrete uniform variables on {1,...,n — b+ 1}.

4. Compute e.g. the full-sample bootstrap IVX t statistic,

0 e~

oo D1 S Ui .

zx \/T 7 » 5
Uu* Zt:l (thl)

this step is different from the corresponding step of Fan and Lee (2019), since
they work in a quantile regression framework.

5. Use quantiles of distribution of ¢7  for inference rather than quantiles of the
standard normal.

The above procedure does not replicate the null hypothesis in the bootstrap data,
so one would need to either construct confidence intervals and invert them to
obtain a test, or replace y; with the OLS residuals 4 := y; — & — th_l in the
definition of w; in Step 1 to ensure that the null is imposed on the bootstrap data.

Block wild bootstrap. To account for unconditional heteroskedasticity, Step 3 of
the above MBB scheme could be replaced with a block wild bootstrap. In this
case, one needs to impose the null when resampling, i.e. replace y; with the OLS
residuals 4y 1=y — & — Bmt,l in the definition of w; in step 1.

We do not provide theoretical results for either moving block bootstrap.
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Appendix C: Technical appendix

We denote by P*, E* and Var* respectively probability, expectation and variance
conditional on the original data. Further, we use Ef_; for expectation conditional
on the data and {Rs}i;ll. Weak in-probability convergence is denoted by %p. If
w is a degenerate (deterministic) element, an alternative notation to wp %p w
is wr :p>p w. If the metric space of interest is a linear space with zero element
0, we use wr %p 0 interchangeably with wp = 0;‘;(1). For instance, wr ép w
is equivalent to d(wr,w) = 0y(1) for the metric d of the underlying space. We
introduce wr = O (1) by the standard property that for every ¢ > 0 there exists
a K. € R such that P(P*(d(wrp,0) > K.) <¢e) > 1—¢ for all T € N. As usual,
0y (T%) :=T%0y5(1) and O;(T) :=T*O,(1). The 0, and O, symbols retain their
usual meaning. For r.v's w we write ||wl|, for (E|w|")Y/", 7 > 0. Finally, C is an
unspecified positive constant whose value may change across the expressions where

it appears.
C.1. Toolbox

We start with some results that structure our approach to the derivation of the
main theory.

Martingale approximation

Assumption 3.2 implies that the components of 1,1, — I are well approximated
by martingale differences. Specifically, let

ve we N

( pae e ) = Z(d)td}t - 12)

T T 1

t=

Then the condition E|Eo Y/, (¢, — I)||2 = O(T%) with ¢ € (0, )
ensures, by Jensen's inequality, that component-wise ||[E(U%|.%{)|2 = O(T%),
IE(US|Z9)]l> = O(T) and [E(U§|Z8) 2 = O(T%) for F 1= olc_y : i €
NU{0}), ¢ € {a,e,ae} and for the same e. Together with the stationarity of %,
and the finite fourth moment of its components, this implies that the martingale
approximation results of Merlevede et al. (2006) are applicable to ¥$., ¥ and
W3¢, The Lipschitz-by-parts property of the function H transfers this behavior to
the sequences u? — 02, and v — 02,, where 02, := Eu? = h2,(t/T) + h3,(t/T)
and similarly for o2,. Some implications are collected in the next lemma.

Lemma 1 Let Si,. ) = i1 (ud —05,) and gy = Dy (V2 —
02,) for 1 <t <r <T. Under Assumption 3 it holds that:
(a) maxi<o<r [T7V2S5, | = Op(1) and maxi<e<r [T/285,, [ = Op(1)

(b) E [maxi<icr<r (S ,)?] = OT)
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(¢) maxi<rcrer [Bld — 02)St 1)l = O(T%), maxicrer [E[(v} —
Ugt)S%(t—O—l,r)” = O(T*) and maxi<s<t<r<r |E(Ut’USS%(t+1,7’))| =0(T7).

Exponential averaging

For an arbitrary real sequence w;, partial summation produces

r—1
o' 1Zwt+ 1—0)) o 1Zwt
s=1

Some implications of this estimate (and not only) are collected next. Here
and in what follows, E; denotes expectation conditional on o(¢p_, : i € NU

0, ~1, ..., —t}).

Lemma 2 Let wyp; be an array of r.v.’s.

t—lwt

25, (A

>

(a) F T~ ZgIJ wry = W(T) in the sense of weak convergence of probability
measures on 7, then maxi<s<7 | > ;_; 0" twre| = Op(T);

(b) maxi<s<r E|Y 1) o' twre| < maxico<r B[]y wr;

(c) Ifwry is an MD array with E[wr|P < oo for some p > 2, then

‘ 1/p
max Z dwri_i|| =0(T"?) <Itn<a% E|th|p>
— <

1<t<T
J P
t—1 ) 1/p
] _ 1/2 P
max E Jwri—i| = o, (T max E|wr .
125 |2 OQ =3 p( ) ey \ t|
j:

In the following parts, let Assumption 3 hold. Then:
(d) maxi<i<r| Zz:t-;& 92(7"%71)(“72« - 0-121,7’)‘ = Op<T1/2>f
() maxicier [Ee X pyy 2TV — o)l = O(T°)  and
maxj<¢<T HEt Zf 41 0" tuyuy y o(T*);
TT Tt
(f) T='= nZL J(Z] OQQJvt G- 1) up=T"1" UZL J(Z] 092“11:2 j71) T+
O, (TE=M/2) pointwise;

T
(g) e <n, then T SOITT) (023 02,y ) 02, & 7 [Ma(s)) [Mo(s)]ds
pointwise and uniformly (the derivatives exist everywhere except at finitely
many points and are continuous on the intervals where they exist).

The space 9 (Th)

Let Ta = [0,1]2 N {(r1,72) € R? : /9 — 71 > A,} for some A, € (0,1). Let
P (Ta) be the set of real functions on Ta which are continuous from the
right’ (i.e., f(Tl(n) 2(")) — f (71, 72) when Ti(n) L7, i=1,2, for (7'1(") Q(n)),
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(11,72) € Ta and f € P(Ta)) and have limits from within each of the four
right angles [A; x A2]NTa, A; € {[0,7:),[r,1]}, i@ = 1,2, when the angles
are non-empty. For clarity, note that all bivariate cdf's with domain restricted to
T belong to Z(Ta). It is well-known (e.g. Bickel and Wichura 1971, p. 1662)
that 2 (Ta) can be equipped with a Skorokhod-like metric which makes it a
separable and complete metric space such that stochastic process with values in
2(Ta) are measurable w.r.t. the resulting Borel o-algebra. Moreover, the resulting
topology relativised to € (Ta) C Z (Ta) , the subspace of continuous real functions
on Ta, coincides with the uniform topology. As we will only be interested in
convergence to limits in € (Ta), in what follows convergence and continuity issues
involving elements of Z(Ta) are always discussed w.r.t. the uniform metric on
9D (Th). It is then straightforward to see that the function from 22 to Z(Ta)
which associates to every (f1,f2) € 22 the element (71,72) — fa(72) — f1(71)
of 9 (Ta) is continuous on the subspace of continuous functions € of 22
Moreover, linearly combining functions in & (Ta), multiplication of functions in
2 (Ta) and division of functions in Z(Ta) (for denominators bounded away from
zero) are continuous transformations of the product subspace €(Ta) x € (Ta)
of Z(Ta) x P (Ta). Finally, also the functionals sup 4. |f|, s € {F,B, R},
are continuous on ¢ (Ta), where AF = {0} x [r1,1], AB = [0,7¢] x {1} and
AR ={(r, 7+ A;):7€[0,1— A} with 7, > Ay and 1 — 77 > A,

C.2. Asymptotics on the space of the original data

The first result is independent of the persistence properties of x;.

Lemma 3 Under Assumption 3, it holds as T' — oo that

o () =1 5 () o (il o

_ /T < h31(s) + his(s) )ds
o \ h31(s) +h3s(s)
uniformly over T € [0, 1].
We now turn to the weakly persistent case.

Lemma 4 Under Assumptions 1.1 and 3, we have as T — oo:

7T Ut

1 T
— v = G(s)dB(s
VDIl |, nBe)
t=1 w1
where
hi1 hi2 0 0 0 0
G(T) = hgl hgg 0 0 0 0 (7‘)

0 0  hithor hithea highat  highoo
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and B(T) is a 6-variate Brownian motion of covariance matrix defined in the proof.

The next lemma collects some product-moment limits in the strongly persistent
case.

Lemma 5 Under Assumptions 1.2 and 3 with e < min{1 — 7, %n}, the following
hold jointly as T' — oc:

(a) T1/12+n 21[57—:,;] 2i—1 = @ cH _ wa —c(T— S)dM ( )
®) rie S s 1:$f( C,Hw Jy Jen(s)dJen(s))
() g ST 271 B 9 [M,)(7) uniformly in 7 € [0, 1]

(d)

d) e iy 2w = i[5 /M) (5)dB(s) where B is a
standard Brownian motion independent ofMU (and thus, of Jet).

(&) s Siiy ze-1b(t/T) = £ (b(r)Je —fJ e (s)db(s)) = £Z,(7).
(F) 7t S zt_lbu/T)xt_l:»%(J ()Zb —Jfy Zb (5)d e (s)).

Proof of Proposition 1. For the space Z(Ta) and our approach to the weak
convergence of probability measures on it, see Section C.1.
We have

S e (= (7)) . S B (G — &)
T 2T '
Gu(T1,72) \/ZtL QLTJTJ-i-thQ 1 Gu(T1,72) \/Zt 2[TfTJ+lz752 1

Under Assumption 1.1, we notice that, given our moment restrictions and the
absolute summability of the Wold coefficients of &, sup, [&—1| = O, (T1/4); also,
& and 3 are easily shown to be v/T-consistent, so

tza?(Tla 7—2) -

mzw—@—@—@—@%4:W+%m

uniformly in ¢t. (The same is easily shown to hold for the residuals computed under
the null and we omit the details.) Then,

1 L’TQTJ 1 LTQTJ LTzTJ
Gulrim) = o D d=o Y uwtn (6 -uf)
t=|mT]+1 t=|m1T]+1 t=|71T]+1
1 LTQTJ 1 I_TQTJ
= 7 Z o2, + T Z (uf —02,) + 0p(1)
t:\_TlTJ-l—l tZI_TlTJ+1

uniformly in 71 and 7 with 0 < 7 < 19 <1, such that, thanks e.g. to Lemma 3,

1

T2 =T

Ga(m,2) = ([Mu)(72) = [Mu)(11)) - (A2)

Moving on, we have like in the proof of Lemma 6 that z; = & + R; 7 where the
rest term R r vanishes as T' — oo and can be controlled for in the relevant sums,
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such that we may conclude that, uniformly in 71 and 75 with 0 < 7, < 75 <1,

1 [72T] 1 [7=T]
- Z Z = = Z &1 +op(1) (A3)
t:LTlTJ+1 t:L’TlTJ—‘r].

= K ([My](12) — [M,](11)) .

Similarly, we have uniformly in 7 and 75 with 0 <7 < 75 <1 that

1 72T 1 72T
— > aa(wm-u(n,m)=—= > &o1(u—u(r,m))+0p(1)
\/TtZLTlTJJrl \/TtZLTlTJJrl
1 L§J 1 L%J 1 Lfi’?
= = Sy — | = Ut y— &1
ft:LnTHl T(r2—m) t=r1T]+1 ft:\;qu-&-l
+OP(1)7
where the weak convergence of the partial sums of & and u; implies
1 L’TQTJ 1 L’TQTJ
= Y. Ga=0,(1) —= > w=0,)
\F t=|mT]+1 ﬁ t=|mT]+1

uniformly in 71 and 7o with 0 < 71 < 70 < 1. The weak convergence of the partial
sums of & _qu; therefore implies

72T |
1
— Z Zi—1 (ug — (11, 72)) = Mey(T2) — Mey(11).
\/Tt:\_TlTJ—)—l

To assess the drift term under the local alternative 8, = T~ /2b(t/T), write like
above

[T
1 _
—= Z z—1B¢ (§—1 — E-1(11,72))
\/T tZI_TlTJ+1
1 [T - 1 [T
== > TG —Ealrm) = Y. &ab(t/T) + op(1)
r VT
t=|nT]+1 t=|m1T]+1

uniformly in 71 and 5 with 0 < 7 < 75 < 1. It is then not difficult to establish
analogously to Lemma 3 that

[T -
1 2
I T = [ s
t=|7T]|+1 1

and we omit the details. Finally,

1 72T

JT Z §1b(t/T) = 0p(1)  &_1(r1,72) =0, (1/VT
\/Tt:LTlTJ+1 ( )
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as required for the first part of the result.

Moving on to the part concerning Assumption 1.2, 62(7y,72) is easily shown
to have the same behavior as under the stable regressor case considering that the
OLS residuals satisfy

iy = Ut—(@—&)—<3—ﬂ)$t—1
= ut—l—Op(Tfl/Q)

uniformly in ¢ since & —a = O, (T71/?), 3-8 = 0O, (T~1) and
SUpy <s<7 |Ti—1| = Op (\/T) given the weak convergence of 7~'/2z( 7| to an

a.s. continuous process. (An analogous argument applies for the residuals computed
under the null). Then, under Assumption 1.2, Lemma 5 part (c) then leads to

72T 2
mrE > A= o (M) - M](m)). (A4)
t=|11T]+1

Lemma 5 parts (a) and (d) furthermore imply

[T
1 N w
a7z g ze—1 (up — w(11,72)) = —= (Meu(12) — Mzu(71)),
TV t=| T +1 V2a

and, given the weak convergence of {;7) = Z[;1) — - and also Lemma 5 part (e),

5—1(317;2) 5 — (/ ) i 2 ( ) ( ( ) ( ))
E 2e—10(t/T) = Jen(s)ds (Zp(m2 Zp(11)) 5

T ll 24n T 7 a T 7
\/> / t_LTllJ+1 2 ! !

with Z;,(7) defined there. Finally, Lemma 5 part (f) leads to

72T 2 T
1 w 2
T Z 2—1b(t/T)&—1 = o (JC,H(T2)Zb(T2) —/ Zb(S)dJc,H(S)>
t=|mT]+1 0
w2

- <JC,H<71>zb<n> - /0 h zb<s>dJc,H<s>>

such that the 2nd part of the result then follows by the continuous mapping
theorem. 0

Proof of Proposition 2.
Under the null hypothesis,

2T
Zi 2L-,—ﬂTJ+1 Zt—1 (Ut — u(7'1,7'2))

EW
teo (1,72) = Lm=T] ~2
\/Zt L7—1Tj+1zt 1%
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and we only need to tackle the limiting behavior of the denominator, for which we
have that

LT Lm=T] Lm=T)
2 -2 2 2 2 (522
Z Zp_ Uy = Z Zi_qui + Z ziq (UF —uf) .
t=|mT]+1 t=|mT]+1 t=|mT]+1
We recall from the proof of Proposition 1 that sup; <<y |47 — uf| = 0,(1)

under both Assumptions 1.1 and 1.2.
Under Assumption 1.1, we have

1 [T | 72T
T Z ziy (67 —ui)| < sup |af —uj | — Z 22 = o0,(1)
t=|mT|+1 Ist<T r,_ |71 T)+1

see Equation (A.4), and, using the same argument leading to Equation (A.3), we
obtain

7T LTTJ
*Zzt ;= = th 1u; + 0p(1)
t=+1 t +1

where %Z}:ﬂl & ju? = [Mg,]() is a byproduct of establishing the weak
convergence of the partial sums of & _qu;.

Under Assumption 1.2, we then immediately have thanks to Lemma 5 part (c)
that

1 [T 1 | 72T
2 (2 2 2 2 2
Ti+n Z Zt—1 (Ut _ut) §52p|ut _Ut| Ti+n Z zi_1 = 0p(1),
t:LTlTJ+1 t:LTlTJ+1
while the quadratic variation
1 L7T]
Ti+n Z Z?—lu% = [Mu)(7)
t=+1
is dealt with in the proof of Lemma 5 part (d). O

C.3. Bootstrap asymptotics
The next lemma establishes the asymptotics of the processes in the numerator and
the denominator of the bootstrap statistic ¢5, in the weakly persistent case.

Lemma 6 Let Assumptions 1.1 and 3 hold. Let B be a standard Brownian motion
on [0,1] and Hy ,Hs. denote the rows of H. Then, as T — oo:

(a) T71/2 Etg zi—1uf = Meu(1) = [o x(5)/2dB(s) on 2, with

= > bibE[HL(s)(%191)Hi () Ha.(s) (9" ;) Ha.(s)'];

4,j>0
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(b) T2 T o up B, Mg (7) == [ x*(5)Y/2dB(s) on Z, with
= Zb?E[HL(S)(%%)HL(8)’H2~(8)(¢7j1/ﬁj)H2~(8)'};
j=0
() Tl (12 w2 (T) on 2
(d) 62(0,7) = TS 17 (a7)2 & [M.]() on 2.
We now turn to the case of a strongly persistent posited predictor
variable and discuss the process Ni(7):=T (1+”)/QZL_ Var Jup in steps

similar to those of Magdalinos (2020). First, we approximate N7 (7) by
Ni(r) =T~ T ey for ¢ == wYl b olvp; and @ == wRy.
Second, we discuss the predictable quadratic variation of N} conditional on the
data,

|T7] |T7]
Vi(r) =T~ WZE (Gyt)? =T WZ 1),
t=1

whose asymptotics determine those of N7.
Lemma 7 Under Assumptions 1.2 and 3, it holds that
(a) supjo,1 N7 — Nj| = 0p(1)(1 + supyg 1) N7
(b) Vi(r) = V(1) +05(1)(1 + V(1)) pointwise for
V(r) =T 1= ZLTTJ (Zz;?) QQjUtQ—j—l) u2;
(c) Ife <n in Assumption 3.2, then V(1) =, "2’—2 Jo [My(s)]'[My(s))'ds on 2.

We are now in a position to establish the asymptotic behaviour of the processes
in the numerator and the denominator of the bootstrap statistic ¢}, in the strongly
persistent case.

Lemma 8 Under Assumptions 1.2 and 3 with € < 7 it holds that

(a) Nj(1) 2, N(7) = 'j%fo VIV, ()Mo (5)J'dB(s) on
(b) T 1>2:€p2 (M, ](r) on J;
() T T )2 = 71y~ 2702 ¢ 05(1) 2, [M,)(r) on 1.

Proof of Proposition 3. For the space Z(Tx), see Section C.1.
Using the limits in Lemma 6 and a CMT for weak convergence in probability
(e.g., Theorem 10 of Sweeting 1989), it follows that under Assumption 1.1,

m(Msu(T2) Meu(11))
[slV/A{TM, M, () HM](72) — [M](m)}
\/7'2 - Tl(Mgu(TQ) — Mg, (1))
[slv/A{[M. M J(1) H[Mo](72) — [My](71)}

toF (1, m2) 2

RB
157 (11, 72) ép
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on Z(Ta), respectively for the FRWB and the RWB ¢-processes. Similarly, using
the limits in Lemma 8 and a CMT for weak convergence in probability, it follows
that under Assumption 1.2,

PRB () \/ﬁ Jo VM) [M,]'dB
' VAIM My )(11) HIMy](72) — [My](11) }

on Z(Ta). From here the 1:ﬂ>p- limits of 7%, x € {R, F, B}, follow by a further
application of the same CMT, except for the fixed-regressor bootstrap statistics
under Assumption 1.2. These latter limits follow from the theory of Demetrescu et
al. (2020).

We notice that the condition ME*u 4 Me¢,, which is necessary and sufficient
for the validity of the residual-based fixed-regressor bootstrap under Assumption
1.1, is satisfied iff 3=, i~ TgizjybibiE[(¥1907) @ (_;4" ;)] = 0. For the latter to
hold, it suffices that E[(¢,9]) ® (¢_;4" ;)] = 0 for all natural i # j. O

C.4. Proofs of the auxiliary results

We observe for use throughout the proofs that (u;,v:)’ inherit the uniform
Ly-boundedness of (a;,e;)’ inasmuch as sup,.,Euf < C|[|H|| (sup, Ea} +
sup, Bej) with [[H||  := sup,¢(_ o 17 [IH(r)||< oo, and similarly for sup,p Ev.

Proof of Lemma 1. In parts (a)-(c) we provide a proof for the sequences
constructed from wy, as for those constructed from v; the argument is analogous.
It holds that

St = Z h11 A‘I’a +2 Z hi1(4 h12( JAULE + Z hi, A\IIe

t=1

In part (a) we find by partial summation that

A\I/“ = |Wen?, pr L AR2 ) < C max |09,

1<s<t

and similarly for the other two summations in the decomposition of S%(l £ with
the constant C' depending on the global Lipschitz constant of H. Therefore,
< a ae e

11%1tang|ST(1 N C<max | Wy \+2 max |\I/ | + ax | Uy |> (A.5)
The three maxima on the right-hand side are all Op(Tl/Q) by Theorem 11 of
Merlevede et al. (2006). Hence, also maxi<i<7 |Sf; | = 0, (T*/?).

In part (b), by writing (S%(t-',-l T)) (S;i(l - S;“K(M))Z < 4max1§t§T(S§i(M))2

and then using (A.5) we can conclude that

E| max (Sg,a(m,r))?} <C <E [1r§nta§xT(\Ilf)2} +E [ max (wae) ] I E [ max (\1;;)2D .

1<t<r<T 1<t<T



S.14

Under Assumption 3 with ¢ < %, the three expectations on the r.h.s. are O(T') by
Proposition 9 of Merlevede et al. (2006), and thus, so is the expectation on the
l.h.s.

In part (c), |E[(u? — agt)S%

Uth2HEtS%(t+1,r)||2, where

(5 i)

s=t+1

= [E[(uf — o7,)Ee S}

Pl S lluf =

(t+1,r)] |

+2

HEtS%(tH,r) , S

<Zh11 “Yhaa( )A\pge>

s=t+1

2 2
s s .

Et < Z h%Q(T)A\Ijs> )

s=t+1 2
and, using partial summation and the stationarity of ay,
T - S
( > oni, AW“) = (W7 — ‘I’?)hfl(f) - > (e, - ‘I’?)Ahﬂ(T)]
S= t—‘rl 2 S:t+2 2

@ T . @ s
Eo (‘I’rth%(T) - Z ‘I’st1Ah%1(T)>

s=t+2

2

< W) [Bo®i_y [y + D [Eowe ], [Ai (5
s=t+42

< a — 15
< C max B0V, = O(T%)

el

uniformly in r ¢, and similarly for the other two conditional expectations in the
upper bound for [E[(u — 03;)S% ]|, with the constant C' depending on
the global Lipschitz constant of H. We conclude that ||[E;Sy ;. o ll2 = O(T)
uniformly in 7,¢. As |[u? — 02,||2 is a bounded sequence, part (c) follows. O

Proof of Lemma 2. In part (a), by using (A.1), we find that

T ZQt lwt T Zwt

t=1 t=1

<max = sup |W(7)|

max
s<T T€[0,1]

by the CMT, from where the magnitude order of maxs<r |T*"“ i ot
follows.
In part (b), for every r € {1,...,T} (A.1) yields

r r—1
D wi+(1=0)) o 'E
t=1 s=1

.
<@+ (1-0) ¢ max B
=1

tflwt < QrflE

s
D w
t=1

s
D
t=1

= max E

1<s<T 1<s<T

s
2w
t=1

and the conclusion follows by taking maxima over r.
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We turn to part (c) and discuss the nontrivial case my := max¢<p E|wz|P > 0.
If wpy is an MD array with E|wr¢|P < oo for some p > 2, then

P p/2

t—1 t—1
E Z ijT,t—j <C Z QQj (E\wT,t—j|p)2/p
§=0 j=0

by Lemma 2.5.2 of Giraitis et al. (2012). Further,

t—1 P T p/2
E ZQ]th,] <C’ITLT ZQ2] <CmTT%,
j=0 7=0
such that Z;;B dwri_j = Op(mlT/pT”/Q) = op(m;/pTl/Q) for every fixed

t < T. To obtain the same infinitesimality order uniformly, we apply Billingsley's
(1968, Theorem 15.6) tightness criterion to m;l/pT_l/QWT(T) with Wrp (1) :==
Z}zgj_l o'wr, | rr)—j. For 0 <7 <7 <73 <1, it holds that

E(|Wr(r2) = Wr () P/2[Wr (r) — W (1) [P/?] <

VE[Wr(ra) = Wr(7) PE[Wr (7) — W (11) P
where

E[Wr(r2) — Wr(7)[P =

[rT)—lrT]-1 lrTy-1 p
E Z PO | 7T~ |77 -5 T+ (ot TI=L"T) 1) Z plwr | -7 —j| <
=0 =0

|m2T]—|7T]-1

Z p* (Blwr, | ryr)— |77 5 |P) /P
=0

7T —1 p/2

+ (o 12 N 0¥ (Bl ) )PP
=0

by Lemma 2.5.2 of Giraitis et al. (2012), then

E[Wrp(r2) = Wr ()P <

(1= p2) 912 [ = pATI=IT) 4 (glmT)=1rT) _ 1)1 — Q2LTTJ)T’/2 _
mp(1 — p2)"P/2(1 — plmTI=1rT1)p/2 [1 4 plmeTI=17T)

p/2
+ (1 7PLT2TJ7LTTJ)(1 _ QQLTTJ)i| <

mp(1 — p2)—:0/2(1 — plmTI=1rT] )P/23P/2.
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and by Bernoulli's inequality,

(3a)%(| T ] — |7T])""?

T < Cma(naT) ~ [T

E|Wr(12) = Wr(7)[P < mrp

such that, with a similar estimate for E|Wrp(7) — W (71)|P, eventually

mp TP2E[|Wy (r2) — W (7)|P/2|Wr (1) — W () [P/?] <
CT P (|rT| — [7T)P/*(|nT| — |1 TP <
LTQTJ — LTlTJ

o -

)p/2 §0(7.2_7.1)p/2_

Since p/2 > 1, as required by Billingsley's criterion, it follows that
m}l/pT_l/QWT(T) is tight.

In part (d), (A1) yields maxjcocr|d "2V (u2,, — o2 )<
2maxy<s<7 |S§,£(1 S)| = 0,(T"/?) by Lemma 1(a). Slmllarly, in part (e),

T
T

r=t+1

max

1<t<T < | nax HEtST(HLT)Hz:O(TE)

1<t<r<T

by the proof of Lemma 1(c).
We turn to the proof of part (f). It holds that

1T7) (12 > (e 2
Z Zgzjvtz j—1 u%—oit) = Z Z 92(t s=1) Uut)
s=1 7=0 t=s+1

|T7]|—-1 | T7]—1 [ T

IR S DI RS
s=1

= t=s+1

As ZLTTJ Lot = = O, (T) by Markov's inequality, part (c) will follow if

2

| T7]—-1 T
> | X AN —oztﬂ =0, (T ). (A6)
s=1 t=s+1

In the decomposition

T 2 T
B| 3 S -] = 3 - o

t=s+1 t= s+1

+9 Z 02(t s—1) Z 92(r t— 1)E u —O’ )(u _0_2 )]

t=s+1 r=t+1
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eq. (A.1) can be used to bound the mixed products as follows:

T q
> PUTVE(wE - o) (ul - o%)]| < | max |B i) D <u3—afw>H
el =49 r=t+1

<  max ‘E[(Uf - UZt)S%(tJrl,q)]‘ :

As maxi<;<7 ||uf — 02;]|, = O(1), it can be concluded that
T 2
E Z 2(t—s— 1)(u _0_2 )] —
t=s+1

T
Ul 2 2 u 2(t—s—1)
O +2, e [Biut = ol)Sil] 3 o

uniformly in s < T', such that (A.6) follows by Markov's inequality and Lemma
1(c). This completes the proof of part (f).

Finally, to prove part (g), we first show that ZLTTJ Z] 09 I ;4 —
0% i 1)0a = op(T7) pointwise. In fact,

2 2
\T7] [t—2 T |[t—2 T

25/ 2 2 2 2 4
E E 0 (vt—j—l_av,t—j—l) Out E E Ut —j—1" v,t—j—l) E Ot
t=1 \j=0 t=1 |j=0 t=1

where Zipzl od, = O(T), whereas the other factor on the right-hand side

is O, (T'T77) similarly to an analogous expression in the proof of part (f).
Specifically,

-+
|
N

E Q2j(vt2—j—1 - Ug,t—j—l) = Z Q4jE(Ut2—j—1 - Uz,t—j—ﬂg
j=0 »
t—2 t—2
+2Z Z Q(ﬁl)E[vt (o l(th j—1- 3,t—j—1)],
J=01i=j+1

t—2 45 2T i
where ijo Q4JE(vt2_j_1 - 012,7,5_]»_1)2 < maxi<i<r ||Ut2 — 03t||2zj:0 oY =
O(T™) and

t—2 t-2 t—1

t—1
Z Z Q2(]+Z)E[Ut2—i—l(v$—j—1_Ug,t—j—l)] 2294(t_5_1) Z 92(5_T)E[02

7=01=35+1 s=1 r=s+1
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with
t—1 d
> PUTURR] — ol )| < | max | S0 EREGE - of)
r=s+1 T r=s+l
o 2 qQu
T sp1<esio1 ’E<US ST(SH"I))‘
< 2 qu ’: €
< 1§Isn<aqX§T ’E(USST(S—FLQ)) O(T )

using (A.1) and Lemma 1(c). As the upper bounds are uniform in ¢t =1,..., T, it
follows that

T [t—2 T t—1
EY D 0¥ Wi —o, )| =0T +0(T)) Y ot = o),
t=1 |j= t=1 s=1

. 2
This and Markov's inequality let us conclude that Zle [Zé;g 0¥ (07 ;1 — Ug,t—j—l)} =
Op(T+7+) and hence, Y211 (32020 0% (v} ;s — 02, ;_1) ) 02, = Op(T1H01+9)/2) =

0, (T'H7) for € < 7. Equivalently, V(1) = T~ 1"w? ZLTTJ (Zj _y0%a? t—j—l) o2, +
op(1) pointwise.
Second, we discuss the convergence of the deterministic ZLTTJ (Z; 20 0% a2 P 1)

to an integral. Say for concreteness that the function H (determining the
unconditional variance profile) of (u,v;) is Lipschitz continuous on [0,\) and
(A,1], the case of more than two (but finitely many) maximal intervals of Lipschitz
continuity being analogous. Without loss of generality, let H be right-continuous
at \. Then, for ¢t < |TA| it holds that

— 2j ) = J—l _ 2n—1
S oty -t <O =0T
§=0 §=0

uniformly in ¢, where C' depends on the Lipschitz constant of the function H,

whereas for t = |TA],...,T the analogous estimate is
t—2 t—2
25 (-2 2 2 (-2 2
ZQ H(004—j—1— Out) — Z 0 J(UU,LT)\J—I —oy4)| <
J=0 j=t—|TA]
t—|TA]—1 t—2
0% 2 25 2
Z Hodsjr—oual + Z 07 Ty —j—1 = Ty Ay 1| S

j=0 j=t—|TX]
t—[TXA]—1
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As a result,
\T7] ft-2
Z szag,t—j—l Uit:
t=1 \j=0
\T7] ft-2 L) t—2 4
Z 0” Ugt@%t“‘ Z Z 0” (Ug,LTAJ—l_Jg,t)JZt
t=1 \j=0 t=|TA| \j=t—|T\]
[T'7]
O(T%_l) Z Ugt
t=1
1 |77 i
%TU oo +O(T") Z QQ(t_LT/\J)(Ug,LTAJ—1 - Uz,t)ngn
t=1 t=|TA
2n\ T1+77 / / 1+n 2n
+0(121) = = [ [My ()] [My ()] ds + o(T7) + O(T2")

0

using the boundedness of 02, and ¢2,. This establishes the pointwise limit asserted
in part (g). As the involved processes are increasing and the limiting function is
also continuous, the limit is a uniform one as well. O

Proof of Lemma 3. It holds that
LTTJ

_ SU
ut Uut _ -1 T(1,|T7]) _ —1/2
=T =0,(T
T Z < vi — o ) ( St ) ) » )
uniformly in 7, by Lemma 1(a). Further, 71 ZLTTJ( 02,,02,)" are Riemann sums
of the limiting integral, which exists by the Llpschltz—by—parts property of H, and
convergence follows from the definition of the integral. The convergence is uniform

because the involved coordinate functions are increasing and the limiting coordinate
functions are continuous. (]

Proof of Lemma 4. With b; the coefficients of [A(L)(1 — pL)]~1, where |p| < 1
is bounded away from unity, let

Eo1 = > by (har(t/T)as—1-j + hoa(t/T)er—1-)
j=0
= ho (t/T) Z bjat_l_j + hgg(t/T) Z bjet_l_j
Jj=0 j=0

and note that

gt—l - gt—l =

o () o 3] (52 e () )
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Therefore,
T
> B(
t=1

since the absolute moments are uniformly bounded, b; are 1-summable (in fact
they have exponential decay), and h;;(-) are piecewise Lipschitz, where the
discontinuities are accounted for along the lines of the proof of Lemma 2 (g).
We may therefore write

§t—1 —ét_1D < CTZ %bj =0(1)
j=>0

7T 7T ~
sup Z we€p—1 — Z ul—1| <
TG[O,l] t=1 t=1
LT _ T ~
Z | ’&—1 —& 1| < sup |uyl Z ‘ft—l - &—1‘ = 0p (\/T)
— 1<t

thanks to Markov's inequality and the fact that uniformly bounded 4th order
moments imply sup; << |[u¢| = 0p (\/T)
Then, uniformly in T,

1 [7T| Ut 1 LT | Ut
ﬁz V¢ :ﬁz th +0p(1)
t=1 \ u&t—1 t=1 \ ut—1
Now,
utft_l = hll(t/T)hgl(t/T)at Z bjat_l_j + h]_]_(t/T)hQQ(t/T)G/t Z bjet_l_j
320 j>0
+hio(t/T)h21(t/T)ey Z bjai_1—; + hia(t/T)hoa(t/T)ey Z bjer—1—;
j=0 Jj=0

and we note (with all functions h;; evaluated at ¢/T’) that

at

et
ut hi1  hi2 0 0 0 0 at 3 >0 bjat—1—;
vt = h21  ha2 0 0 0 0 O«th;objet—l—j
wir_1 0 0  hitha1 hithoa hizhor  hizhao etzj;objatflfj
et >0 05€t—1—;

= G(t/T)d,.

Furthermore, the covariance matrix of 1/;t is constant and can be determined in a straightforward
manner, e.g.

Cov <¢t737";t74) = Z Z b]bkE (a%at_l_jet,l,k) .

J>0k>0

Finally, ¢~t is easily seen to obey an invariance principle for stationary and ergodic square-integrable
MDs, such that, summing up,

| LT

Nix tzzl b, ;»/0 G(s)dB(s)
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where B(T) is a 6-variate Brownian motion of covariance matrix Cov (1/;,5)

Of particular importance is the quadratic variation (and implicitly the variance profile) of
Mg, (7) (the third component of [ G(s)dB(s)), we have at all differentiability points

d [M&u} (T) ~ 1
T = Var (uLTTngTijl) + O (i)
where (again with all functions h;; evaluated at ¢t/T),
2
Var (Utét—l> =E [ (h11at + hizet)? | haa Z bjai_1—j + ha2 Z bjet_1-j
j=>0 j=>0
or
Var (Uté:t—l) = hihs Z Z b;brE (a?atflfjatflfk)
j>0k>0
+2h3 1 harhas Z Z bjbrE (a%at—l—jet—l—k)
j>20k>0
+hi1h3, Z Z bjbE <a%€tflfjet717k)
j20k>0
+2h11h12h3; Z Z bjbrE (atetai—1—jar—1-1)
j>0k>0
+4h11hi2ha1hoo Z Z bibiE (atetas—1—jes—1—x)
j>0k>0
+2h11h12h3s Z Z b;biE (ateter—1—jet—1-_k)
j>0k=>0
+hishs Z Z bjbrE (egatflfjatflfk)
j>0k>0
+2hizha1has Z Z bjbE (e?at—l—jet—l—k)
j>0k>0
+hish3, Z Z bjbiE <€?et—1—j€t—1—k) .
j>0k>0

The previous variance is precisely x(t/T') as defined in Lemma 6(a). O

In the proof of Lemma 5, z; is frequently approximated by w(, where (1 = (1 — QL);l V1
and the approximation error can be controlled for in most sums, but not all (see the partial sums
of Zt). O

Proof of Lemma 5(a). It holds that

t—1 t—1
2= dwij—(c¢/T)D & j (A7)
i=0

j=0
where, by using the Beveridge-Nelson decomposition w; = A~ (L)v; = wvr — Ay (which defines
0¢) and (A.1),

t—1 t—1 t—1
Z dwi_j=w Z v — Z o Ay
Jj=0 Jj=0 Jj=0
t—1
=W — T+ 0 o+ (1—0) Y 0" s

s=1
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with G = 3520 07w ;. Write ST 21 = wZi (1) + Za(r) — (/)T 0115 €40_o with,
first,

L7T] o ) | 7T] | 7T] fore) )
Zi(r) = Ga= (Y| D va— D v >
t=1 7=0 t=2 t=2 j=|7T]|—t+1
LrT LrT
— gl Z Vi1 — Z B
t=2 t=2
L mT] L 7T]
:a_lT" Z VE—1 _CLTTJ—l —a_lTn Z Ut—1+0p(Tn+1/2)
t=2 t=2

uniformly in 7 € [0, 1] because max; < || = 0p(T/2) by Lemma 2(c) with wr; = v¢,p = 4 and
max; <;<7 Ev} = O(1). Second,

7T t—2 . |TT]—2 . |TT]—2 ‘
Zo(r)i= Y D AR 1= > Vrjioj—b0 », o =op(TTT/?)
t=1 j=0 =0 j=0

uniformly in 7 € [0, 1] because because max;<r | Z;;é 0704 — ;| = op(T/?) by Lemma 2(c) with
wry = Ut,p = 4 and maxy<i<T Ef}f‘ = O(1). By collecting the previous results, it follows that,
uniformly in 7 € [0, 1],

L TT] L7T] L 7T]
1 w 1 c 1 w T
m tzg ‘ Zt—1 :gﬁ tzgl Vt—1 — gm tE ft72 + Op(l) = ; (M«U(T) — CA JC’H(S)dS) s

=2
using in particular the continuity of the two summand processes. The latter limit is % J. g () by
the Ornstein-Uhlenbeck differential equation. O
Proof of Lemma 5(b). We first show that
t—1

a e, v | = T).
Itngq’f jZOQ §t—jVt—j op(T)

For any fixed K > 0, the following decomposition holds:

t—1
> PGy =
Jj=0

t—1 t—1
Z & j1vi—j + Z 07 A&t jvr—j
7=0 j=0

c t—1 ] t—1 ]
=(1- f) b v+ Y dwi e

j=0 j=0

e [t=1 t-1

= 0= | 2 e,y j<rvemyes1vig + D0 I lge, sy Sem-1vi-
j=0 j=0

t—1 t—1 t—1
L, 5 _ .
+ Z Q](vt—j —o5i—5)+ Z Qj%,tfj + Z v j(wi—j — ve—j).
j=0 j=0 Jj=0

—1 .

Here ijo 'Q]]I{‘Et,—j—l‘STl/zK}gtijilvtij = o0p(T) by Lemma 2(c) with wrpy
H{\gt,j,l\§T1/2K}£t*jflvt*jv p =4 and max;<;<T Ew%t = O(T2). Since max; < &) =
Op(Tl/g), it follows that, by choosing K sufficiently large, Z;;é QjH{|§t,j,1|>T1/2K}£t—j—lvt—j
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can be made equal to zero with probability as close to one as desired. Next, by (A.1) and Lemma

1(a),
i (07 _ 1/2
1S6er Z o’( 7o -5)| < e 1S7(1,6)] = Op(T7/7),

whereas Zt_o Q]UU t—; = O(T") = o(T) by the boundedness of o2,. Finally, for any fixed L > 0,

t—1

Z ijtfj(wtfj - Utfj) =

j—O
ZQ [ {lwe—j—vs— J\<T1/2L}+H{\wt J—vE— J|>T1/2L}] Vi (We—j — ve—j),

wherewt j U =2

izq bivg_j_; is in the past of vy ;. Thus,

t=17 .
Z; 0w, j—ve_j|<T1 /2Ly Vi~ jwe—j —wve—j) = o0p(T) by Lemma 2(c) with wry =
{\wtfjfﬂt7j|§Tl/2L}vt ](wt i~ Vg — ])7p = 4 and maXlgtSTEw%t = O(T2) As
maxy< |wg—j — v j| = 0p(T1/2) because E|w; — v¢|* is a bounded sequence, by choosing

L sufficiently large Z;;é H{|wt_j—vf,—_7‘\>T1/2L}vt_j(wt_j — v¢_;) can be made equal to zero
with probability as close to one as desired. By combining the previous conclusions, it follows that
maxy<r ‘Z Ogjft jvt—j| = op(T).

We turn to the process of main interest in part (b). Similarly to part (a), it holds
that Y1 2o 1201 = wZX1(7) + ZXa(r) — (/)T S0 6 061 + 0p(TV/2H)
uniformly in 7 € [0, 1], with the remainder pz Zt:? z¢t—1 discussed in part (a). The summands
ZXi(7) = YT AZ(£)&—1 (i = 1,2) behave as follows. First,

| 7T] L 7T] L 7T]
ZX1(r)= Y Ga&1=a T D b1 — Yy L L Y
t=2 t=2 t=2
L7T]
=a~tTm Z vi—1€4—1 + op(T1HM)
t=2

uniformly in 7 € [0, 1] because max; < ‘Z;;(l) ,ijt,jvt,j} = 0p(T') as shown previously. Second,

7T

ZXa(1) = Z (tt—1—(1—0) Z 01— 0" 00)6—1

=0p(T) + (1 - @)Op(T1+”) +Op(TV?H7) = 0p(TH7)

uniformly in 7 € [0, 1] because T~ 12,5 9 vt 1&¢—1 converges weakly in 2, ZLTTJ t 293 15 1_ €1

is of the same form (and thus, uniform magnitude order) as Z X1 (1), and max; < |£t| = Op(Tl/Q).
Recollecting the results about ZX;(7) (i = 1,2), we find that
1 L TT] wl L mT] L T]

Tien Z A-1Te-1 = o vi—1§t—1 — Z E—2&t—1 + 0p(1),
=1

where the summations on the right-hand side are not affected by mild integration. It then follows
by standard near-integration asymptotics that

L b

2 T T
w 2
[ Zt—1Tt—1 = — (/ J ’HdM + [M ] —C/ J, )
Ti+n ; a o c v v|T o c,H

(.«.)2 T
- (/ Jerrdde s + [MU}T) :
a 0
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the equality by the Ornstein-Uhlenbeck differential equation. It remains to note that
[My)r = [Je,p]r and JE,H(T) — Jo Je,gde s = [ Jo,qdJe i + [Je,m]r, the latter by the
semimartingale property of J. . (Alternative functional representations of the limit are, thus, are
given by 5(J2 () + [Je,mlr) = 5(J2 g (1) + [Mo]r). O

Proof of Lemma 5(c). Since the involved processes are increasing and the function [M,](7) is
continuous, with the interval [0, 1] compact, it is sufficient to show that the asserted convergence
holds pointwise in probability for 7 € [0, 1].

First, we argue that terms involving the local parameter ¢ and v_;, i € NU {0}, are
asymptotically negligible. Recall (A.7). Since

lrT] [t—1 2 2
S (S vti] < ma @y zgﬂ = 0p(T221) = 0, (T5+)
t=1 \j=0 e t=1 =

and 07 = Y411 {02 vie1 (Z;;é@jbi—j>}2 > 0 with

ITT] oo
B = > > B, zafbu oS e S
t=1 i=t—1 t=135,k=0 i=t—1
T—1 k T—k oo T—1 k
<SCY N DT DT Ibigr—jlbil< D> D kZ(z—l—l bi| = O(T?"),
k=0 j=0 t=1 i=t—1 k=0 j=0

it follows using Markov's inequality that

1 7]

1 |TT|—1 1 T
2 _ =2 2
T14+n z:l Ft—1 = T1+n Z Zi—1+0p <T1+n X‘Izt1> :
t= t=

t=1

. t— 2
for Zt—1 = Z ] Zz O bivt—j—i—l-
Second, we estabhsh the pointwise expansion

1 (7T] 2 [7T]
thl Zt—1 = T1+ (1+OP 1));Ct— (A8)

The following Beveridge-Nelson decomposition holds:

_ —j—3
Zpo1 —w(i—1 = Zb ve—i—1 + (1 — o) ZQ] Z bjve_j—j_2 (A.9)
j=0 =0
with
T t-2 T t—2 T oo
590 SRS, o) L EE BRI oo B
t=1 i=0 t=1i=0 t=1i=0
and EXXT. 1(2 gj Z 3 Eivt_i_j_g)z = O(T*7) as shown next:
t—3  t—j— T t-2 t—s—2
EZ(ZQ Z wiij2)? =BEY (D vs Y b5 j2)?
t=1 j=0 =0 t=1 s=1  j=0
T t—2 t—s—2
=2 D B ) obamj)
t=1s=1 7=0
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using the exponential decay of b;. As 1 — o = aT~", we can conclude that Ethzl(ét,1 -

wéi—1)2 = o(T'*") and Z;‘F:l(ft,l — w(i—1)? = op(T™M), by Markov's inequality. This
estimate and the bound

[T] [rT]

Z(Zt 1 — W) <Z(Zt 1 —wCi—1)” + 2|w| Z(Zt 1= Wl 1)22:(,5 1

establish (A.8).
Third, we consider

[TT] [rT] t—2 [tT]—1[rT]— [TT]—s—1
27 —t 27
TH” E a T1+,,§ > 0¥+ T1+,, § E o tuwws Y e
t=1 j=0 =1 s=t+1 =0

with the second addend on the r.h.s. being 0, (1), as shown next. It holds that

[tT]-1[rT]—-1 [tT]—s—1 [rT] [+T]
0 tugus Z 0 = (1- Q Z Z 0* fupws (1 — 92([TT]7S)) (A.10)
t=1 s=t+1 =0 t=1 s=t+1
with
2

[rT]—1[rT]-1
B> ot -
t=1 s=t+1

[rT]—1[rT]— [TT]—1[rT]-1[rT]-1
Z Z PUTVE@I) +2 YT Y0 Y o T T Ewined)
t=1 s=t+1 t=1 r=t+1 s=r+1
[rT]—1[rT]— [rT]-1
<CoT'tn 42 Z Z ot Z 92(37T)E(vtvr(v§ —02)
t=1 r=t+1 s=r+1

_ O(T1+”) 4 O(T1+"+8)
because, by (A.1),

[rT)—1[rT]— o
2 Z ot YD PETIBw (02 —02)| <
— r=t4+1 s=r+1

[rT)—1[rT]—
E(vivy -t
L<t<reirT)—2 B(UevrSp (i, frr)-1)] tX‘I th-:HQ
:O(TH"H'E)

using Lemma 1(c), such that (1 —gz)ZtTT] ZSTT;LIQ “tupws = Op(TH31+2)/2) py

Chebyshev's inequality, and a similar estimate holds for the aggregare contribution of the terms
in (A.10) involving 0*("T1=5)  Hence,

[TT] [TT]t—2
T1+77 ZCt 1= T1+7;ZZQ vioa- j+op(1)
t=1 j=0
under the assumption that n +¢ < 1.
Fourth,
[rTlt—2 [Tr]t—2 lrT) [t—2
Z Z Q2J'Ut27j71 = Z Z 92103,%;;1 +op(THH7) = Z Z 0% | o3y + op(TH)
t=1 j=0 t=1 j=0 t=1 \j=0
7T
A
Py oo +op(THH)
T 2a

t=1
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by formally substituting o2 =, with 1 in the proof of Lemma 2(f). The pointwise convergence
T—1=n ZLTTJ Zt 2 0%Iv2_ i-1 g = [My](7) is now immediate. In conjunction with (A.8) this

yields 7—1—7 ZLTTJ 22, & [M ](T) As the involved processes are increasing and the limit
function is continuous, the convergence is in fact uniform. O

Proof of Lemma 5(d). First, we expand El[;ji] Ze—1ut = Z)[;qi] Zi_qut + op(TH/241/2)
uniformly in 7, and second, we continue the expansion as ZET:Z;] Zi_qur = WZLT::,P Cequr +
op(Tl/z"'"/z), with Z; and (;_1 defined previously. Third, we show that

My (1)
773 Z( e ):( T 7 MY () (ML) (5)dB(s ) (A1)

by discussing its predictable variation and applying a Lindeberg-style martingale CLT. This is the
most involved step of the proof and its structure will be detailed later.

First,
[T] [tT] [t—2 [TT) 0o t—1 .
Z(zt—l —Z—1)ur = —(c/T) Z Z o | ur + Z Z Vi1 Z b || ut
= =1 |i=t—1 =0

—(C/T)ZUl(T) + ZUs(T).

Choose § = %(1 —mn) > 0. As max;<7 [§| = O »(T1/2), the process ZUi(T) equals with

probability approaching one the martingale ZU; (1) = Lﬂl] <Z 00O H{IEt i 2|<T1/2+o}ft —j— 2)
with

T t—2 2 2

Var(ZUy(1)) = Y B Zgiﬂ‘&_j_ﬂgl/ﬂégt_j_g u? <cT1+gsZ ZQ E [u?]
j=0 t=1 \j=

t=1
— O(T2+2n+25) — O(T3+7l)’

such that, by Doob’s martingale inequality, ZU1 (T) = 0, (T3/2%71/2) uniformly in 7 € [0,1], and
the same magnitude order is inherited by ZU1 (7). The process ZU>(7) is a martingale with

E|ZU1(1)\<Z Z Elvi_1 ,Zut|ZQ |bi— J|<cz > Zg |bi— ;]

t=1i=t—1 t=14i=t—135=0

T-1
_CZQJZ Z Ib\<C’ZgJZ (i + 1)|b| = O(T") = o(TY/?11/2)

t=1i=t—1

and, again by Doob's martingale inequality, ZU; (1) = o (T1/2+’7/2) uniformly in 7 € [0,1]. As a
result, Zt 1](Zt 1 — Z—1)ut = op(T1H7) uniformly in 7 € [0,1].
Second, thji (2t—1 — w(t—1)u¢ is a martingale with variance at 1 given by

T

T T
SE[Geo1 —wG-1)?ud] < 3 VEGEo1 — who) Bt < Y \/B(Eo —whon),
t=1 t=1
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where, by using (A.9) and Lemma 2.5.2 of Giraitis et al. (2012),

— t—j3j—3

) 4
E(Z-1 —w(-1)* < C |E (Z Bi”t—i—l) +(1-0)*E Z o Z bive—i—j_2
i=0

4

s=1 7=0

t=2 4 t—2  t—s—2
<C|E (Z bi”til) +T~4E Z Vs Z 0'bi_s_j_2
i—0

t—2 [t—s—2

= 2
SC <ZE%‘/EU?—'L—1> -’-7—‘7477 Z Z Q‘jEt_S_j_Q \/Ev;l
i=0

s=1 =0

2

[ oo 2 t=2 [t—s—2
<C <Zb12> TS D by
i=0 j=0

s=1

Further, in view of the exponential decay of Ei,

E(Z-1 - wG-1)! S C+0(T*) (ZQQ“ s>> =0(1)

uniformly in ¢ = 1,...,T, such that 37| E[(5i—1 — w(;—1)%u?] = O(T) = o(T'*") and, by
Doob’s martingale inequality, ZET:I;] (t—1 — wCt—1)ut = op(T*FM) uniformly in 7 € [0,1].

Third, we establish that the predictable quadratic variation of the l.h.s. martingale in (A.11)
satisfies

TT

LT7) FE_1v} Wﬁt 1Ei_1(utor) g)( [My](7) Lo 0 )

2 ﬁ(t—lEt—l(ut’Ut) T1+’1 ¢Z E¢_1u 0 %fo [My]'(s)[My]) (s)ds
(A.12)

Indeed, only the entries in the second row require detailed discussion. The analysis of the off-diagonal
entry relies on the martingale approximability of ZthIJ utve. We write

| T | Tr]—1 | Tr]—1 | Tr]—1 | TT]—1
Z Ct—1Be—1(urvr) = Z vy 0T g — Z ¢ Y 0% T usvs — By (usvs)]
s=t+1 s=t+1
(A.13)
where
|T7]—1 |T7]—1 | T7|—1 | Tr|—1 2
E Z ve o 0" ugus| < Z el > o lus
s=t+1 s=t+1
with
| T7]—1 2 |Tr)-1 |77 —1 | Tr]—1
E Z QSitilusvs = Z 92(8471)1*3(“?”?)4-2 Z 92(67t71)E usvsEs Z 0" Supur
s=t+1 s=t+1 s=t+1 r=s+1
|T7)—1 |Tr]—1 2
<CT"+2 Z 26—t JE(u2v2) |E | Es Z 0" Survy
s=t+1 r=s+1
T T
n 2s __ n+e
<CT"+C gla<xT Eg Z o" " Survy ZQ =0(T )
r=s+1 23:0

by using Lemma 1(e) and the condition € < 7. To deal with the possible nonexistence of a finite
second moment of the second summation on the r.h.s. of (A.13), we notice first that it equals, with
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probability approaching one,

| Tr]-1 | Tr]-1
2 Lugrisyve Do 07 T usvs — B (usvs)]
t=1 s=t+1

because max<;<7 |vt| = o(T/3) under uniform L4-boundedness of v;. By MD considerations,
the variance of the quantity in the previous display is
| TT|—1|T7]-1
Yo PETEIER{I,, cpi/sy vElusvs — Booi (usvs)]?} = O(TP/347) = o(T2F ),
t=1 s=t+1
By combmmg the previous estimates and Markov's inequality, we can conclude that
ZLTT Ct—1E¢_1(ugvr) = op(T1H71/2) provided that £ < 7.

Based on the martingale approximability of ZLTTJ (u? — 02,), we discuss next

| T (e dl
Z ¢P1Beauf = Z ¢iqup + Z G (Broauf —ud), (A.14)
t=1 t=1 t=1
where
| TT] |\ T t—2 , | TT]t—25—1 o
DI ES S0 SIS 3) o) P L MR
t=1 t=1 j=0 t=1 j=01:i=0
| T t—1 dl
—9 Z th S5V Z QQ(T—t—l)ug
t=1 s=1 r=t+1
| T7]t—1 | T7]
=23 Y o tuew Y 2TV (A5)
t=1 s=1 r=t+1
[T] [T7]
+20 Y Goave Y AT —02,).
t=1 r=t+1
The first term on the r.h.s. of (A.15) is 0, (7T117) by Chebyshev's inequality:
| T7] t—1 | T7] 2
(Y X d e 3 0oz, |
t=1 s=1 r=t+4+1
dl | T

Z Z g2(r—t—1)0,72“4 E(Z 0 UsUt

t=1 \r=t+1

[T]
oS [3 p0-m0z
t=1 Ls=1
_ | Tr]—1
P S R n )
s=1 qg=t+1
T t—1 T
< o71+3n 2n t—s 2
<CT +CT ZZQ 1§sr<nta<Xr§T Z E(vtvqu)
t=1s=1 q=t+1
T t—1
_ 1437 2n t—s Y
Seree tzlzlg 1§sglta<xr§T‘E(UwssT(t“’”)
—1s=

— O(T1+3n+s) — O(T2+2n)
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for e <1—mn, using (A.1) and Lemma 1(c) for the estimate involving a maximum. For the discussion
of the second term on the r.h.s. of (A.15) we define {; = Ctﬂ{\CtI<T1/2}' Vp = UtH{Ivf,|<T1/3} and

AYTy = Zkzzil 02(r=t=1) (42 — 52 ) and notice that, with probability approaching one,

| T7] el | T7] 3
Z Ct—1vt Z Pl —02,) = Z Ct—10t AT
t=1 r=t+1 t=1

because max;<¢<7 |t = o(T1/2) and maxi<¢<7 |vt] = o(T1/3); the purpose of truncation is
to ensure square integrability. Furthermore, we use the decomposition

| T | T7]
S G AN, = S G vm(AY], — BeAYT) (A 16)
t=1 t=1
| TT] | T7]
+ Z Ct—10te Br AT, + Z Ct—10t(1 — 1t) AYTy,
t=1 t=1
where ¢ 1= I{E;¢ [maXTST(S%(t+1 T))Q] < T1+%} for some & € (0,7) (notice that Ee[(A¥T, —
EtAPT1)?] < E[(ApT))?) < Et[ma’XTST(S%(t+1,r))2] a.s., by using eq. (A.1)). For the terms
in the decomposition in (A.16), first, by MD considerations,
L T7] 2Ty
. . 2
B> Gm1tu(AfT —BeAYT) | = D B[Go1tie (AR — BeARTy)]
t=1 t=1
LT7]

< STB[& 5B (AL - EeAVT,))
t=1

[T7]
< Y B[ 1B mas(S )]
t=1 -

T

5 2 2 5

S TN Gl o3 = O(T2H7H9)
t=1

= o(T2+277)
by Lemma 2(c) and given the choice of §; second,
|T7] .
E tzzl G0 Be AP | < TR ||EtAtuIl||2t:Zl NCe—1ll4 llvell

— O(T1+n/2+e) = o(T'+M)
by Lemma 2(c) and given that 2e < 7, and third,
L77]

P t; Go1ve(l — 1) AY; =0 | > P (i%igu = 1) -1
because
_ u 2 146 u 2 1+48
= H{Et[%a‘%((ST(thl,r)) ] <T T} > H{inéa% Et[lggljg%T(ST(sH,r)) | <T°7%

for all t =1,...,T,such that

P(ming=1)>1-P E u > it
({%l%“ ) - (t<a:1)5 t[1§Isn<arX§T(ST(S+1”")) 1>

> 1—T_1_5EET[1<1gl<aﬁ<<T(S§i(s+1,r))2]

_q_m—1=6 u 21— 1 _ —é
=1=T7 B[ _max  (S7(s41,n)7]=1-0(T"7)
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by Doob's martingale inequality applied to the martingale Et[max1<S<T<T(ST(S+1 T)) 1 (@t=
1,...,T) and by Lemma 1(b). By collecting the previous three results, we conclude that also the
second term on the r.h.s. of (A.15) is o, (T117), such that
(7T] [rT] t—2
T G =TT S S g ka5 5 [T 0 (s
t=1 5=0
by Lemma 2(e,f).
In view of (A.14), to establish the convergence of the predictable quadratic variation as stated
n (A.12), it remains to show that

[T] | T
Z Ci1(uf —Epqui) = Z v B + 20 Z Ce—1ve BTy = op(THH),
t=1 t=1

where By'T| := ZLTTJ 0?(r=t=1) (42 — E,._1u2). This can be achieved similarly to the discussion
of (A.16), though W|th some simplifications due to the martingale difference property E;B}'T; = 0.

We skip the details but mention that Sp., r) could be replaced by ST(t+1 "= ZS=t+1(us

Es—1u2), with E[max1<s<r<T(ST(S+1 T)) ] = O(T) as a consequence of the martingale
property of ST(l,r) and the uniform L4-boundedness of u; (e.g. Proposition 9 of Merlevede et
al. (2006) asserts this under much weaker conditions).

Finally, to complete the proof of convergence (A.11), a conditional Lindeberg condition now
suffices, by the function-space version of Corollary 3.1 of Hall and Heyde (1980). The following
conditional Lindeberg condition can be established along the lines of Lemma 3.5(ii) of Magdalinos
(2020):

2 2 2 2 2 2 T , , ,
vE | Sim1% vf | Gt 1 v Gr_1ug
ZE, < T1+n )JI Tt i > <N KG—1] > T2 B %

t=1

T
DI [(%+ 5; )ittt > 723}
()

= Op(l)
for any 6 > 0. In fact, the first and the second term on the majorant side are zero with
probability approaching one, respectively because max;<7 [(t—1]| = 0p(T/2) (by Lemma 2(c)

with wry = v,p = 4 and max; << Evf = O(1)) and maxi<¢<7 |vt| = op(Tl/Q) (because
max; <t<7 Ev} = O(1)). The third term on the majorant side is 0, (1) because it is non-negative
and its expectation is bounded by

22 F\/Pauwwm Y S o> )

< 22 \/Evaut \/ \/E(u Jue| > T7/2}) | = o(1)

Ti+n Ti+n

by Markov's inequality, by Lemma 2(c) for max; <7 E¢} ; = O(T?") and because u} are uniformly
integrable (a property inherited from the uniformly L4-bounded and stationary sequence 1, because
H is bounded).

Convergence (A.14) and the conditional Lindeberg condition imply convergence (A.11). In view
of the first two steps of this proof, also the convergence

My (T)
T1/2 Zl ( Tn/2zt_1ut ) = ( \/12faf0 [My]'(s)[My]' (s)dB(s) )



S.31 Extensions to IVX Methods

follows, making the convergence of T—1/2-7/2 Z)[;I;] z¢—1ut joint with the one established in
part (c). O

Proof of Lemma 5(e).
Apply the partial summation formula to obtain

(7]
1
Tz 2 D) =
t=1
[tT]-2 [tT]-1 t
1 1 t+1 t
T M 32 - X (59 ) (7)) (7))
t= t= j=1

We know from part (a) that %ZET;P zt—1 = 2Jeu(T), such that the first summand
converges to 2 b(7)J. 1(T). Moreover, since the Ornstein-Uhlenbeck process J. 1 (7) is pathwise
Hélder-continuous of any order a < 1/2, and b is Hélder-continuous of order 1, the second summand
converges to the Stieltjes integral £ [ J. 1 (s)db(s) as required. O

Proof of Lemma 5(f).
Apply the partial summation formula to obtain

[TT] [TT]—1
TiFn ; 2-1b(t/Txe—1 = @719, t; z¢b((t+1)/T)
1 [rT]-1 t c
~ i D zab/T) (wt - fftfl)
t=1 Jj=1

where the limit of the first summand on the r.h.s. follows with with part (e) and the weak
convergence of T_l/QE[TT].
Then, following the arguments in the proof of part (b), it straightforward to show that, uniformly
in T,
1 [rT]-1 [ ¢t rT]-1 [ ¢

T S D z-abG/T) wt:wﬁ S D0 2-1bG/T) | ve +0p(1)

t=1 \j=1 t=1 \j=1
such that, with v; orthogonal to 22‘:1 z;_1b(1/T), we obtain as required

1 [rT]—1 2

TiHn tZ=:1 jzt:lzjb((j +1)/T) (wt - %&—1) = % (/OT Zp(s)dMy(s) — C/OT Zb(s)JQH(s)ds) .
O

We now turn to the derivation of the limit bootstrap distributions.

Under Assumption 1.1, let A(2) := 1 — >-PT! &, 2%, whereas under Assumption 1.2, let A(z) :=
1—37P a2 for @; as in Az} = ¢zj_; + Y0, a;Az;_, 4+ v} Let further Y72, bzt =
(A(2))~! with by = 1. As the coefficients of A(z) estimate consistently those of (1 — pz)A(z) and
A(z) respectively under Assumption 1.1 and Assumption 1.2, and since (1 — pz)A(z) and A(z),
under the respective assumptions, have their roots outside a complex disk of radius 1 + 28’ for some
6’ > 0, it follows that with probability approaching one A(z) has its roots outside the complex disk
of radius 1+ 4’, such that the coefficients of the power series >2° b; 2% decrease exponentially
(|l;1| < C§* for some § € (0, 1),with probability approaching one). Since we are interested in results
'in probability’, in the proof of such results we proceed, without loss of generality, as if the roots of
A(z) were a.s. outside the complex disk of radius 1 + &’. Thus, as xf is initialized with zero initial
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values, under Assumption 1.1 we write x} = Zf;é l;ivfii, where b; a.s. decay at an exponential
rate which is uniform over T'. Similarly, under Assumption 1.1, we write
t—1
Az = bi(pri_;_1 +vi),
=0

T = Z((z‘i(l))’1 +07) (P iy + i),

where b; and the Beveridge-Nelson coefficients B;‘ a.s. decay at an exponential rate which is uniform
over T

We often use the estimates max;<;<7 |0t — vt| = Op(T_1/4) max1<t<T|ﬁt —v?| =
Op(1), maxi<i<r |t — ut| = Op(T™ 172y and maxi << [0 — u?| = Op(T~1/*) which
hold as a result of consistent parameter estimation and the assumptions on (u¢,vt). Their
standard implications where (¢, 0¢) are approximated by (ut,vt) are usually used without explicit
justification, e.g., 7, Z; %QQ 02 1= =T, Z; 392 vZ_ -1 +0p (TFM). In this specific
case, a possible justification would be

T t—2 T t—2 T t—2
S e Y | <2 e ool 3 Ml ()
t=1;j=0 t=1;j=0 t=1j=0
T t—2
— )2 2j — T1+n
+1r<nta<x (D¢ —ve) ;JZ::OQ op( )

because 37, ZJ 2 0% |ve_j_1| = Op(T ") by Markov’s inequality.

Proof of Lemma 6. As p, of the DGP of z+ cancels out in the definition of z¢,we assume that
pe = 0, without loss of generality. Also without loss of generality when distributional results are
concerned, we regard the independent sequences 1, and R; as defined on a product probability
space with a generic outcome (w,w™*).

In part (a) it holds that

(! [ | T | T7]

Z zZe—1up = Z ri_1utRe + Z (#t—1 — xt—1)ut Ry + Z zt—1(t — ut)Re,
t=—1 t=1 t=1 t—1

where ZtEIJ (z¢—1 — x¢—1)ut Rt and Ztg‘{J zt—1(tt — ug) Rt conditionally on the data are
martingales in 7 with, first,

2 717 \T7) T

T
. (Z(Zt—l - xt—1)Uth> = Z (-1 —@—1)?uf < Z (-1 —@e—1)* D uf = op(T)

t=1 = = t=1

because Zt*l uf = Op(T) and |zt — z¢|l, = Op(T~"/2 + o) under Assumption 1.2 (see
e.g. Lemma 4 (a) in Demetrescu and Hillmann 2020), and second,

<Z ze—1(tt — ut)Rt> Zzt 1(0 —u)? < 1r<ntat<x [t — we|? Zz?_l = o0p(T)
=1

t=1

because Zt:l Zt—l = Op(T) by Markov's inequality and the uniform L4-boundedness of z¢. By
using Doob’s martingale inequality, it follows that

77 ] |7 ) 7]
Z Zg—1up = Z re_1utRy +0;(T1/2) = Z E—1ut Ry +0;(T1/2)
t=1 t=1 t=1

uniformly over 7 € [0, 1]. Then, by using the Lipschitz-by-parts property of H,
| T7] (d

max Z Et—qus Ry — Z £t71uth = op(Tl/z)
T€[0,1] =1 =1
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by the same argument as in the proof of Lemma 4, with & defined there. As convergence in
probability to zero becomes %p convergence upon conditioning, the previous estimates holds weakly
in probability conditionally on the data, such that Ztgfj Zi—1uf = ZtEIJ € 1ut Ry + o;‘,(Tl/?)
uniformly over 7 € [0,1]. The limit of T_l/QZLTT zt—1u; asserted in part (a) will then follow

if we show that this limit holds for 7—1/2 ZLTTJ .£t_1uth, as we do next.
Similarly to the proof of Lemma 4, consider the representation

| T7] dl
S GawRe =Y ((Hi(&) Ho(k) ) [(WR)® > bihy 1 (A.18)
t=1 t=1 7>0

where 1), is as in Assumption 3. Notice that, by the ergodic theorem and the dominated convergence
theorem,
LT‘FJ

= Z (b)) @ > bibjh, by T Y bibE[( ) @ (vl )] =

4,520 4,520

G..S.

(A.19)

as it was already used in the proof of Lemma 4. Moreover, the convergence holds in the functional
sense (on 2) given that the involved functions are increasing and the limit function is also
continuous. For ¢ := (3, Rt) ® ijo bj,_1_j, let 2 be an almost certain event in the factor
space of the data such that Ey«||1)¢(w,w*)||? < oo for every fixed w € %, where the expectation
is taken w.r.t. the probability measure on the factor space of the bootstrap multipliers; such a 2
exists by the Ls-boundedness of v,. Let g7 be measurable functions from R*° to R such that
grN(Ys, Yy_q,...) are versions of E*[\|1/3t||211{||¢f”>N}] and the equalities

9N (P (W), P11 (W), ) = B [||7Lt(w’W*)‘|2H{||¢t(w,w*)\\>N}]

are satisfied for all T, N € N and w € %, such grn exist by the ergodicity of 4/, and the product
structure of the underlying probability space. By the ergodic theorem, it holds that

a.s. 72
fzgm(wt,wt_l,..o S A DA AR (A.20)
-1
for every N € N. Let &/ C % be an almost certain event in the factor space of the data such
that the countably many convergence facts (A.19) and (A.20) (with (A.19) counted as a single
functional convergence) hold simultaneously for every w € . Then, for every fixed w € &, the
process

[T7]
—1/2 Z (Y (W) Re (@) © Y bjhy_1_j(w) (A.21)
7>0
is a martingale with variance function
1 [T7]
= Z (% (@) ® D bibjhy 1 (@)1 j(w) 3 70

4,70
and, moreover, for every n, N € N, it holds for large T that

T T

1 7 *\112
7 2 B (9P 5,15 f;Ew [, P, ooy v

I/\

= % ZgTN(wt(W):wt—l(W), )
=1

7 2
= E[I911Ly g, 1503 -
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Since E[||¢1]? ]I{lele}] can be made arbitrarily small by choosing IV large, it follows that the
Lindeberg condition

T
*ZE[”W” OONPL g, (w1 5 VT m} ) = O

t=1
is satisfied for every n € N, and therefore, for every w € o7, the process (A.21) weakly converges
to a quadrivariate Brownian motion Bq with variance matrix at unity 2. Then, using the Lipshits-
by-parts property of H and representation (A.18), we can conclude that

[T7]

! Z §t 1(w)ug(w)Re (w* ):>/ [Hi.(s) ® Ha.(s)]dBq(s) = /\/X(s )dB(s)

Nl

for every fixed w € <7, where B is a standard univariate Brownian motion. As the probability of .«
is one and the underlying probability space has a product structure, the previous convergence yields

L7 ]

—1/2 Z £t 1utRt =q.s. /\/X(S dB(s).

By the earlier discussion, the same limit is inherited by T—1/2 ZtL:IJ &_1utRe in the weak-in-
probability mode.

We turn to part (b). Notice for further reference that, for s > ¢, it holds (a.s., without loss of
generality) that

t—1 t—1
[E*(2320)] < D [billbyy g |07_; < C° 0" 6207, (A.22)
1=0 =0
Let & := >!20 bjvs—iRy—;. Then
| T7] | T7]
Z Zi_qui = Z & queRe
t=1 t=1
| T7] | T7] [ TT]¢t—1 .
+ Y @ =& DR+ Y @ (e —u)Re — (1—0) Y > daij_ouj
t=1 t=1 t=1 5=0

where, conditionally on the data, the processes Z%TIJ( xi_q —&f_1)utRe, thJ xy_q (U —

u¢) Ry and ZLTTJ Zt_o oz j—ouf are martingales in T with, first,

T 2 T t—2
- (Z($Z1—§t*1)uth> ZE*[(% 1—51571) ]ut ZZ(b D1 —bivi—i—1)? ut
t=1 t=1 t=1:i=0
T t—2 T t—2
<2) 0D b (0r—ic1 —vemion)up +2 Y (bi = bi)*viquf
t=11=0 t=11=0
> T T t—2
§21r<na<XT(13t—vt)2Zb Z +C r<nax \b —b; |ZZ§ ’Ut z_luf
t
== i=0 t=1 t=14=0

= o0p(T)
by Markov's inequality for Zt 1 Zt 2 6lvt Z_luf, second,
T t—2

T
E* <Z i1 (e —Ut)Rt> ZE* zi1)?)(ae — w)? = Zzgfﬁ?_i_l(ﬂt —ur)?
t=1 i=0

2 2
<1r<nta<x (it — ut) Zb th =op 1)th = op(T)
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and third, using (A.22),
2

T t—1 T t—1
. 5 L
ZZ@J:ﬂLjfzuz‘ :Zut Z QJJFZE*(UULFQQCZLJ;Q
t=1;=0 t=1  i,j=0
T t—14—1 t—1 .
SO aid D ey 3 e
t=1 1= 03 0 k=142
<oy @Yo Y seng
t=1 1=0 k=i+2

<C(+0p(1 >Zutzg Z 5= 202 = Op(THH)

1=0 k=i+2
by Markov's inequality, as E(ufvf_k) are bounded uniformly in ¢,k and

T t—1 t—1

ZZ Qi Z 62(’(277;72) _ O(T1+n).

t=1i=0 k=i+2
Hence, by Doob’s martingale inequality,

|77 | T7]

D oaqup =Y & qwRe +op- (TV?)
t=1 t=1
uniformly in 7. Further, similarly to the proof of Lemma 4, let
- t t
i1 = hZI(?) Z bjar_1—jRi—1—; + hgg(f) Z bjer—1—jRi_1_j.
j=0 j=0

Then, as in the proof of Lemma 4, the Lipschitz-by-parts property of ha1, hoa can be used to check
that

| T7] [ _
max D GawmRe— Y & qwRe| = 0p(T'/?).
T t=1 t=1

As convergence to zero in probability becomes :>p convergence upon conditioning, it follows that

tLTIJ Zi_quf = Z,ETJ € JutRe 4 op+ (T/2) and part (b) will be proved if we show that
T-1/2 ZLTTJ §t Lut Rt conditionally on the data converges weakly in probability to the asserted
limit of T—1/2 tLT‘lrJ z{_juj. We show this convergence next.

Consider the representation

|T7] | T7]
S GawRi=Y (Hi(5) Ha(g) ) |($R)®Y bjthy 1 jRi1-;
t=1 t=1 >0
(A.23)
Notice that, by the ergodic theorem and the dominated convergence theorem,
LTTJ s
= Z (Petp}) @ D b3y 3T Y WIE[(19h) ® (Yl )] = T

7>0 7>0

and

1 & as. .
2 18 1Lz 1503 ) 5 B (19515
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where 1, is as in Assumption 3 and ¥; = (Y, R¢) ® Zj>0 bjvy_1_jRi—1—j. As a result,
similarly to the proof of part (a), in the factor space of ¥, there exists an event .o7* of probability
one such that, for every fixed w € &*, the process

ed! | T
T2 3" (hy (W) Re (W) @ D bjtpy 1 j(w)Rem1—j(w*) =T72 D" g7 (w,w*)
t=1 j>0 t=1

(A.24)

with randomness originating from w* alone, is a martingale with variance function

LTTJ
= Z(wt(wm(w) ® > b3yt j(w) = O

7>0

and satisfies the Lindeberg condition

T
1 . .
f;l]aw (1193 @) P s oy 15 v

for all n € N. By a martingale FCLT it follows that the process (A.24) converges weakly to a
quadrivariate Brownian motion B¢, defined on [0, 1] and having variance matrix Q*. This fact and
representation (A.23), together with the Lipschitz-by-parts property of H, imply that

1 L7

Wil Z &1 (w,w*)ur(w) Re(w :>/ [Hi.(s) ® Ha.(s)]dBg& (s /\/X (s)dB(s

for every fixed w € &*, where B is a standard Brownian motion. As the probability of &/* is one,
and given the product structure of the probability space, the previous convergence implies that

LT

—1/2 Z € jutR Za.s. /\/ 5)dB(s)

conditionally on the data, and hence, the same convergence holds also weakly in probability. By the
discussion earlier in this proof, the convergence is inherited by 7—1/2 Z%TIJ zf_ju} as asserted
in part (b).

In part (c), we first find that

|Tr]—1 |Tr]—1 |Tr]—1 /2 rirr) -1 1/2
STE?? - @EDAS D) GE-a)+2| Y (F—ap)? > @)? ;
t=1 t=1 t=1 t=1
where, using (A.22),
| Tr|-1
> e - =
t=1
lTr]—1 2 [Tr]—1 t—2
(1-0)? Z E* ZQJ% jo1 | =aPT T Z ZQZJF]E*(«'L';—i—lwz—j—l):
t=1 1,7=0
T t—2 4 t—i—2
Op(T™2M Y D > o His I Z 0H0F_ gy =
t=1i=0;5=0

T t—2 t—i—2

Op(T™ 2")229 Z 5% 0F i g1+ Op(T' ") = Op(T )

t=11i=0
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by Markov's inequality, such that
| TT|—-1 | Tr|-1

Do GEDP=TT Y (@) o (D)
t=1 t=1

again by Markov's inequality. Second,

T

t=1

| Tr]—1 |T+)—1 |T7) -1 1/2

D@ =S Y @) +2| Y (af —&)?
t=1 t=1

t=1
where
LTTJ —1 T

L+T71) (x))

1/2
2]

| TT|—-1

> oE?
t=1

T
Do (@ - <Y B wii — &) =) (bibr—io1 —bive—i—1)?
t=1

t=1

(A.25)

1/2

)

t=1
T t—2 T t—2
$23° 3 B v #2303 - b
t=11i=0 t=11i=0
T t—2
<2T r<nax (vt—vt)QZbQ—i-C max |b; — b |ZZ6 w2,
1=0 t=11i=0
= op(T)
using Markov's inequality, such that
|Tr]-1 \_TTJ—l 1/2
R S R T (820
t=1 =
again by Markov's inequality. Third,
[Tr]-1 [Tr]-1¢t-1 t—1
Z (gt ZbQUt th z _2 Z Z Z bbvt iVt — ]Rt 1Rt -7
t=1 t=1 i=0j5=1i41
where the r.h.s., conditionally on the data, has expected square bounded by
[T7]-1t—1 t—1 [Tr]-1 T t—1 t—1
43 > > Iallbjlofiof; D bs—eillbs—ersl SC DD D [billbslvi
t=1 i=0j=i+1 s=1 t=1i=0 j=i+1
by Markov's inequality, such that
|TT]-1 t—1 |TT]—1¢—1
(A.27)

Tt Z [(5;)2—2 fvi_Ri | =T"" 2; Zb? iRy i T op=(1)
t=1 i=0

t=1 1=0

again by Markov's inequality. From (A.25)-(A.27) it follows that 71 ZLTTJ _1(z2“)2 will converge

to the limit asserted in part (c) if 771 ZLTTJ ! Sl 22 ;R?_, converges to that same limit.

i=0 % Vt—i
We establish the latter convergence next.

From the Beveridge-Nelson decomposition Zl éb% t2 zRf i
t—1 .2

i—0 czvt_in_i for an appropriate exponentially decreasing sequence c;, it follows that

| T7]—1¢—1 | T7T]-1 | Tr]-1

Z sz Vi— ’LR? z:NZ Z Ut2+’<'2 Z U?(R%71)+’5LT7—J7176
t=1

1=0 t=1 t=1
| Tr]-1

Z v+ op(T)

by Chebyshev s inequality for 71 ZLTTJ_l vZ2(R? — 1) and Markov's inequality for the quantity
ZLTTJ |cZ|vLT_I_J i1 LT-rJ—z‘—l' AsT—! ZLTIJ v2 B [M,](7) by Lemma 3 and the limiting

0

=K vt2R2 + A7y, where vy =

; = Op(T)
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function is continuous, we can conclude that

LTTJ*lt—
VST ST RE B M) (7).
t=1 1=0

As, in addition, the functions on the |.h.s. and the r.h.s. of the previous convergence are increasing,
the convergence is uniform in 7:

LTijlt 1
sup Z Zb2vt JR2_ — [My)(m)| B0
T€[0,1] =1

Finally, since convergence in probability to zero implies :p>p convergence to zero upon conditioning
on the data, it holds that 7! ZLTTJ_l Zf_é b2 R2 . £, [My]() in 2 conditionally on
the data, which establishes part (c) by virtue also of the earller discussion.

Finally, in part (d) the full-sample bootstrap residuals computed under the null hypothesis are
af =uf — T~ 3T u¥, such that

7] 2 7] 1z
TT TT|
7 2 N - < J(Z@) 2T 5~ S )
s=1 s=1
Here, first,
T 2 T
E* <Z u’;> =Y a2 =T62(0,1) = Op(T)
s=1 =
by (A.2), such that "7 u* = O;(Tl/Q) by Chebyshev's inequality. Second,
[T7] 1 [T7] 1 LI
wat S Y= Y R - )=o)
t=1 t=1
again by Chebyshev's |nequa||ty.
| T7] 2 T T T
E* | Y a(R;—1) | =C> af <CY uf+CY (i —us)* = 0p(T)
t=1 t=1 t=1 t=1

because u¢ are uniformly L4-bounded. Therefore,

1 T LTTJ

T Z (uz) Z a7 + op(1) B [M](7)

t=1

by (A.2). Returning to (3), it follows that T_lztEIJ (@)? = [Mu)(7) + 05(1), where the

infinitesimal term is uniform in 7 because the involved processes are increasing and [My](7) is
moreover continuous. The discussion of bootstrap residuals @4y computed over subsamples is similar.
O

The proof of Lemma 7 will make use of the following estimates.

Lemma 9 Under Assumptions 1.2 and 3:

(3) maxj<s<i<t |[E*(vix})| = Op(1)92 and E*(viz}) =0 for s > t;

(b) maxy <, <t [B*(@iaf)| = Op(1) i, 67

Proof of Lemma 9. For s > t, the expectation in part (a) is zero by the conditional independence
of v} and zj. For s <t it holds that

t—s—1

D [(A@) T+ OIE  (vizf_; 1) + [(AL) ™" + be—s]02
=0

t—s—1
SC(I@ > E*(v;"w?_i_l)lJrﬁf)

i=0

[E*(vsz7)| = |
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with € := |A(1)| 1 + sup; > (|bi] + |l§:|) = Op(1). Thus, by recursive substitution, |[E*(viz¥)| <
Co2 and [E*(vix ol S_C’(l + C|p])i02 for i > 1. These imply the estimate |E*(viz})| <
C’(l + Cle))T92 uniformly in t =1,...,T. As ¢ = Op(T~1) and (14 C|¢)T = O, (1), part (a)
follows.

Using the previous estimate, in part (b) we find that

t—1
[E*(elzi)| = D _{(AQ) " + by HeE (zlai_;_y) + E*(Izvfi)}‘
1=0
t—2
<0 (1 i) +c<1+cw>Tza2) .
i=0 i=1
Again by recursive substitution, |E*(m |< c2a+Cp)T 192 and [E* (viz})| < 02(1 +
Clg)T+t= 12_1 92. The estimate maxlgs,t§T|E (ztz )\ < 02(1 + Clg|)2T e 1?
follows, and since C|<p| Op(T™1), also part (b). a

Proof of Lemma 7. In part (a), we write
T2 [N3 (1) = Nj(r)] = TOFD2DNG (7) + DNfo(7) + DNz (7))

with
[Tr] ft—2 t—j—

j—2
TOEMRDNG (1) i=¢ > | Do) > b o | u
1=0

t=1 \j=0
|TT]t—2 t—j—2

T(Hn)/QDN:B(T) = Z ZQj Z Bivt*—i—j—l —wup_ g | uf
t=1 j=0 i=0
[T7]

TOEDEDNGS(r) o= Y Gy (uf —ir).
t=1

and notice that T(1+")/2DN;11(T) is a martingale conditional on the data, with conditional
variance at 1 given by

t—2 t—j—2t—k—2

.9 Lk ~a
® Z Z Q]+ b;b E*(mt i—j— th m—k— 2)
t=1 \j,k=0 =0 m=0

T T t—j—2t—k—2
=0p(@* D 07> D D lbibml | @
=0 m=0
by Lemma 9(b). Further, as $> 37| 92 = Op(Tfl), this conditional variance equals

T—2 T—2 T
Op(T™1) (Z |5i|> > o Z Op(T?7) = op (T*HM).
i=0 j=0 t=1

Therefore, by Doob's martingale inequality, sup[OJ] |IDNZ(T)] = op(1).

Sincew — 320 b = A1) — (1= P, @)~ = 0p(1) and Sup[o,1] ‘Zt IJ Z] 2 olvr jourl=
O*(T1/2+77/2) by Doob'’s martingale inequality, it will follow that supg ) [DNFo(7)| = op(1) if
we show that supyg 1 |D To(T)] = 0} (1) for

<83

&

2

|T7] t—2 t—j—2

J o
TUM2DNA, () : = Z Z o’ Z bivi_;_j_1— Zbivf,j,1 uy.
i=0 i=0

t=1 j=0
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Consider the decomposition

t—2  [t—j=2 0o — t—j—3
DI DD b =Y b | = Zb CHEN 1+(1—@)ZQJ Z bfvi_;_j o
3=0 i=0 i=0
(A.29)
It holds that 171 S =2 broy_, jup and SEITI(NIZE 00 ST B brer,_p)up are

martingales conditional on the data with conditional variances at 1 equal respectlvely to

2 2 T t—2
Z B <Z vfz‘1> ap =y > )07

t=1 i=0 t=1i=0
T t—2
= (1+o0p(1)) ZZ (b;)2v7_;_yui = Op(T)
t=11=0

and

M=
&
*
™
rb&)
™
K
RS
!
d
&
5
[l
M=
&
*
™
@*
™
rb&)
SN
.
d
&
&

t=1 7j=0 i=0 t=1 s=1 7=0
(A.30)
T t—2 t—s—2 2
=2 0| X b @
t=1s=1 =0
T t—2
~0, 3 (Sotatt0 ) t
t=1 \s=1
T t—2
—0, 3 (a0 )t
t=1
-0 (T1+"1)
using the estimate ‘Zt o= 29'13,5_5_]-_2’ < Czt 8=2 pigt—s—i=2 = = 6(9t s=1 _

§t=571) = O(p*~*) ass. (§ € (0,1)), and Markov's inequality. Therefore, by Doob's martingale
inequality, it holds that

[Tr]¢—2 T7) =3 t—j—3
sup Z bev?_i_lut O*(T1/2) and sup Z (Z I Z bivi_;_j_o)ui :O;(T(H—")/Z)
0,1 1=1 i=0 0.1 =1 j=0 =0
As 1 —p = O(T™"), by combining the previous conclusions it follows that indeed

supo,1] DN ()] = 03 (1).
Finally, also T(1+")/2DN:’F3(T) conditionally on the data is a martingale and its conditional
variance at 1 is given by

T
max (Gt — ug)? Z E*(¢7q)?

T
;[E*(Ct*—l)Q](ﬁt —ur)? < A 2
T t—2
= OP(l) Z Z QQ]UtZ j—1
t=13=0
T t—2
=op(1) Z Z 92jvt2—j—1 + Op(TlJrn) = Op(TlJrn)
t=1;=0

by (A.17) and by Markov's inequality for Zt_l Z] 0 927v?7j71 = Op(T™). Therefore, by Doob's
martingale inequality, supyg 1) |D T3( T)| = o5(1). Part (a) follows by combining the previous
results.



S.41 Extensions to IVX Methods

In part (b), let {; := wzz;é 07 %y_j, (e, t) == (ut,ve)Re. Consider first

T T t-2
E* Z(G—l Ce—1)%u3 —ZZQ](W j—1 = ve—j—1)’uf
t=1 t=1;=0

1<t<T

T—2 T
< max |6 —ve|? Z 0% Zu? = 0p(THHM).
7=0 t=1

Hence, by Markov’s inequality, 71— Zle(Cf_ —(1)? u? =o 5 (1). As a result,

[T7]

T T T
D OG-1)? = (Ge-1)?u? Z(Ct*q —Gi—1)%ui + 2\J DG - Et—l)QU%J > CGgu?
=1 t=1 t=1

t=1
= op (T ) 4 205 (T )4/ Vi (1)

with Vip(7) := T 1~ "ZLTTJ ¢? ,u?, such that
Vi (7) = w?Vip(r) 4+ 05(1) (1+ V(1)) (A31)
pointwise.

Next, it holds that P*(max; << |v¢| < T1/3) = {max; <, <7 |ve| < TV/3} 20 because
max; << |[vt| = 0p(T1/3). Then, with v = I{|ve| < T"/3}uy, the decomposition

[Tr]t—2 \[T7] t—2
Ty = Y Y 0Vei i uit > Y o T b k1w
t=1 =0 t=1 5,k=0
[T7]¢—
=3 3" 0¥} yuf + DVir(r) +2DVar(r) + o5(THH7)  (A32)
t=1 j=0

holds, where DVip and DV are square-integrable under Assumption 3 and defined as follows.
On the one hand, DVip(r) :== LT 62(R2 — 1) ST 020 == D2 has

2
T-1 T
E* (DVir(r)® < Var(R}) Y wd | D> o207 Vuf
s=1 t=s+1
— T 2 T
<o ot | 3 o] b s ot | 3 0o
= t=st1 == t=s+1
T-1
< [Op(T) + Op(T?M)] 3 v
s=1

by Lemma 2(d). Therefore, E* (DVy7(7))2 = Op(T2) 4+ Op(T21H1) = 0,(T2+27) such that
T=1=1DVip(7) = 0}(1) by Chebyshev's inequality. On the other hand,

[ TT]t—2 t—2

DVar(r):= > 3" > oFRi j 1 j 1R g1V go1uf
t=1 j=0k=j+1

|_T‘rJ 1 | Tr]—-1 | TT]

Z Rss Z gr SRT'UT Z QQ(t_T_l)’u,?

r=s+1 t=r+1
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has
T 2
(DVQT(’T )2 < Z Z 2(7‘75)1}3 Z QZ(tfrfl)u%
r=s+1 t=r+1

T-1 T-1 T—r
— Op(T) Z Z 2(r—s) 2 Z Z 2(7‘—5)1)7% <Z QZ(t—1)>

s=1 r=s+1 r=s+1 t=1

by Lemma 2(d) and further

T—1 T—1
E* (DVar(1))? = Op (T2 + O(T?1) 3" 02 57 2r=9)42
s=1 r=s+1
= Op(T?*7) + 0y (TH37) = 0, (T?27)

using Markov's inequality, such that T—1="DV,p(7) = 0j(1) pointwise. Combining the previous
results establishes the pointwise expansion V(1) = T—1~ ”ZLTTJ ZJ -0 ,QZJ’Ut o1 2+ op(1)

and, in view of (A.31), also point (b).
Part (c) follows by combining part (b) with Lemma 2(f,g). O

Proof of Lemma 8. In view of Lemma 7(a), to proof part (a) it is sufficient to show that
Ni(r) £, \/%IOT [My(s)][Mu(s)]'dB(s). We accomplish this by means of a Skorokhod
representation on a probability space with a product structure.

Similarly to Lemma 3.5(ii) of Magdalinos (2020), the conditional Lindeberg condition
St B {cH > 1/n} = op(1) holds for ¢ := T—(1FmM/2¢x iy and all n € N. In fact,
as

t—2 t—2
E[E*(¢G_)*] = 294]11? j E(R;_ ])+6Z Z 2(z+])vt2—i—1vf—1—j
j=0i=j5+1
T—2 T—2 o
<C sup Euv} ZQ4J+GZ S P | = o),
1<t<T oS

it follows that max; <7 [¢/_;] < [Zt 1(&Gy) 4174 = O*(T1/4+”/2) by Markov's inequality, such
that
T s
8 2
ZEt 1(PH{Jet| > 1/n}) < ZEt LIS > ———}

= +=2 n

+ ZEH« {|Ri| > TV/1%))

T

+ 3 Eiy (PH{[ue] > TY8}) = 0p+ (1)
t=2

because

1+n

T 1 _ 1 __14n

T 8T 2 T—3T =

p* § 2141 ¢ -~ " 1=0])<1-P*(m * - - -
(t_;t {I¢e=11 > o } >_ <t<a%<|§t—1|> - )

=1- OP(1)7

2
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T T
BB Y By (P Rel > TV10)) | = 77171 3 B (B (o) 2 ud R | Re| > T'/10)
t=2 t=2
T t—2
=TIy Y VB uf RI{|Ry| > TV1OY)
t=23=0
T t—2
<7 STST  Bui | \JEGERI{ Ry | > TV/8Y)
t=235=0
T t—2
=o' > 0¥ =o(1),
t=2;=0
and similarly
T T t—2
BB 3By (FHlul > TVo) | <7710 ST 0%, Bof\[BRIB I jud| > T1/5)]
t=2 t=2;=0
T t—2
<o(T™ "MD" 0¥ =o0(1)
t=2 ;=0

using the uniform integrability of uf (inherited from the uniformly L4-bounded and stationary
sequence 1, because H is bounded).

For X7 = (zo0,..,z7-1), Yr = (¥1,..,y7) and R} := (Ri,..,Rr), _write
St = ct(XT,YT,R?‘F) for the measurable transformation defining <, and similarly, Vi =
Vi (X7, YT, RY.). Fix the measurable functions functions g, : R3T 5 R as grn(z,y, RY}) =
ST, E:_l{gf(:v,y,R})]I‘gt(w’wa*T)Dl/n} such that, by the independence of (Xr,Yr) and
R, it holds that g7, (X7,Yr,RY) = ZIZQEf_1{<3H|%t|>1/n} a.s. Introduce also 67 :
RST 5 R by 67 (2, y, Rp) 1= supjo ) [V (@, y, R5)(7) — % [ [Ma(s))/[My (5)]'ds| such that
o7 (X1, YT, RT) = 0p(1) by Lemma 7(d). Then the R°°-valued function

yr (X7, Yr, RY) == (67 (X1, Y1, RY), 971 (X1, YT, RY), 972 (X1, YT, RT), ")
satisfies y7 (X7, Y7, R}) = 0p(1) in the sense that d(yr (X1, Y, R}),0°°) = 0} (1) for the
Frechet metric d and the zero sequence 0°° € R*°. Equivalently,
E* f(d(yr (X7, Y7, R}),0%)) % f(0)

for every continuous and bounded f : [0,00) — R. Let {fr}ren be a countable collection of
continuous and bounded functions [0,00) — R such that for any wr = wr(RY,) the convergence

Efi(wr) = f(0) for all functions in this collection is equivalent to wr B0 (the expectation and
the latter convergence are w.r.t. the distribution of RY.). Define on the support of (X7,Yr) the
measurable deterministic functions hr (-, ) = Efi (d(yr (-, -, R}.),0°°)) (the expectation is w.r.t.
the distribution of R%.), such that hry (X7, Yr) = E* fr.(d(hv7 (X7, Y7, R%.),0°°)) a.s., then

X1 (X7, Yr) = (hr1 (X7, Y1), hra (X7, Y1), ..) & (f1(0), £2(0), )
in R>®. By extended Skorokhod coupling (Corollary 5.12 of Kallenberg 1997), there exist a
probability space and random elements ()N(T,Y/T) 4 (X7,Y7) such that XT(XTJ?T) L3

(f1(0), f2(0),...). On an extension of this probability space, define the i.i.d. R} 4 R; and
R% := (R1,..., RT). Choose an almost certain event < in the factor space of (Xr,Yr) such
that, for every fixed w € & and every k € N,

Ef(d(yr (X7 (@), Yr (@), RBT),0%)) = hrp (X7 (W), Yr (@) = fi(0),

where the expectation is w.r.t. the distribution of RT = Ryp. Then, due to the choice of
fr, it follows that d(yr(X7(w), Yo (w), R%),0°)5 0 for every fixed w € . Equivalently,
WT(XT(w),f/T(w),]%}) 2, 0% for every w € 7. A component-wise reading of this convergence
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shows that, for every fixed w € /, the conditions (predictable variance + Lindeberg) of a
martingale invariance principle apply to N7.(7) (redefined on the Skorokhod representation space)
and regarded, upon fixing w € ., as a transformation of Ry alone. Specifically, N 7(T) on the
Skorokhod representation space weakly converges to a continuous Gaussian martingale W|th variance

;’—;fg[Mu(s)}’[Mv(s)}’ds for every w € &7, and therefore, almost surely. Thus, on a general

probability space IN7.(7) converges to the same (nonrandom) limit weakly in probability.
We now turn to the proof of part (b). The steps are analogous to those

in Lemma 7. We show that, first, ST (27 1)2 = &2 ST (¢ )2 + on(T—17m)
pointwise, next, ZLTTJ €12 = ZLTTJ ZJ O,QQJ’Ut j—1 T op(T™ 1=7) pointwise, and last,
\T
T-1- nz TJ ZJ OQZJvt i 1:>p Qan(T)
To accompllsh the first step, for z; := ijl 0% Z 2, iVf_j_;—1 we find that

T T t—j—2 2
D R L] D
t=1 t=1
T t—2  t—j—2t—k—2
:¢2 QQ(J-HC) Z Z bime*(mt7j7i72xszfm72)
t=1j,k=1 i=0  m=0
T T 2w \?
~o,a Yt (3o | () oy
t=1 j=1 i=0
using Lemma 9(b), such that 7—1—7 ZLTTJ (2f_1 — %)? = 0p(1). Hence,

| T7] | T7]

T T T
Z (4—1)2 - Z (Z5-1) 2 Z 21— gt)Q +2 2(575*71)2 Z(Zzll —Z)? (A33)
t=1 t=1 t=1 t=1

t

Il
N =

— o3 (1) (1 +7m Z(zz‘m) ,

t=1
Similarly, by using the decomposition

— t—j—3

1 —w(i_g =~ Zb vi_i_1+(1—0) ZQJ Z bvr__ j—2

with
T t—2 T t—2 T [eS)
E*Y Qo biui)? =3 > (05071 < 07 Y (67)? = Op(T)
t=1 i=0 t=1i=0 t=1 =0

and E* 23;1(2 00 Z -3 b*’UZ‘,i,j,2)2 = Op (T M), the latter by formally substituting
42 with 1 in (A.30), we can conclude that E* 3T (35 | — &¢r )% = op(T'F7) and
2321(2?_1 —a¢r )% = o;(T_l_"). Therefore,

| T | T

T T
Z(zH)Q—*2 Z(cflf <Z(zt L= @G )P 2000 | D (G2 [ Do E L — e )2
t=1 t=1

T
= op(T) (1 + 71 2@2‘1)2) :

As it will be shown next that 7—1—7 23;1(@71)2 = Op(1), from the previous estimate and

(A. 331)+|t follows that SSHT) (27 )2 = @2 ST (¢ )2 + on(m+m) = w2 ST (¢ )2 +
oy (T1FM).
P
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At the second step, by formally substituting (7",9¢,u¢) with (l_TTJ ,vf,1) in the discussion

of eq. (A.32), it can be concluded that ZLTTJ ¢ )2 = tLETJ Z] 0 QQJUt j—1T0p (Tl""”)

T T
Then ST (¢ )2 = SHETIS0022 0202 ) 4 03(T17) by (ALT).
Finally, in the third step,

| T7]t—2 [T7]t—2
DD Vi =Y > 0¥or 1 +O(T)
t=1 j=0 t=1 j=0
[Tr) f12 7 77
=Y | XV e roar = - 3 ot o
=1 \j t=1

by formally substituting (T,02,) with (|T'7], 1) in the proof of Lemma 2(d). The pointwise
convergence T 1~ "ZLTT ZJ OQQJUt i1 %[Mv]( T) is now immediate. In conjunction

2
with steps one and two it yields 7177 ZLTTJ (zr )% $=[My](7). As the involved processes
are increasing and the limit function is continuous, the convergence is in fact uniform.
The proof of part (c) is a matter of routine and we omit it for brevity. O
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Appendix D: Additional Monte Carlo Simulations

D.1. Single Predictor Case

Our baseline DGP for all simulation results below is the same as the one that was used in Section
5, i.e.,

ye = Bri—1 + us, (D.1)

where x; satisfies the additive component model
Tt = pTi—1 + we, (D.2)
wy = Ywp_1 + vt. (D3)

The autoregressive process characterising the dynamics of the putative predictor, z¢, in (D.3)
was initialised at g = 0. Results are reported for a range of values of the autoregressive parameter
p in (D.2) that cover stationary, persistent, and mildly explosive predictors; i.e., we consider
p=1—¢/T with ¢ € {-5,-2.5,0,2.5,5, 10,25, 50, 75, 100, 125, 150, 200, 250}. The specific
generation mechanism of the innovation vector (ut,vt)' used to generated the artificial data for
each specific DGP that will be considered is characterized in each Table, and four values for the
innovations' correlation are considered, ¢ € {—0.95,—0.90,—0.50,0}. For all cases results are
reported for samples of length 7" = 250 and 7" = 1000.

Specifically, results based on the following DGPs will be reported:

= DGP with positively and negatively autocorrelated predictor innovations: To evaluate the
impact on the test statistics when the autoregressive process of the predictor displays short-run
dependence we generate data from (D.1) - (D.3) with 1) # 0. The two cases considered are:
- DGP3: Positively autocorrelated predictor innovations (¢ = 0.5); see Tables D.1 - D.4.
- DGP4: Negatively autocorrelated predictor innovations () = —0.5); see Tables D.5 - D.8.
= DGP with Unconditional Heteroskedasticity: To evaluate the impact of unconditional
heteroskedasticity a contemporaneous one-time break of equal magnitude in the variances of
ut and vy is considered. Specifically, defining the variance of (ut,vt)’ as

5, — o2, POutTyt

2
POvtOut Out

in DGP5 the simulation design considers an upward change in variance such that crﬁt = ogt =
1I(t < |0.5T|) 4+ 4I(t > |0.5T'|), and in DGP6 a downward change in variance is imposed,
ie, 02, =02, = 11(t < |0.5T]) + i]l(t > |0.5T|). Notice, therefore, that in both DGP5
and DGP6 the correlation between u; and vy does not display a break and is equal to ¢
throughout the sample. These experiments allow us to examine the impact of unconditional
heteroskedasticity, both in isolation and in its interaction with ¢, on the finite sample size of
the tests. In both DGPs change in variance of a larger magnitude than we might expect to see
in practice is imposed, but this serves to illustrate how the tests behave in the presence of a
large change in unconditional volatility.
Hence, the two cases for which we provide results for are:
- DGP5: The innovations are characterised by an upward change in the unconditional variance;
see Tables D.9 - D.12.
- DGP6: The innovations are characterised by a downward change in the unconditional
variance; see Tables D.13 - D.16.
= DGP with Conditional Heteroskedasticity - GARCH(1,1): A further important feature of
financial data is conditional heteroskedasticity. Hence, to evaluate the impact of this feature on
the tests performance innovations (ut,v¢)’ are generated to exhibit time-varying conditional
second-order moments according to the design,

0
(Utﬂ)t)/ _ { O'St

1 ¢
o1 :|77t; E(n,) =0, E(nm)=:Qp= { 1 ]

P

where 1, := (n1¢,m2¢)" is an i.i.d. vector drawn from either a bivariate Gaussian distribution
or a (heavy-tailed) bivariate Student-¢ distribution with 5 degrees of freedom. The innovations’
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covariance matrix 2, depends on the contemporaneous correlation coefficient ¢, ¢ €
{-0.95,—-0.90,—0.50,0}. The conditional variances {c2} are driven by (normalised)
stationary GARCH(1,1) processes U%t =1-a-p8)+ aeit71 + 501-27t71, i = 1,2 with
a,8>0and a+ B <1, such that E (u?) = E (v?) = 1. We consider (a, 8) = (0.1,0.85).
Hence, the two cases considered are:
- DGP7: GARCH(1,1) with Normal Innovations; see Tables D.17 - D.20.
- DGP8: GARCH(1,1) with Student-t distributed innovations with 5 degrees of freedom; see
Tables D.21 - D.24.

= DGP with Conditional Heteroskedasticity - GoGARCH(1,1): In addition to the GARCH
we also consider a GoGARCH characterisation of the conditional second moments of the
innovations. Specifically, innovation vector (u¢,vt)’ is generated as,

(ut,vt)/ = ZH;/2€t = Zet, (D4)
where e; = (e1¢,eat)’, Z is a 2 X 2 non-singular matrix, H; = diag(a%t,ogt), aft, i=1,2 are
GARCH processes generated as U?t =(1-a—-p8)+ aeikl + 501'2,:571’ i=1,2witha,8>0
and o+ B < 1, such that E (u?) = E (vZ) = 1. We consider (c, 8) = (0.1,0.85). Moreover, &
is either a vector of Gaussian innovations, €1 ~ NIID(0,diag(1,1)), or drawn from a bivariate
Student-t distribution with 5 degrees of freedom, e ~ iidt5(0,diag(1,1)). The unconditional
1 e
@ 1
van der Weide (2011) for further details on the GoGARCH model.

covariance matrix of (u¢,vt)’, X, is X = ZZ' = ; see, for instance, Boswijk and

Thus, also for the GoGARCH two cases are considered:
- DGP9: GoGARCH(1,1) with Normal innovations; see Tables D.25 - D.28.
- DGP10: GoGARCH(1,1) with Student-t distributed innovations with 5 degrees of freedom;
see Tables D.29 - D.32.

= DGP with Conditional Heteroskedasticity - Stochastic Volatility: Finally, we also evaluate
the tests when the innovations are generated from an autoregressive (AR) stochastic volatility
process. The innovations (u¢,v:)’ follow from a first-order AR stochastic volatility process as
(ut = e1rexp(hit), vt = earexp(hat))’, and

hit = Ahg g1 + 0.5 (D.5)
with (&, eit) ~ NIID(O,diag(ag, 1)), independent across i = 1,2. Results are reported for

(A, 0¢)’ = (0.951,0.314).
- DGP 11: Stochastic Volatility; see Tables D.33 - D.36.



Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW WEB e FRWE BW o RWE o FRWE BW (LRWE e FRWE L BW o RWE o FRWE BW o RWE FRWE BW

c 1% 5% 10% ¢ 1% 5% 10%
-5 0.009 0.001 0.001  0.000 0.045 0.003 0.005 0.004 0.097 0.013 0.014 0.013 -5 0.008 0.000 0.000 0.000 0.045 0.003 0.003 0.003 0.093 0.011 0.011 0.011
-25  0.006 0.000 0.000 0.000  0.042 0.000 0.001 0.001 0.105 0.002 0.002 0.002 -25  0.005 0.000 0.000 0.000 0.044 0.000 0.000 0.000 0.108 0.001 0.001 0.001
0 0013 0.000 0.000 0.000  0.040 0.001 0.001 0.001  0.064 0.002 0.002 0.002 0 0015 0.000 0.000 0.000  0.042 0.001 0.001 0.001  0.068 0.003 0.003 0.004
25 0.021 0.000 0.001 0.001  0.059 0.005 0.005 0.004  0.094 0.012 0.012 0.011 25  0.023 0.001 0.001 0.001  0.059 0.006 0.006 0.006  0.096 0.015 0.016 0.015
5 0023 0.001 0.001 0.001  0.068 0.010 0.011 0.010 0.110 0.025 0.026 0.024 5 0.024 0.002 0.002 0.002  0.068 0.013 0.014 0.013  0.108 0.027 0.027 0.028
10 0.019 0.003 0.003 0.002  0.065 0.019 0.019 0.018 0.113 0.041 0.042 0.041 10 0.021 0.003 0.004 0.004  0.064 0.021 0.022 0.022 0.114 0.044 0.043 0.043
25 0.016 0.006 0.006 0.005 0.056 0.027 0.029 0.027 0.107 0.056 0.056 0.057 25 0.016 0.007 0.007 0.008  0.061 0.031 0.030 0.029 0.108 0.063 0.064 0.063
50  0.015 0.007 0.007 0.007  0.055 0.032 0.033 0.032 0.105 0.068 0.070 0.068 50  0.014 0.007 0.008 0.007  0.058 0.035 0.035 0.034 0.107 0.073 0.074 0.072
75 0.012 0.007 0.007 0.007  0.055 0.036 0.038 0.036  0.106 0.073 0.076 0.073 75 0.013 0.008 0.008 0.008  0.057 0.039 0.038 0.038  0.105 0.078 0.078 0.078
100  0.011 0.006 0.007 0.007  0.056 0.038 0.040 0.038  0.105 0.077 0.079 0.076 100 0.013 0.008 0.008 0.008  0.054 0.040 0.040 0.040  0.106 0.079 0.080 0.079
125 0.011 0.007 0.007 0.007  0.055 0.039 0.040 0.038  0.103 0.079 0.080 0.079 125 0.012 0.008 0.008 0.008  0.052 0.040 0.040 0.038  0.106 0.082 0.082 0.081
150  0.011 0.008 0.008 0.007  0.055 0.038 0.040 0.038  0.104 0.080 0.083 0.082 150  0.012 0.009 0.009 0.008  0.052 0.040 0.042 0.039  0.106 0.083 0.083 0.081
200  0.011 0.007 0.009 0.008  0.054 0.038 0.040 0.040  0.108 0.085 0.087 0.085 200  0.012 0.008 0.008 0.008  0.052 0.041 0.041 0.041  0.104 0.084 0.085 0.084
250  0.011 0.007 0.008 0.007  0.053 0.040 0.042 0.041  0.107 0.087 0.091 0.087 250  0.012 0.009 0.008 0.008  0.052 0.043 0.042 0.041  0.104 0.085 0.085 0.084

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.011 0.018 0.022 0.019  0.045 0.075 0.082 0.077  0.090 0.155 0.161 0.155 -5 0.007 0.013 0.015 0.014  0.040 0.066 0.068 0.066  0.084 0.143 0.144 0.140
-25  0.009 0.017 0.019 0.018  0.044 0.102 0.109 0.104  0.093 0.256 0.257 0.258 -25  0.008 0.018 0.017 0.016  0.041 0.099 0.099 0.098  0.087 0.241 0.238 0.238
0 0.012 0.021 0.027 0.024 0.056 0.113 0.122 0.117 0.115 0.242 0.250 0.244 0 0.009 0.020 0.021 0.019 0.052 0.108 0.109 0.107 0.109 0.230 0.232  0.231
25 0.013 0.023 0.030 0.026 0.064 0.118 0.124 0.120 0.128 0.234 0.244  0.239 2.5 0.011 0.022 0.022 0.021 0.060 0.111 0.113 0.112 0.119 0.222 0.225 0.225
5 0.013 0.024 0.029 0.026 0.065 0.114 0.121 0.115 0.128 0.217 0.225 0.219 5 0.011 0.020 0.022 0.021 0.062 0.112 0.111 0.111 0.123 0.209 0.209 0.209
10 0.013 0.024 0.027 0.024  0.063 0.101 0.110 0.105 0.123 0.189 0.194 0.192 10 0.011 0.020 0.019 0.018  0.062 0.099 0.101 0.100 0.118 0.184 0.185 0.184
25 0.012 0.020 0.022 0.021  0.058 0.083 0.089 0.086  0.109 0.153 0.160 0.156 25 0.011 0.017 0.017 0.017  0.055 0.083 0.083 0.083 0.110 0.152 0.155 0.154
50 0.010 0.016 0.018 0.016 0.055 0.072 0.076 0.074 0.106 0.136 0.140 0.138 50 0.010 0.015 0.014 0.014 0.052 0.071 0.072 0.070 0.105 0.139 0.139 0.140
75 0.010 0.015 0.018 0.015 0.053 0.068 0.071 0.070 0.104 0.132 0.137 0.135 75 0.010 0.014 0.014 0.014 0.050 0.066 0.066 0.065 0.103 0.129 0.130 0.129
100 0.010 0.015 0.016 0.015 0.053 0.066 0.069 0.067 0.105 0.129 0.131 0.129 100 0.010 0.014 0.014 0.013 0.051 0.063 0.062 0.062 0.102 0.126 0.125 0.125
125 0.012 0.014 0.016 0.014 0.052 0.064 0.069 0.066 0.103 0.126 0.129 0.127 125 0.009 0.013 0.013 0.013 0.048 0.061 0.062 0.061 0.098 0.121 0.121 0.120
150 0.011 0.014 0.015 0.014 0.053 0.064 0.068 0.065 0.103 0.122 0.127 0.123 150 0.009 0.013 0.013 0.012 0.050 0.063 0.063 0.063 0.099 0.118 0.116 0.117
200 0.011 0.014 0.016 0.014 0.051 0.060 0.066 0.062 0.102 0.120 0.123  0.120 200 0.010 0.011 0.012 0.011 0.053 0.062 0.062 0.062 0.099 0.116 0.117 0.116
250 0.011 0.012 0.014 0.013 0.054 0.060 0.063 0.060 0.103 0.115 0.120 0.116 250 0.009 0.012 0.011 0.010 0.053 0.061 0.061 0.061 0.101 0.115 0.116 0.116
Two-sided tests - 7' = 250 Two-sided tests - 7' = 1000
-5 0.011 0.011 0.013 0.012 0.046 0.040 0.046 0.041 0.092 0.078 0.087 0.081 -5 0.006 0.007 0.007 0.007 0.040 0.033 0.033 0.033 0.086 0.069 0.071 0.069
-25 0.009 0.009 0.011 0.010 0.040 0.047 0.054 0.049 0.087 0.102 0.110 0.104 -2.5 0.007 0.008 0.008 0.008 0.037 0.042 0.045 0.044 0.082 0.096 0.099 0.098
0 0.011 0.012 0.014 0.013 0.048 0.054 0.060 0.057 0.098 0.112 0.123 0.117 0 0.008 0.010 0.010 0.009 0.044 0.052 0.053 0.051 0.091 0.110 0.110 0.108
25 0.011 0.011 0.015 0.014 0.054 0.059 0.066 0.062 0.109 0.123 0.129 0.124 25 0.009 0.010 0.011 0.010 0.052 0.061 0.060 0.059 0.104 0.117 0.120 0.117
5 0.012 0.013 0.015 0.013 0.056 0.062 0.070 0.063 0.110 0.123 0.132 0.125 5 0.009 0.010 0.011 0.010 0.054 0.061 0.062 0.061 0.109 0.124 0.125 0.124
10 0.010 0.012 0.016 0.013 0.054 0.062 0.069 0.062 0.110 0.120 0.129 0.123 10 0.010 0.011 0.011 0.011 0.058 0.062 0.065 0.064 0.110 0.120 0.123 0.122
25 0.010 0.011 0.013 0.012 0.055 0.059 0.065 0.060 0.107 0.110 0.117 0.113 25 0.011 0.011 0.011 0.011 0.053 0.059 0.059 0.058 0.107 0.112 0.113 0.112
50 0.010 0.010 0.012 0.012 0.054 0.054 0.060 0.056 0.102 0.103 0.109 0.106 50 0.011 0.012 0.011 0.011 0.052 0.055 0.055 0.054 0.100 0.108 0.107 0.104
75 0.009 0.009 0.012 0.011 0.052 0.052 0.058 0.054 0.103 0.102 0.109 0.106 75 0.010 0.011 0.010 0.010 0.051 0.052 0.053 0.053 0.102 0.102 0.104 0.103
100 0.010 0.011 0.012 0.011 0.051 0.050 0.057 0.052 0.103 0.102 0.109 0.105 100 0.010 0.010 0.010 0.010 0.050 0.051 0.052 0.051 0.100 0.101 0.102 0.102
125 0.012 0.011 0.012 0.012 0.051 0.051 0.056 0.051 0.102 0.104 0.109 0.104 125 0.009 0.010 0.010 0.010 0.051 0.051 0.053 0.051 0.098 0.101 0.102 0.100
150 0.012 0.010 0.012 0.012 0.050 0.049 0.054 0.050 0.105 0.101 0.107 0.103 150 0.010 0.011 0.011 0.010 0.051 0.050 0.051 0.050 0.101 0.103 0.105 0.102
200 0.010 0.010 0.012 0.011 0.049 0.049 0.054 0.049 0.102 0.099 0.106 0.102 200 0.011 0.011 0.010 0.010 0.051 0.051 0.051 0.051 0.101 0.101 0.103 0.102
250 0.009 0.010 0.011 0.011 0.051 0.050 0.053 0.051 0.104 0.099 0.105 0.101 250 0.010 0.011 0.011 0.010 0.051 0.052 0.053 0.052 0.103 0.103 0.103 0.102
. . . . * . . .
Note: ¢, and tZV correspond to the statistics presented in (9) and (13) of the main text, and ¢35 ' =~ and tz3 '~ © are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.1. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP3 (Positive Autocorrelation): y; = Sxt—1 + ut, x¢ = pri—1 +wi and wy = Ypwi—q1 + vy, where =0, p=1—1¢/T,1) =0.5
and (ut,vt)’ ~ NIID(0,%), with X =[1 —0.95 —0.95 1].
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

Ls,RVVR [x,F‘RVVB‘ IEW' t t* RW B 1*.FRVVR LEVV t JRWB [*,FRVVE IEW' t L*,RW"R L*,F‘RW’B IEW' t IV‘RW’R I*‘FRH!R lEVV t L‘,RVVR Lx,F‘RVVB IEW' t

c 1% 5% 10% c 1% 5% 10%
-5 0.009 0.000 0.001 0.000 0.046 0.005 0.006 0.005 0.097 0.015 0.017 0.014 -5 0.008 0.000 0.000 0.000 0.047 0.003 0.003 0.003 0.096 0.013 0.014 0.014
-2.5 0.007 0.000 0.000 0.000 0.045 0.001 0.001  0.001 0.106 0.002 0.002 0.002 -2.5 0.006 0.000 0.000 0.000 0.047 0.000 0.000 0.000 0.108 0.001 0.001  0.001
0 0.011 0.000 0.000 0.000 0.039 0.001 0.001  0.001 0.062 0.003 0.003 0.003 0 0.013 0.000 0.000 0.000 0.040 0.002 0.002 0.001 0.066 0.004 0.004 0.004
25 0.019 0.001 0.001 0.001 0.056 0.005 0.005 0.005  0.093 0.013 0.013 0.013 25  0.021 0.001 0.001 0.001 0.058 0.007 0.007 0.007  0.093 0.017 0.017 0.017
5 0.022 0.001 0.002 0.001 0.065 0.011 0.011 0.010 0.108 0.027 0.028 0.026 5 0.022 0.003 0.002 0.002  0.064 0.014 0.014 0.014 0.105 0.030 0.031 0.030
10 0.018 0.003 0.003 0.003  0.064 0.018 0.020 0.019 0.114 0.042 0.043 0.043 10 0.019 0.004 0.004 0.004  0.063 0.022 0.022 0.021  0.109 0.046 0.045 0.046
25 0.015 0.006 0.006 0.005  0.056 0.028 0.029 0.028 0.105 0.058 0.060 0.058 25 0.016 0.007 0.007 0.007  0.060 0.031 0.032 0.031 0.108 0.066 0.064 0.064
50 0.014 0.007 0.007 0.006  0.053 0.032 0.035 0.032 0.104 0.067 0.068 0.068 50  0.014 0.007 0.008 0.008  0.059 0.037 0.037 0.036  0.108 0.073 0.075 0.073
75 0.013 0.007 0.008 0.007  0.054 0.036 0.037 0.035 0.105 0.073 0.075 0.072 75 0.013 0.008 0.008 0.007  0.057 0.038 0.039 0.038 0.107 0.080 0.080 0.080
100  0.011 0.006 0.007 0.007  0.053 0.037 0.040 0.038  0.104 0.075 0.076 0.075 100  0.012 0.008 0.009 0.009  0.056 0.040 0.040 0.039  0.106 0.082 0.082 0.081
125 0.010 0.007 0.007 0.006  0.053 0.039 0.040 0.039  0.103 0.079 0.080 0.077 125 0.013 0.008 0.008 0.009  0.055 0.041 0.041 0.040  0.106 0.083 0.084 0.083
150  0.010 0.007 0.007 0.007  0.052 0.038 0.040 0.038  0.105 0.081 0.082 0.080 150  0.012 0.009 0.009 0.009  0.053 0.040 0.041 0.040  0.105 0.085 0.085 0.085
200  0.011 0.007 0.009 0.008  0.054 0.039 0.041 0.040  0.104 0.083 0.085 0.084 200  0.012 0.009 0.009 0.009 0.053 0.041 0.041 0.041  0.104 0.087 0.086 0.086
250  0.011 0.007 0.008 0.007  0.052 0.040 0.043 0.041  0.107 0.086 0.090 0.088 250  0.012 0.009 0.009 0.009 0.052 0.043 0.043 0.042  0.105 0.088 0.088 0.087

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.010 0.016 0.021 0.019  0.044 0.076 0.084 0.077  0.092 0.153 0.161 0.154 -5 0.007 0.013 0.015 0.014  0.041 0.069 0.069 0.066  0.084 0.145 0.144 0.143
-25  0.010 0.017 0.020 0.018  0.043 0.106 0.112 0.106  0.095 0.249 0.254 0.251 -25  0.008 0.016 0.017 0.016  0.041 0.098 0.098 0.097  0.091 0.236 0.235 0.236
0 0.012 0.022 0.027 0.024 0.055 0.111 0.117 0.114 0.117 0.238 0.246 0.241 0 0.010 0.021 0.021  0.020 0.051 0.104 0.105 0.102 0.107 0.228 0.225 0.225
25 0.014 0.024 0.029 0.024 0.063 0.113 0.120 0.118 0.127 0.232 0.237 0.232 25 0.011 0.022 0.022 0.022 0.059 0.111 0.111  0.109 0.120 0.216 0.218 0.216
5 0.014 0.025 0.028 0.025 0.063 0.110 0.115 0.112 0.127 0.211 0.219 0.213 5 0.011 0.022 0.021 0.020 0.062 0.105 0.108 0.105 0.119 0.203 0.202 0.201
10 0.014 0.023 0.026 0.024  0.062 0.099 0.105 0.101  0.121 0.184 0.189 0.187 10 0.010 0.018 0.018 0.017  0.061 0.099 0.099 0.098 0.116 0.179 0.178 0.177
25 0.011 0.018 0.022 0.020  0.057 0.081 0.086 0.083 0.110 0.154 0.157 0.153 25 0.010 0.015 0.015 0.015  0.055 0.083 0.083 0.082  0.109 0.150 0.151 0.150
50  0.011 0.015 0.017 0.015  0.054 0.073 0.078 0.076  0.106 0.136 0.141 0.137 50  0.010 0.014 0.014 0.014  0.051 0.069 0.071 0.071  0.104 0.136 0.138 0.136
75 0.011 0.014 0.017 0.015  0.055 0.067 0.072 0.070  0.106 0.131 0.135 0.133 75  0.010 0.013 0.014 0.014  0.051 0.065 0.066 0.066  0.099 0.128 0.128 0.129
100 0.010 0.014 0.017 0.015 0.054 0.067 0.070 0.067 0.105 0.125 0.129 0.127 100 0.011 0.013 0.014 0.013 0.051 0.061 0.061 0.061 0.099 0.122 0.125 0.123
125 0.011 0.014 0.017 0.015 0.054 0.065 0.070 0.065 0.105 0.124 0.127 0.125 125 0.011 0.013 0.013 0.013 0.051 0.060 0.061 0.061 0.099 0.119 0.120 0.120
150 0.010 0.014 0.017 0.014 0.053 0.063 0.065 0.063 0.103 0.121 0.126 0.123 150 0.010 0.012 0.013 0.012 0.049 0.059 0.061 0.061 0.098 0.116 0.117 0.117
200 0.011 0.014 0.015 0.013 0.053 0.060 0.063 0.062 0.102 0.119 0.123  0.120 200 0.010 0.012 0.012 0.012 0.050 0.060 0.060 0.060 0.100 0.116 0.116 0.117
250 0.010 0.012 0.014 0.012 0.054 0.058 0.062 0.059 0.104 0.116 0.118 0.113 250 0.009 0.012 0.012 0.011 0.050 0.060 0.059 0.059 0.100 0.114 0.116 0.117
Two-sided tests - T' = 250 Two-sided tests- 7' = 1000
-5 0.010 0.010 0.013 0.011 0.045 0.039 0.046 0.041 0.094 0.080 0.089 0.081 -5 0.007 0.006 0.007 0.006 0.041 0.034 0.035 0.034 0.087 0.071 0.072 0.070
-25 0.009 0.010 0.012 0.011 0.040 0.045 0.051 0.048 0.088 0.104 0.112 0.106 -25 0.007 0.009 0.009 0.008 0.038 0.044 0.045 0.043 0.084 0.096 0.099 0.098
0 0.010 0.011 0.014 0.012 0.048 0.053 0.060 0.055 0.097 0.110 0.118 0.115 0 0.009 0.010 0.011 0.011 0.044 0.051 0.052 0.051 0.091 0.105 0.106 0.104
25 0.012 0.013 0.016 0.014 0.054 0.058 0.065 0.061 0.108 0.118 0.125 0.123 25 0.009 0.011 0.010 0.010 0.051 0.059 0.060 0.059 0.102 0.117 0.117 0.116
5 0.012 0.012 0.016 0.014 0.055 0.060 0.067 0.063 0.108 0.120 0.126 0.122 5 0.010 0.010 0.011 0.010 0.052 0.058 0.061 0.061 0.106 0.119 0.122 0.119
10 0.012 0.013 0.015 0.014 0.054 0.061 0.066 0.061 0.107 0.117 0.125 0.120 10 0.010 0.011 0.011 0.010 0.056 0.060 0.062 0.063 0.109 0.118 0.121 0.120
25 0.010 0.011 0.014 0.011 0.056 0.058 0.063 0.061 0.104 0.107 0.115 0.111 25 0.010 0.011 0.011 0.010 0.053 0.057 0.057 0.057 0.105 0.113 0.115 0.113
50 0.010 0.010 0.012 0.011 0.054 0.054 0.059 0.056 0.104 0.105 0.113 0.108 50 0.010 0.011 0.011 0.011 0.051 0.053 0.055 0.054 0.103 0.105 0.107 0.106
75 0.010 0.010 0.011 0.010 0.052 0.052 0.057 0.053 0.104 0.102 0.110 0.105 75 0.010 0.011 0.010 0.010 0.051 0.053 0.054 0.053 0.101 0.104 0.105 0.104
100 0.010 0.009 0.012 0.010 0.048 0.050 0.055 0.051 0.106 0.105 0.110 0.105 100 0.010 0.011 0.010 0.010 0.052 0.051 0.054 0.053 0.099 0.101 0.102 0.100
125 0.010 0.009 0.012 0.011 0.049 0.049 0.055 0.050 0.105 0.104 0.110 0.104 125 0.010 0.010 0.010 0.010 0.052 0.052 0.054 0.053 0.100 0.101 0.102 0.102
150 0.011 0.010 0.012 0.012 0.050 0.049 0.054 0.050 0.100 0.100 0.105 0.101 150 0.009 0.010 0.011 0.010 0.052 0.052 0.052 0.051 0.100 0.100 0.102 0.101
200 0.010 0.009 0.012 0.011 0.050 0.048 0.052 0.050 0.101 0.099 0.104 0.101 200 0.010 0.010 0.010 0.010 0.051 0.051 0.052 0.051 0.100 0.100 0.101 0.101
250 0.010 0.009 0.011 0.010 0.052 0.048 0.054 0.052 0.102 0.097 0.105 0.101 250 0.010 0.010 0.010 0.009 0.050 0.052 0.052 0.051 0.101 0.102 0.102 0.101
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.2. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP3 (Positive Autocorrelation): y; = Sx¢—1 + u, x¢ = pre—1 + wi and wy = Ywe_1 + v, where =0, p=1—¢/T,p =0.5
—0.90 1].

and (ut,vt)’ ~ NIID(0,X), with 3 = [1

- 0.90;
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.010 0.003 0.005 0.002 0.053 0.020 0.024  0.020 0.104 0.047 0.053 0.048 -5 0.009 0.002 0.003 0.002 0.050 0.018 0.018 0.019 0.098 0.045 0.045 0.044
-25  0.010 0.000 0.001 0.000  0.050 0.006 0.007 0.005  0.101 0.017 0.017 0.017 -2.5  0.009 0.000 0.000 0.000  0.047 0.004 0.004 0.004  0.098 0.015 0.015 0.016
0 0.005 0.001 0.001 0.001  0.030 0.006 0.006 0.005  0.061 0.017 0.017 0.017 0 0.007 0.001 0.001 0.001  0.032 0.008 0.008 0.009  0.065 0.021 0.021 0.021
25 0.010 0.002 0.002 0.002  0.043 0.015 0.016 0.015  0.086 0.035 0.036 0.036 25 0.013 0.002 0.002 0.002  0.048 0.018 0.018 0.018  0.091 0.043 0.043 0.043
5 0012 0.004 0.004 0.004  0.048 0.022 0.023 0.023  0.097 0.049 0.050 0.049 5 0013 0.004 0.003 0.003  0.054 0.024 0.025 0.024  0.101 0.055 0.055 0.054
10 0.012 0.006 0.006 0.005 0.052 0.029 0.030 0.030 0.098 0.062 0.063 0.061 10 0.013 0.006 0.005 0.005 0.054 0.030 0.030 0.030 0.105 0.066 0.067 0.067
25 0.011 0.007 0.008 0.007  0.051 0.037 0.038 0.037  0.100 0.074 0.076 0.074 25 0.011 0.008 0.008 0.007  0.056 0.040 0.040 0.040  0.104 0.077 0.078 0.078
50  0.011 0.007 0.008 0.007  0.050 0.038 0.039 0.037  0.099 0.081 0.082 0.082 50  0.012 0.009 0.009 0.009  0.053 0.042 0.041 0.042  0.104 0.084 0.084 0.084
75 0.009 0.008 0.008 0.007  0.048 0.036 0.038 0.038  0.097 0.082 0.085 0.082 75 0.013 0.010 0.009 0.009  0.053 0.044 0.045 0.044  0.105 0.088 0.088 0.087
100  0.009 0.007 0.008 0.007  0.050 0.039 0.041 0.040  0.099 0.083 0.086 0.085 100 0.013 0.010 0.010 0.010  0.052 0.045 0.045 0.045  0.104 0.086 0.087 0.088
125 0.008 0.006 0.007 0.006  0.049 0.040 0.042 0.040  0.097 0.084 0.086 0.085 125 0.013 0.012 0.011 0.011  0.052 0.044 0.044 0.044  0.103 0.089 0.090 0.091
150  0.008 0.006 0.007 0.006  0.048 0.040 0.043 0.042  0.096 0.084 0.087 0.085 150  0.014 0.011 0.012 0.011  0.051 0.046 0.045 0.045  0.102 0.091 0.092 0.091
200  0.009 0.008 0.008 0.007  0.048 0.043 0.044 0.043  0.098 0.088 0.089 0.087 200  0.012 0.011 0.011 0.011  0.051 0.046 0.046 0.046  0.101 0.093 0.093 0.092
250  0.011 0.009 0.009 0.008  0.051 0.045 0.046 0.045  0.097 0.085 0.088 0.089 250  0.012 0.011 0.010 0.010  0.051 0.045 0.046 0.045  0.105 0.094 0.094 0.095

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.010 0.016 0.021 0.016 0.046 0.072 0.081 0.072 0.097 0.144 0.154 0.146 -5 0.009 0.014 0.015 0.013 0.046 0.072 0.073 0.072 0.097 0.141 0.143 0.141
-25  0.012 0.022 0.028 0.022  0.053 0.104 0.110 0.106  0.107 0.201 0.208 0.201 -25  0.009 0.018 0.017 0.016  0.049 0.098 0.099 0.097  0.102 0.195 0.195 0.193
0 0014 0.023 0.025 0.022  0.061 0.100 0.104 0.100 0.123 0.195 0.203 0.195 0 0012 0.019 0.020 0.019  0.058 0.095 0.094 0.093 0.115 0.193 0.192 0.191
25 0.013 0.021 0.024 0.022  0.060 0.094 0.100 0.094 0.118 0.174 0.178 0.175 25 0.013 0.021 0.020 0.020  0.059 0.088 0.089 0.088 0.115 0.168 0.169 0.169
5 0014 0.019 0.021 0.019  0.061 0.084 0.088 0.086  0.115 0.159 0.163 0.158 5 0012 0.020 0.019 0.018  0.056 0.083 0.083 0.082  0.109 0.156 0.156 0.156
10 0.014 0.018 0.019 0.018  0.056 0.077 0.079 0.077  0.109 0.147 0.149 0.146 10 0.010 0.016 0.016 0.016  0.054 0.076 0.074 0.073  0.107 0.139 0.140 0.140
25 0.011 0.015 0.016 0.015 0.054 0.069 0.071 0.068 0.102 0.129 0.134 0.130 25 0.009 0.014 0.014 0.013 0.051 0.064 0.064 0.063 0.101 0.125 0.124 0.124
50 0.011 0.013 0.015 0.014 0.052 0.061 0.066 0.064 0.106 0.123 0.127 0.124 50 0.011 0.014 0.014 0.013 0.048 0.058 0.058 0.059 0.097 0.117 0.117 0.116
75 0.010 0.013 0.014 0.014 0.052 0.061 0.064 0.062 0.107 0.120 0.124 0.123 75 0.011 0.013 0.013 0.013 0.049 0.055 0.057 0.057 0.098 0.113 0.113 0.113
100 0.011 0.013 0.014 0.013 0.054 0.063 0.066 0.064 0.106 0.119 0.123 0.119 100 0.010 0.011 0.012 0.011 0.049 0.056 0.057 0.057 0.098 0.109 0.111 0.110
125 0.010 0.013 0.014 0.012 0.055 0.061 0.067 0.064 0.107 0.118 0.122  0.120 125 0.010 0.013 0.013 0.012 0.050 0.055 0.055 0.056 0.096 0.109 0.110 0.109
150 0.010 0.012 0.013 0.012 0.055 0.061 0.065 0.061 0.108 0.118 0.121 0.118 150 0.011 0.013 0.013 0.013 0.050 0.056 0.057 0.056 0.097 0.109 0.107 0.108
200 0.010 0.011 0.012 0.011 0.055 0.059 0.062 0.060 0.110 0.117 0.120 0.117 200 0.011 0.012 0.012 0.012 0.048 0.054 0.055 0.055 0.099 0.107 0.108 0.108
250 0.009 0.011 0.012 0.011 0.056 0.058 0.061 0.059 0.107 0.114 0.118 0.114 250 0.012 0.013 0.012 0.012 0.050 0.055 0.054 0.054 0.101 0.109 0.109 0.109
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.010 0.008 0.016 0.010 0.048 0.044 0.056 0.045 0.098 0.093 0.105 0.092 -5 0.009 0.008 0.008 0.007 0.045 0.042 0.044 0.041 0.096 0.089 0.091 0.091
-25 0.011 0.012 0.016 0.012 0.048 0.054 0.062 0.053 0.100 0.109 0.118 0.111 -2.5 0.008 0.008 0.008 0.008 0.045 0.048 0.048 0.047 0.095 0.101 0.103 0.101
0 0.012 0.012 0.015 0.013 0.049 0.054 0.058 0.053 0.097 0.107 0.110 0.106 0 0.010 0.010 0.010 0.010 0.045 0.050 0.051 0.049 0.096 0.102 0.103 0.102
25 0.012 0.012 0.014 0.013 0.051 0.053 0.058 0.056 0.104 0.108 0.115 0.109 25 0.011 0.011 0.011 0.011 0.051 0.052 0.054 0.053 0.101 0.107 0.107 0.106
5 0.012 0.013 0.014 0.014 0.053 0.056 0.061 0.059 0.103 0.107 0.112 0.108 5 0.012 0.012 0.011 0.011 0.051 0.054 0.056 0.055 0.103 0.106 0.108 0.106
10 0.013 0.012 0.014 0.013 0.051 0.053 0.058 0.055 0.102 0.105 0.110 0.106 10 0.010 0.011 0.010 0.010 0.051 0.055 0.055 0.053 0.101 0.105 0.104 0.103
25 0.011 0.011 0.013 0.012 0.052 0.052 0.056 0.055 0.102 0.104 0.109 0.105 25 0.009 0.011 0.010 0.010 0.048 0.050 0.051 0.050 0.101 0.102 0.104 0.102
50 0.010 0.009 0.011 0.010 0.050 0.050 0.055 0.052 0.097 0.099 0.105 0.100 50 0.011 0.011 0.011 0.011 0.051 0.051 0.052 0.052 0.099 0.099 0.099 0.100
75 0.009 0.010 0.010 0.010 0.049 0.051 0.056 0.051 0.097 0.096 0.102 0.100 75 0.011 0.012 0.011 0.011 0.053 0.052 0.052 0.053 0.100 0.099 0.101 0.101
100 0.008 0.009 0.011 0.009 0.048 0.050 0.054 0.050 0.103 0.101 0.107 0.104 100 0.012 0.012 0.011 0.012 0.053 0.053 0.055 0.054 0.102 0.101 0.101 0.102
125 0.009 0.008 0.011 0.010 0.049 0.047 0.053 0.050 0.101 0.101 0.109 0.104 125 0.011 0.012 0.012 0.012 0.052 0.052 0.053 0.053 0.101 0.098 0.099 0.100
150 0.008 0.008 0.009 0.009 0.051 0.049 0.054 0.051 0.102 0.101 0.108 0.103 150 0.012 0.011 0.012 0.012 0.052 0.052 0.052 0.052 0.100 0.101 0.102 0.101
200 0.008 0.009 0.011  0.009 0.050 0.048 0.053 0.052 0.103 0.102 0.106 0.103 200 0.012 0.012 0.013 0.012 0.052 0.053 0.054 0.053 0.099 0.099 0.101 0.100
250 0.008 0.009 0.011  0.009 0.050 0.049 0.055 0.050 0.105 0.102 0.107 0.104 250 0.011 0.012 0.012 0.012 0.054 0.052 0.055 0.054 0.099 0.099 0.100 0.099
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.3. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP3 (Positive Autocorrelation): y; = Sxt—1 + ut, x¢ = pre—1 + wi and wy = Ywe—1 + v, where =0, p=1—¢/T,1p =0.5
and (ut,v) ~ NIID(0,X), with & =[1 —0.50; —0.50 1].
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [:![FR‘i"l? IZErW' Lo I;IRH/B I;ZrFRVVR LzEzVV [ JRWB [:&Fﬂ‘i"l? ILETW' Lo L:[RW"R L:;[F‘RW’B IEJV [ Izt;cRW,R I;ZEFRVVR LzET,VV [ L:;[RVVR L:][FRVVB I:Er”v tox
c 1% 5% 10% c 1% 5% 10%

-5 0.010 0.011 0.017 0.010 0.053 0.051 0.060 0.052 0.102 0.101 0.110 0.102 -5 0.009 0.009 0.009 0.009 0.049 0.050 0.051 0.051 0.097 0.097 0.098 0.096
-2.5 0.011 0.011 0.015 0.011 0.052 0.052 0.059 0.050 0.104 0.103 0.111 0.103 -2.5 0.010 0.009 0.011  0.009 0.049 0.050 0.048 0.048 0.096 0.097 0.097 0.095
0 0.010 0.010 0.013 0.011 0.049 0.049 0.054 0.049 0.100 0.100 0.104 0.099 0 0.012 0.011 0.012 0.011 0.052 0.052 0.052 0.053 0.104 0.104 0.103 0.103
25  0.009 0.009 0.010 0.010  0.051 0.049 0.053 0.051  0.100 0.099 0.102 0.100 25  0.011 0.011 0.012 0.012  0.054 0.054 0.053 0.052  0.102 0.103 0.102 0.103
5 0.010 0.010 0.011 0.010  0.051 0.050 0.054 0.050  0.098 0.095 0.099 0.096 5 0012 0.012 0.011 0.011 0.052 0.051 0.051 0.051  0.105 0.105 0.105 0.105
10 0.011 0.012 0.012 0.011 0.051 0.051 0.054 0.051  0.099 0.099 0.102 0.101 10 0.011 0.010 0.011 0.010  0.053 0.052 0.052 0.052  0.104 0.103 0.104 0.105
25 0.011 0.010 0.012 0.010  0.050 0.052 0.052 0.051  0.100 0.099 0.102 0.101 25 0.012 0.013 0.012 0.011  0.054 0.052 0.053 0.053  0.103 0.104 0.104 0.104
50  0.010 0.009 0.011 0.010  0.051 0.052 0.053 0.052  0.097 0.097 0.099 0.097 50  0.011 0.012 0.011 0.011  0.051 0.052 0.052 0.051  0.104 0.106 0.106 0.105
75  0.009 0.009 0.011 0.009  0.049 0.048 0.051 0.049  0.098 0.098 0.102 0.099 75 0.011 0.011 0.011 0.011  0.052 0.054 0.053 0.052  0.105 0.105 0.106 0.104
100  0.009 0.009 0.010 0.010  0.049 0.047 0.049 0.048  0.098 0.098 0.101 0.098 100  0.011 0.012 0.011 0.011  0.052 0.052 0.052 0.052  0.105 0.105 0.106 0.106
125 0.009 0.009 0.010 0.009  0.049 0.046 0.050 0.048  0.097 0.095 0.097 0.098 125 0.012 0.010 0.011 0.011  0.053 0.053 0.052 0.052  0.104 0.103 0.102 0.102
150  0.009 0.008 0.009 0.009  0.048 0.047 0.050 0.048  0.097 0.095 0.097 0.097 150  0.011 0.011 0.012 0.012  0.053 0.051 0.053 0.053  0.104 0.101 0.102 0.102
200  0.009 0.010 0.010 0.010  0.048 0.046 0.049 0.046  0.098 0.096 0.098 0.097 200  0.012 0.011 0.011 0.011  0.053 0.051 0.052 0.051  0.103 0.101 0.103 0.101
250  0.010 0.010 0.011 0.011 0.048 0.047 0.049 0.048  0.095 0.095 0.097 0.096 250  0.011 0.011 0.011 0.011  0.052 0.051 0.051 0.051  0.101 0.102 0.102 0.101

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.012 0.012 0.017 0.012  0.051 0.051 0.060 0.050 0.101 0.101 0.110 0.099 -5 0.011 0.011 0.012 0.010  0.049 0.049 0.049 0.048  0.100 0.102 0.103 0.099
-25  0.010 0.011 0.015 0.010  0.053 0.052 0.058 0.051  0.099 0.099 0.104 0.097 -25  0.010 0.010 0.011 0.009  0.048 0.048 0.049 0.047  0.096 0.095 0.097 0.094
0 0011 0.012 0.014 0.011 0.050 0.050 0.053 0.050  0.098 0.100 0.105 0.099 0 0.008 0.009 0.009 0.009  0.049 0.049 0.048 0.047  0.099 0.100 0.101 0.099
25 0.011 0.011 0.012 0.011 0.052 0.051 0.054 0.052  0.102 0.101 0.104 0.102 2.5  0.009 0.010 0.010 0.009  0.051 0.051 0.051 0.049  0.102 0.101 0.101 0.100
5 0011 0.012 0.012 0.011 0.052 0.050 0.053 0.051  0.102 0.101 0.105 0.102 5 0.010 0.010 0.010 0.009  0.053 0.052 0.051 0.052  0.103 0.103 0.103 0.102
10 0.011 0.011 0.011 0.011 0.052 0.050 0.052 0.051  0.104 0.103 0.104 0.103 10 0.011 0.010 0.010 0.010  0.052 0.050 0.052 0.051  0.099 0.099 0.101 0.099
25 0.011 0.011 0.012 0.011 0.052 0.052 0.055 0.051  0.102 0.100 0.104 0.102 25 0.011 0.011 0.011 0.011  0.049 0.049 0.048 0.048  0.097 0.095 0.095 0.096
50  0.011 0.011 0.013 0.012  0.052 0.052 0.055 0.053  0.107 0.104 0.108 0.107 50  0.011 0.011 0.011 0.011  0.050 0.050 0.050 0.049  0.094 0.093 0.094 0.093
75  0.010 0.012 0.012 0.011 0.055 0.052 0.056 0.054  0.106 0.104 0.109 0.105 75  0.010 0.010 0.011 0.011  0.049 0.049 0.049 0.049  0.097 0.095 0.097 0.096
100 0.011 0.011 0.011 0.011 0.055 0.054 0.058 0.054 0.105 0.106 0.107 0.105 100 0.011 0.011 0.011 0.011 0.049 0.051 0.050 0.049 0.099 0.099 0.101 0.100
125 0.011 0.010 0.011 0.010 0.055 0.055 0.058 0.055 0.104 0.103 0.108 0.104 125 0.011 0.011 0.011 0.011 0.051 0.051 0.052 0.051 0.102 0.101 0.102 0.103
150 0.009 0.010 0.011 0.010 0.054 0.055 0.057 0.055 0.104 0.104 0.108 0.104 150 0.011 0.011 0.011 0.011 0.051 0.051 0.052 0.051 0.102 0.103 0.102 0.102
200 0.010 0.010 0.011 0.011 0.055 0.054 0.058 0.055 0.107 0.105 0.108 0.105 200 0.011 0.011 0.012 0.012 0.053 0.052 0.052 0.052 0.101 0.100 0.101 0.100
250 0.011 0.010 0.012 0.011 0.053 0.053 0.056 0.053 0.103 0.101 0.106 0.103 250 0.010 0.011 0.011 0.010 0.053 0.052 0.054 0.053 0.100 0.100 0.100 0.100

Two-sided tests - T' = 250 Two-sided tests- 7' = 1000
-5 0.011 0.011 0.020 0.012 0.051 0.051 0.065 0.052 0.102 0.102 0.120 0.103 -5 0.010 0.009 0.011  0.009 0.048 0.049 0.052 0.049 0.098 0.097 0.100 0.099
-25 0.011 0.012 0.018 0.011 0.051 0.051 0.067 0.052 0.101 0.103 0.116 0.101 -25 0.010 0.010 0.011 0.010 0.050 0.050 0.051 0.049 0.095 0.098 0.098 0.096
0 0.011 0.011 0.015 0.010 0.051 0.053 0.059 0.052 0.096 0.098 0.107 0.098 0 0.010 0.011 0.011 0.010 0.048 0.050 0.053 0.049 0.098 0.099 0.100 0.100
25 0.010 0.010 0.012 0.010 0.050 0.053 0.057 0.051 0.100 0.101 0.107 0.102 25 0.012 0.011 0.011 0.011 0.052 0.051 0.051 0.049 0.102 0.105 0.104 0.102
5 0.011 0.010 0.013 0.011 0.050 0.051 0.055 0.052 0.100 0.101 0.107 0.101 5 0.011 0.011 0.011 0.010 0.050 0.050 0.049 0.051 0.105 0.103 0.103 0.103
10 0.011 0.011 0.013 0.011 0.050 0.049 0.053 0.052 0.101 0.100 0.106 0.102 10 0.011 0.012 0.011 0.011 0.051 0.050 0.050 0.049 0.105 0.102 0.103 0.102
25 0.012 0.011 0.013 0.012 0.052 0.052 0.056 0.053 0.102 0.102 0.107 0.102 25 0.011 0.011 0.011 0.011 0.052 0.052 0.053 0.052 0.100 0.100 0.101 0.101
50 0.011 0.011 0.013 0.011 0.051 0.050 0.056 0.054 0.104 0.104 0.108 0.105 50 0.012 0.012 0.011 0.011 0.052 0.051 0.053 0.052 0.101 0.101 0.101 0.100
75 0.010 0.009 0.012 0.010 0.052 0.049 0.055 0.053 0.103 0.100 0.106 0.104 75 0.012 0.013 0.012 0.012 0.052 0.051 0.052 0.051 0.101 0.103 0.103 0.101
100 0.010 0.010 0.011 0.010 0.050 0.049 0.053 0.052 0.103 0.100 0.107 0.102 100 0.012 0.012 0.012 0.012 0.052 0.050 0.051 0.051 0.100 0.103 0.102 0.101
125 0.009 0.008 0.011 0.010 0.050 0.049 0.053 0.051 0.104 0.101 0.108 0.103 125 0.012 0.012 0.012 0.012 0.055 0.053 0.054 0.053 0.102 0.102 0.103 0.103
150 0.008 0.008 0.010 0.009 0.050 0.051 0.055 0.052 0.102 0.102 0.106 0.102 150 0.012 0.012 0.012 0.011 0.053 0.054 0.053 0.054 0.105 0.102 0.104 0.104
200 0.009 0.009 0.010 0.009 0.051 0.048 0.054 0.052 0.103 0.099 0.106 0.101 200 0.012 0.012 0.011 0.012 0.054 0.052 0.054 0.055 0.104 0.102 0.104 0.103
250 0.009 0.010 0.012 0.011 0.049 0.049 0.054 0.050 0.100 0.099 0.105 0.101 250 0.012 0.012 0.012 0.012 0.052 0.053 0.053 0.053 0.103 0.104 0.105 0.104

Note: ¢ and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’IRWB and ti’mFRWB are the corresponding residual Wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.4. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP3 (Positive Autocorrelation): y; = Sx¢—1 + u, x¢ = pre—1 + wi and wy = Ywe—1 + v, where =0, p=1—¢/T,1p) =0.5
0 1].

and (ut,vt)’ ~ NIID(0,X), with 3 = [1

0;

16°S

SPOYIBINl XAl O} SUOISUDIXT



Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.008 0.000 0.001  0.000 0.047 0.004 0.005 0.003 0.096 0.013 0.014 0.013 -5 0.008 0.000 0.000 0.000 0.045 0.003 0.003 0.003 0.094 0.011 0.011 0.011
-2.5  0.006 0.000 0.000 0.000  0.042 0.000 0.001 0.001  0.107 0.002 0.002  0.002 -2.5  0.005 0.000 0.000 0.000  0.046 0.000 0.000 0.000 0.108 0.001 0.001  0.001
0 0013 0.000 0.000 0.000  0.039 0.001 0.001 0.001  0.063 0.002 0.003 0.003 0 0016 0.000 0.000 0.000  0.042 0.001 0.001 0.001  0.068 0.004 0.003 0.004
25 0.021 0.001 0.001 0.001  0.060 0.004 0.005 0.005  0.095 0.013 0.013 0.012 25 0.024 0.001 0.001 0.001  0.059 0.006 0.006 0.006  0.096 0.016 0.016 0.016
5 0023 0.001 0.001 0.001  0.066 0.011 0.011 0.010 0.112 0.027 0.028 0.026 5 0023 0.002 0.002 0.002  0.066 0.014 0.014 0.013  0.109 0.029 0.029 0.028
10 0.018 0.003 0.003 0.003  0.063 0.020 0.021 0.019 0.115 0.044 0.045 0.045 10  0.020 0.004 0.004 0.004  0.065 0.021 0.021 0.020 0.112 0.046 0.046 0.045
25 0.014 0.005 0.005 0.005 0.058 0.029 0.030 0.031  0.108 0.064 0.065 0.063 25 0.017 0.007 0.008 0.008  0.061 0.031 0.031 0.030 0.108 0.064 0.065 0.064
50  0.010 0.006 0.006 0.006 0.055 0.037 0.038 0.035 0.106 0.076 0.078 0.079 50  0.014 0.008 0.009 0.009  0.057 0.036 0.036 0.036  0.109 0.076 0.076 0.075
75  0.010 0.006 0.008 0.006  0.053 0.038 0.040 0.040  0.109 0.085 0.089 0.085 75 0.014 0.009 0.008 0.008  0.056 0.039 0.040 0.040  0.106 0.081 0.084 0.082
100  0.010 0.007 0.008 0.007  0.054 0.043 0.045 0.043  0.110 0.092 0.095 0.093 100 0.013 0.008 0.008 0.008  0.053 0.041 0.042 0.042  0.109 0.085 0.085 0.084
125 0.011 0.009 0.010 0.009  0.055 0.046 0.049 0.047  0.109 0.095 0.098 0.096 125 0.014 0.009 0.008 0.009  0.053 0.044 0.043 0.043  0.108 0.089 0.088 0.088
150  0.011 0.009 0.011 0.010  0.055 0.047 0.051 0.049  0.108 0.099 0.100 0.099 150  0.012 0.009 0.009 0.009  0.055 0.044 0.045 0.044  0.107 0.088 0.089 0.089
200  0.011 0.011 0.012 0.011  0.055 0.052 0.054 0.051  0.106 0.100 0.103 0.102 200  0.012 0.009 0.009 0.009 0.054 0.046 0.047 0.045  0.107 0.090 0.090 0.091
250  0.011 0.011 0.013 0.012  0.054 0.054 0.056 0.054  0.108 0.104 0.108 0.107 250  0.012 0.010 0.010 0.010  0.053 0.046 0.046 0.046  0.106 0.093 0.095 0.094

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.010 0.016 0.021 0.019  0.045 0.077 0.084 0.077  0.090 0.157 0.162 0.156 -5 0.007 0.013 0.014 0.014  0.039 0.066 0.068 0.066  0.084 0.143 0.144 0.140
-25  0.010 0.018 0.021 0.019  0.044 0.105 0.110 0.106  0.094 0.263 0.265 0.262 -25  0.008 0.019 0.019 0.018  0.042 0.100 0.098 0.098  0.088 0.244 0.241 0.241
0 0.014 0.024 0.027  0.025 0.063 0.118 0.125 0.120 0.126 0.251 0.252  0.249 0 0.011 0.021 0.022 0.020 0.052 0.111 0.112 0.110 0.110 0.236 0.237 0.235
25 0.016 0.025 0.027 0.025 0.070 0.117 0.125 0.122 0.136 0.232 0.238 0.236 2.5 0.011 0.023 0.023 0.022 0.060 0.110 0.114 0.111 0.120 0.224 0.226 0.226
5 0.015 0.024 0.027 0.024 0.068 0.111 0.116 0.113 0.134 0.209 0.216 0.210 5 0.011 0.021 0.022 0.020 0.062 0.108 0.110 0.108 0.124 0.208 0.209 0.209
10 0.015 0.021 0.026 0.023  0.064 0.095 0.100 0.096  0.123 0.177 0.183 0.180 10 0.012 0.021 0.019 0.019  0.061 0.098 0.099 0.098 0.117 0.184 0.184 0.183
25 0.013 0.016 0.018 0.017 0.057 0.073 0.078 0.074 0.109 0.141 0.144 0.141 25 0.011 0.017 0.017 0.017 0.056 0.080 0.081 0.080 0.111 0.151 0.152  0.152
50 0.011 0.012 0.014 0.012 0.053 0.063 0.065 0.061 0.110 0.125 0.130 0.128 50 0.011 0.014 0.014 0.015 0.052 0.070 0.068 0.069 0.105 0.134 0.134 0.134
75 0.009 0.011 0.013 0.011 0.054 0.058 0.061 0.058 0.107 0.115 0.121 0.117 75 0.009 0.013 0.012 0.012 0.053 0.066 0.066 0.064 0.105 0.127 0.126 0.126
100 0.010 0.011 0.011 0.011 0.052 0.053 0.056 0.054 0.107 0.112 0.116 0.113 100 0.010 0.013 0.012 0.012 0.051 0.063 0.064 0.064 0.103 0.121 0.124 0.122
125 0.010 0.011 0.011 0.011 0.050 0.051 0.054 0.051 0.105 0.109 0.113 0.110 125 0.010 0.012 0.012 0.012 0.052 0.061 0.061 0.061 0.102 0.119 0.120 0.120
150 0.010 0.010 0.012 0.011 0.050 0.049 0.054 0.049 0.105 0.104 0.108 0.105 150 0.010 0.013 0.011 0.011 0.052 0.057 0.058 0.058 0.104 0.117 0.117 0.116
200 0.010 0.010 0.010 0.010 0.053 0.049 0.054 0.049 0.105 0.098 0.102 0.099 200 0.010 0.011 0.011 0.011 0.051 0.057 0.058 0.057 0.103 0.113 0.114 0.113
250 0.011 0.009 0.010 0.009 0.052 0.049 0.051 0.049 0.103 0.096 0.099 0.096 250 0.010 0.011 0.010 0.011 0.051 0.056 0.056 0.054 0.103 0.113 0.113 0.112
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.010 0.009 0.012 0.011 0.046 0.041 0.047 0.043 0.092 0.081 0.088 0.081 -5 0.007 0.007 0.007 0.007 0.040 0.032 0.034 0.032 0.085 0.069 0.070 0.069
-25 0.009 0.009 0.010 0.010 0.040 0.048 0.053 0.049 0.087 0.105 0.111 0.107 -2.5 0.007 0.009 0.009 0.009 0.039 0.046 0.046 0.045 0.083 0.098 0.098 0.098
0 0.012 0.012 0.015 0.012 0.054 0.056 0.063 0.059 0.105 0.119 0.125 0.121 0 0.008 0.010 0.011 0.011 0.045 0.053 0.053 0.053 0.093 0.111 0.113 0.111
25 0.014 0.012 0.015 0.014 0.057 0.062 0.066 0.062 0.114 0.121 0.130 0.126 25 0.009 0.012 0.011 0.011 0.052 0.060 0.061 0.060 0.102 0.116 0.120 0.117
5 0.013 0.013 0.017 0.013 0.056 0.060 0.066 0.060 0.113 0.119 0.127 0.123 5 0.010 0.011 0.012 0.010 0.055 0.060 0.061 0.061 0.109 0.122 0.124 0.121
10 0.012 0.012 0.014 0.012 0.056 0.057 0.063 0.059 0.108 0.113 0.121 0.115 10 0.010 0.012 0.011 0.011 0.056 0.062 0.063 0.063 0.107 0.118 0.120 0.118
25 0.010 0.010 0.012 0.011 0.052 0.051 0.056 0.054 0.105 0.100 0.108 0.104 25 0.011 0.013 0.012 0.012 0.053 0.054 0.056 0.056 0.104 0.111 0.112 0.110
50 0.008 0.008 0.010 0.008 0.049 0.047 0.052 0.049 0.101 0.098 0.103 0.097 50 0.011 0.012 0.012 0.012 0.052 0.054 0.056 0.054 0.102 0.104 0.104 0.105
75 0.009 0.009 0.010 0.008 0.050 0.045 0.052 0.050 0.102 0.096 0.102 0.099 75 0.010 0.011 0.011 0.011 0.053 0.053 0.054 0.052 0.104 0.105 0.106 0.104
100 0.009 0.009 0.011 0.009 0.050 0.047 0.051 0.049 0.101 0.096 0.101 0.097 100 0.010 0.010 0.011 0.010 0.052 0.053 0.054 0.052 0.104 0.105 0.105 0.106
125 0.010 0.009 0.012 0.010 0.049 0.048 0.053 0.048 0.101 0.096 0.103 0.098 125 0.010 0.011 0.011 0.010 0.050 0.052 0.053 0.051 0.105 0.103 0.104 0.104
150 0.008 0.010 0.012 0.009 0.050 0.048 0.052 0.049 0.100 0.098 0.104 0.098 150 0.011 0.011 0.011 0.010 0.052 0.052 0.053 0.050 0.103 0.101 0.103 0.102
200 0.010 0.010 0.012 0.010 0.051 0.049 0.054 0.051 0.105 0.101 0.109 0.100 200 0.011 0.011 0.011 0.010 0.049 0.050 0.052 0.050 0.103 0.103 0.104 0.102
250 0.010 0.010 0.011 0.010 0.052 0.048 0.055 0.050 0.104 0.101 0.107 0.103 250 0.012 0.012 0.011 0.011 0.050 0.050 0.050 0.050 0.102 0.101 0.102 0.100
Note: ¢ and tEZW correspond to the statistics presented in (9) and (13) of the main text, and ti’zRWB and t;;EFRWB are the corresponding residual Wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.5. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T =1000. DGP4 (Negative Autocorrelation): y; = Sxi—1 + ut, ©t = pre—1 + we and wy = Ywi—1 + v, where 5 =0, p=1—¢/T, =—-0.5
and (ut,vr) ~ NIID(0,X), with Z =[1 —0.95; —0.95 1].
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

Ls,RVVR [x,F‘RVVB‘ IEW' t t* RW B 1*.FRVVR LEVV t JRWB [*,FRVVE IEW' t L*,RW"R L*,F‘RW’B IEW' t IV‘RW’R I*‘FRH!R lEVV t L‘,RVVR Lx,F‘RVVB IEW' t

c 1% 5% 10% c 1% 5% 10%
-5 0.009 0.001 0.001 0.000 0.048 0.005 0.005 0.005 0.098 0.015 0.016 0.014 -5 0.008 0.000 0.000 0.000 0.046 0.003 0.003 0.003 0.095 0.013 0.014 0.014
-2.5 0.007 0.000 0.000 0.000 0.045 0.000 0.001  0.001 0.106 0.002 0.002 0.002 -2.5 0.004 0.000 0.000 0.000 0.048 0.000 0.000 0.000 0.110 0.001 0.001  0.001
0 0.012 0.000 0.000 0.000 0.037 0.001 0.001  0.001 0.060 0.003 0.004 0.004 0 0.014 0.000 0.000 0.000 0.040 0.002 0.002  0.002 0.066 0.004 0.004 0.004
25 0.019 0.001 0.001 0.001 0.056 0.005 0.005 0.005  0.096 0.014 0.014 0.013 25  0.022 0.001 0.001 0.001 0.058 0.007 0.007 0.007  0.096 0.017 0.018 0.018
5 0.020 0.002 0.002 0.002  0.066 0.011 0.011 0.011  0.112 0.028 0.029 0.029 5 0.022 0.003 0.003 0.003  0.064 0.014 0.015 0.014  0.107 0.031 0.031 0.031
10 0.017 0.003 0.003 0.003  0.062 0.021 0.021 0.019 0.111 0.046 0.048 0.047 10 0.019 0.005 0.005 0.005 0.063 0.021 0.022 0.021  0.109 0.047 0.047 0.046
25 0.012 0.006 0.006 0.005  0.056 0.030 0.032 0.031  0.106 0.066 0.067 0.066 25 0.016 0.007 0.008 0.008  0.058 0.031 0.032 0.031  0.109 0.064 0.065 0.065
50  0.011 0.006 0.007 0.006  0.054 0.036 0.038 0.036  0.106 0.078 0.080 0.078 50  0.014 0.008 0.008 0.008  0.056 0.039 0.039 0.038  0.109 0.078 0.079 0.077
75  0.010 0.006 0.008 0.006  0.054 0.039 0.041 0.040  0.108 0.086 0.091 0.086 75 0.014 0.009 0.008 0.007  0.057 0.042 0.042 0.041  0.105 0.082 0.084 0.083
100  0.010 0.008 0.008 0.007  0.054 0.044 0.047 0.044  0.109 0.091 0.096 0.093 100  0.013 0.009 0.008 0.008  0.055 0.043 0.044 0.044  0.107 0.084 0.085 0.085
125 0.011 0.009 0.010 0.009  0.055 0.047 0.050 0.047  0.110 0.098 0.100 0.098 125 0.012 0.009 0.009 0.008  0.054 0.045 0.045 0.045  0.107 0.089 0.089 0.089
150  0.012 0.010 0.012 0.010  0.055 0.049 0.052 0.047  0.109 0.098 0.102 0.101 150  0.013 0.009 0.009 0.009 0.056 0.045 0.046 0.045  0.107 0.091 0.092 0.091
200  0.013 0.011 0.013 0.012  0.054 0.050 0.053 0.052  0.108 0.101 0.105 0.103 200  0.012 0.009 0.010 0.010  0.053 0.046 0.046 0.046  0.106 0.093 0.094 0.092
250  0.012 0.012 0.014 0.012  0.053 0.053 0.056 0.055  0.110 0.106 0.111 0.108 250  0.012 0.010 0.010 0.010  0.053 0.046 0.046 0.046  0.108 0.096 0.097 0.095

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.017 0.021 0.018  0.044 0.076 0.084 0.078  0.090 0.155 0.161 0.154 -5 0.008 0.014 0.014 0.013  0.040 0.069 0.069 0.066  0.084 0.143 0.144 0.143
-25  0.011 0.019 0.022 0.018  0.045 0.108 0.113 0.107  0.095 0.255 0.258 0.255 -25  0.009 0.018 0.018 0.017  0.041 0.100 0.100 0.099  0.091 0.239 0.237 0.238
0 0.013 0.024 0.028 0.025 0.061 0.116 0.122 0.118 0.128 0.244 0.247 0.245 0 0.011 0.022 0.022 0.021 0.052 0.107 0.107 0.104 0.109 0.233 0.229 0.230
25 0.016 0.025 0.028 0.025 0.071 0.115 0.121 0.117 0.135 0.227 0.231 0.228 25 0.011 0.023 0.023 0.021 0.061 0.107 0.109 0.109 0.120 0.219 0.221 0.221
5 0.016 0.024 0.027 0.024 0.068 0.107 0.114 0.110 0.133 0.201 0.209 0.203 5 0.012 0.022 0.022  0.020 0.061 0.105 0.106 0.105 0.122 0.202 0.202 0.201
10 0.014 0.021 0.026 0.022  0.063 0.093 0.098 0.092  0.122 0.172 0.178 0.175 10 0.011 0.019 0.019 0.018  0.061 0.095 0.096 0.095 0.116 0.179 0.178 0.176
25 0.011 0.016 0.018 0.017  0.056 0.072 0.077 0.073  0.111 0.140 0.144 0.143 25 0.010 0.016 0.016 0.016  0.056 0.078 0.080 0.079  0.109 0.149 0.150 0.148
50 0.010 0.012 0.013 0.011 0.054 0.064 0.067 0.064  0.107 0.125 0.127 0.125 50  0.010 0.014 0.014 0.014  0.052 0.068 0.067 0.067  0.104 0.131 0.133 0.133
75  0.010 0.010 0.013 0.011 0.054 0.059 0.063 0.060 0.107 0.116 0.118 0.116 75  0.010 0.012 0.012 0.013  0.051 0.062 0.065 0.064  0.104 0.125 0.128 0.125
100 0.010 0.011 0.012 0.011 0.051 0.055 0.057 0.055 0.107 0.112 0.116 0.113 100 0.011 0.012 0.012 0.012 0.050 0.062 0.064 0.063 0.103 0.120 0.122 0.121
125 0.011 0.011 0.012 0.010 0.050 0.050 0.053 0.051 0.107 0.109 0.112 0.108 125 0.009 0.012 0.012 0.012 0.052 0.060 0.061  0.060 0.101 0.118 0.118 0.117
150 0.011 0.011 0.012 0.010 0.049 0.049 0.053 0.049 0.106 0.105 0.108 0.104 150 0.010 0.011 0.012 0.011 0.052 0.060 0.060 0.060 0.101 0.114 0.116 0.115
200 0.010 0.009 0.011 0.010 0.051 0.049 0.052 0.048 0.105 0.101 0.103 0.101 200 0.009 0.011 0.012 0.010 0.052 0.058 0.059 0.058 0.103 0.111 0.112 0.112
250 0.011 0.010 0.011  0.009 0.053 0.050 0.051 0.049 0.105 0.097 0.101  0.099 250 0.010 0.011 0.011 0.011 0.051 0.055 0.056 0.056 0.107 0.113 0.114 0.114
Two-sided tests - T' = 250 Two-sided tests- 7' = 1000
-5 0.008 0.009 0.012 0.009 0.045 0.041 0.047 0.041 0.093 0.080 0.090 0.083 -5 0.007 0.007 0.007 0.007 0.041 0.034 0.035 0.034 0.086 0.071 0.072 0.070
-25 0.010 0.010 0.011 0.010 0.040 0.048 0.052 0.049 0.089 0.107 0.114 0.108 -25 0.007 0.009 0.009 0.009 0.038 0.045 0.046 0.045 0.085 0.098 0.100 0.099
0 0.011 0.012 0.015 0.012 0.051 0.056 0.062 0.059 0.107 0.117 0.123 0.119 0 0.009 0.010 0.011 0.011 0.045 0.052 0.054 0.053 0.093 0.108 0.109 0.106
25 0.014 0.012 0.016 0.014 0.060 0.061 0.067 0.064 0.113 0.120 0.126 0.122 25 0.009 0.010 0.012 0.011 0.052 0.060 0.059 0.059 0.102 0.115 0.116 0.116
5 0.012 0.013 0.016 0.014 0.056 0.058 0.065 0.062 0.113 0.117 0.125 0.121 5 0.010 0.012 0.012 0.011 0.054 0.059 0.060 0.060 0.105 0.118 0.121 0.119
10 0.011 0.012 0.015 0.012 0.055 0.057 0.062 0.059 0.106 0.112 0.119 0.112 10 0.010 0.011 0.011 0.011 0.054 0.061 0.062 0.061 0.106 0.117 0.118 0.116
25 0.010 0.010 0.012 0.011 0.051 0.051 0.056 0.054 0.103 0.102 0.109 0.104 25 0.010 0.012 0.012 0.011 0.051 0.055 0.055 0.055 0.104 0.109 0.111 0.109
50 0.009 0.007 0.010 0.009 0.049 0.049 0.053 0.049 0.101 0.099 0.105 0.100 50 0.012 0.011 0.011 0.011 0.052 0.054 0.056 0.054 0.103 0.105 0.106 0.105
75 0.008 0.008 0.009 0.008 0.050 0.046 0.052 0.048 0.101 0.100 0.104 0.099 75 0.010 0.011 0.011 0.011 0.052 0.053 0.054 0.053 0.105 0.105 0.106 0.105
100 0.009 0.009 0.011  0.009 0.049 0.047 0.052 0.050 0.101 0.097 0.103 0.099 100 0.010 0.010 0.010 0.009 0.052 0.053 0.053 0.052 0.105 0.105 0.108 0.107
125 0.009 0.009 0.011 0.010 0.049 0.049 0.052 0.049 0.101 0.096 0.103 0.098 125 0.010 0.011 0.011 0.010 0.053 0.052 0.054 0.052 0.106 0.104 0.107 0.105
150 0.009 0.009 0.011  0.009 0.051 0.048 0.052 0.050 0.102 0.098 0.104 0.096 150 0.011 0.010 0.010 0.010 0.052 0.054 0.054 0.052 0.106 0.105 0.106 0.105
200 0.010 0.010 0.012 0.011 0.050 0.049 0.054 0.050 0.103 0.099 0.105 0.100 200 0.010 0.010 0.010 0.009 0.050 0.050 0.051 0.049 0.104 0.102 0.105 0.104
250 0.010 0.010 0.013 0.011 0.050 0.049 0.054 0.051 0.104 0.101 0.107 0.104 250 0.010 0.011 0.011 0.011 0.051 0.050 0.052 0.051 0.103 0.101 0.102 0.101
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.6. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T =1000. DGP4 (Negative Autocorrelation): y; = Sxt—1 + ut, ©t = pre—1 + w and wy = Ywi—1 + v, where =0, p=1—¢/T, =—-0.5
—0.90 1].

and (ut,vt)’ ~ NIID(0,X), with 3 = [1

—0.90;
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

(L RWE p FRWEBW WB r FRWE t (LRWBn FRWE W (LRWE e FRWE L BW o RWE o FRWE BW o RWE FRWE BW
c 1% 5% 10% c 1% 5% 10%
-5 0.010 0.003 0.005 0.002 0.052 0.020 0.024 0.019 0.105 0.048 0.053 0.048 -5 0.009 0.002 0.002  0.002 0.049 0.018 0.018 0.019 0.097 0.044 0.045 0.044
-25  0.010 0.000 0.001 0.000  0.050 0.006 0.007 0.005  0.099 0.017 0.018 0.016 -25  0.009 0.001 0.001 0.000  0.050 0.004 0.004 0.004  0.098 0.015 0.015 0.015
0 0.005 0.001 0.001 0.000  0.030 0.006 0.007 0.006  0.060 0.019 0.020 0.019 0 0.008 0.001 0.000 0.000  0.033 0.008 0.008 0.008  0.065 0.021 0.021  0.020
25 0.009 0.002 0.002 0.002  0.043 0.016 0.018 0.017  0.086 0.040 0.040 0.039 25 0012 0.002 0.003 0.002  0.048 0.018 0.018 0.018  0.092 0.043 0.044 0.043
5 0011 0.004 0.005 0.004  0.050 0.024 0.024 0.024  0.095 0.052 0.055 0.053 5 0013 0.004 0.003 0.003  0.054 0.025 0.024 0.025  0.100 0.056 0.056 0.057
10 0.012 0.006 0.007 0.007  0.052 0.031 0.032 0.031  0.100 0.063 0.065 0.065 10 0.014 0.006 0.005 0.005  0.054 0.031 0.030 0.030 0.103 0.067 0.067 0.067
25 0.010 0.007 0.007 0.007  0.052 0.038 0.040 0.039  0.102 0.080 0.081  0.080 25  0.013 0.008 0.008 0.008  0.054 0.039 0.039 0.038 0.105 0.080 0.080 0.080
50  0.010 0.007 0.009 0.007  0.051 0.041 0.044 0.043  0.102 0.087 0.089 0.087 50 0.014 0.010 0.010 0.010 0.054 0.043 0.045 0.044  0.104 0.085 0.086 0.085
75 0.010 0.008 0.009 0.008  0.053 0.047 0.048 0.047  0.101 0.089 0.092  0.091 75 0.014 0.011 0.011 0011  0.053 0.044 0.046 0.046  0.102 0.090 0.090 0.089
100  0.010 0.008 0.010 0.009  0.053 0.047 0.050 0.049  0.102 0.093 0.095 0.094 100  0.014 0.011 0.012 0012  0.053 0.047 0.047 0.047  0.104 0.093 0.092 0.092
125 0.010 0.009 0.011 0.010  0.055 0.050 0.053 0.051  0.104 0.097 0.101  0.099 125 0.013 0.012 0.011 0011  0.054 0.048 0.047 0.047  0.105 0.094 0.095 0.094
150  0.010 0.010 0.012 0.010  0.053 0.051 0.053 0.052  0.105 0.099 0.103 0.103 150  0.013 0.011 0.011 0011  0.054 0.048 0.049 0.048  0.104 0.096 0.096 0.094
200  0.011 0.011 0.013 0.011  0.055 0.053 0.056 0.054  0.106 0.102 0.106 0.105 200  0.012 0.011 0.011 0.010  0.055 0.051 0.05s1 0.050  0.103 0.096 0.097  0.096
250  0.012 0.012 0.013 0.012  0.056 0.056 0.058 0.057  0.106 0.104 0.108 0.107 250  0.012 0.011 0.010 0.011  0.054 0.050 0.051 0.050  0.104 0.098 0.098 0.098
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.016 0.021 0.016 0.045 0.072 0.081 0.073 0.097 0.144 0.154 0.146 -5 0.009 0.014 0.015 0.013 0.045 0.072 0.073 0.073 0.097 0.141 0.143 0.141
-25  0.012 0.023 0.029 0.022  0.054 0.106 0111 0.105  0.107 0.202 0211 0.203 -25  0.008 0.019 0.018 0.016  0.050 0.099 0.100 0.098  0.104 0.198 0.197 0.195
0 0013 0.021 0.024 0.021  0.067 0.101 0.107 0.100  0.126 0.197 0.204 0.197 0 0012 0.021 0.020 0.019  0.059 0.095 0.096 0.095 0.118 0.190 0.191 0.189
25  0.014 0.020 0.023 0.022  0.065 0.092 0.098 0.093  0.125 0.170 0.177  0.173 25 0.013 0.020 0.020 0.020  0.059 0.089 0.089 0.089 0.117 0.169 0.170  0.169
5 0013 0.019 0.021 0.020  0.062 0.082 0.086 0.084 0.119 0.159 0.161 0.158 5 0013 0.019 0.019 0.018  0.057 0.081 0.081 0.080  0.110 0.154 0.155  0.154
10 0.012 0.016 0.018 0.017 0.057 0.075 0.078 0.075 0.112 0.139 0.144 0.141 10 0.011 0.016 0.015 0.015 0.054 0.074 0.075 0.074 0.106 0.140 0.141 0.139
25 0.011 0.014 0.016 0.014  0.056 0.065 0.069 0.067  0.107 0.123 0.129 0.124 25  0.010 0.013 0.013 0012  0.053 0.065 0.066 0.065  0.102 0.120 0.122 0.121
50 0.010 0.011 0.013 0.011 0.054 0.058 0.062 0.061 0.108 0.117 0.121 0.117 50 0.010 0.012 0.012 0.012 0.050 0.059 0.058 0.058 0.099 0.114 0.115 0.116
75 0.009 0.011 0.012 0.011 0.053 0.056 0.062 0.057 0.108 0.113 0.118 0.112 75 0.010 0.011 0.012 0.012 0.050 0.056 0.057 0.057 0.102 0.114 0.115 0.114
100 0.010 0.011 0.012 0.011 0.051 0.052 0.056 0.053 0.105 0.107 0.112 0.107 100 0.010 0.012 0.012 0.012 0.050 0.056 0.055 0.056 0.101 0.112 0.113 0.113
125 0.010 0.010 0.011 0.011 0.051 0.054 0.056 0.052 0.105 0.103 0.108 0.105 125 0.010 0.011 0.011 0.011 0.051 0.056 0.055 0.056 0.101 0.111 0.112 0.112
150 0.010 0.010 0.011 0.010 0.051 0.051 0.055 0.052 0.106 0.103 0.107 0.103 150 0.010 0.011 0.011 0.011 0.051 0.055 0.055 0.055 0.104 0.111 0.110 0.110
200 0.010 0.010 0.010 0.009 0.050 0.050 0.052 0.049 0.106 0.103 0.106 0.105 200 0.010 0.011 0.011 0.011 0.052 0.055 0.055 0.055 0.104 0.111 0.110 0.110
250 0.010 0.009 0.011  0.009 0.049 0.049 0.051 0.048 0.102 0.099 0.102 0.099 250 0.010 0.010 0.011 0.010 0.052 0.056 0.056 0.055 0.106 0.111 0.111 0.110
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000

-5 0.009 0.009 0.016 0.009 0.048 0.044 0.057 0.044 0.097 0.090 0.105 0.092 -5 0.009 0.007 0.009 0.007 0.047 0.042 0.043 0.042 0.098 0.089 0.091 0.091
-25 0.011 0.011 0.015 0.011 0.049 0.054 0.062 0.054 0.100 0.112 0.118 0.110 -2.5 0.007 0.008 0.009 0.008 0.046 0.049 0.049 0.047 0.096 0.102 0.104 0.102
0 0.012 0.012 0.013 0.012 0.051 0.054 0.061 0.055 0.101 0.107 0.114 0.106 0 0.009 0.011 0.010 0.011 0.047 0.051 0.052 0.051 0.097 0.102 0.104 0.103
25 0.012 0.012 0.014 0.013 0.051 0.055 0.060 0.056 0.103 0.107 0.115 0.110 25 0.011 0.010 0.011 0.010 0.050 0.054 0.056 0.053 0.100 0.106 0.107 0.106
5 0.012 0.012 0.013 0.012 0.054 0.054 0.059 0.056 0.104 0.106 0.111 0.107 5 0.010 0.012 0.011 0.011 0.052 0.055 0.055 0.054 0.098 0.104 0.105 0.104
10 0.012 0.010 0.013 0.013 0.053 0.051 0.057 0.054 0.102 0.104 0.110 0.106 10 0.010 0.011 0.011 0.011 0.052 0.054 0.054 0.054 0.100 0.104 0.105 0.104
25 0.010 0.011 0.013 0.010 0.050 0.049 0.054 0.051 0.105 0.103 0.109 0.106 25 0.010 0.011 0.011 0.011 0.051 0.051 0.053 0.051 0.101 0.103 0.105 0.104
50 0.008 0.009 0.009 0.009 0.050 0.050 0.054 0.050 0.103 0.099 0.106 0.104 50 0.011 0.011 0.012 0.011 0.053 0.052 0.052 0.052 0.101 0.102 0.102 0.102
75 0.009 0.010 0.012 0.009 0.049 0.048 0.052 0.051 0.105 0.103 0.110 0.104 75 0.011 0.012 0.013 0.012 0.053 0.051 0.053 0.052 0.103 0.100 0.102 0.103
100 0.008 0.009 0.011 0.010 0.050 0.047 0.053 0.051 0.103 0.099 0.106 0.102 100 0.012 0.013 0.012 0.013 0.053 0.051 0.052 0.052 0.102 0.101 0.102 0.103
125 0.010 0.010 0.011 0.010 0.051 0.048 0.052 0.049 0.105 0.101 0.109 0.102 125 0.013 0.012 0.012 0.012 0.053 0.052 0.052 0.053 0.103 0.102 0.102 0.103
150 0.009 0.010 0.012 0.010 0.049 0.049 0.053 0.050 0.104 0.102 0.108 0.104 150 0.012 0.012 0.012 0.012 0.053 0.052 0.052 0.052 0.103 0.102 0.104 0.103
200 0.010 0.010 0.012 0.009 0.052 0.052 0.057 0.053 0.105 0.101 0.108 0.103 200 0.010 0.010 0.011 0.010 0.052 0.050 0.052 0.052 0.103 0.105 0.106 0.105
250 0.010 0.010 0.012 0.010 0.053 0.053 0.058 0.053 0.104 0.103 0.109 0.105 250 0.010 0.011 0.010 0.010 0.049 0.047 0.049 0.049 0.104 0.105 0.107 0.105

Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ¢

«, RWB «, FRW B

s and t.% are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.7. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T =1000. DGP4 (Negative Autocorrelation): y; = Sxi—1 + ut, ©t = pre—1 + we and wy = Ywi—1 + v, where 5 =0, p=1—¢/T, =—-0.5
—0.50 1].

and (ut,vt)’ ~ NIID(0,X), with 3 = [1

— 0.50;
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

L:;[RVVR [:![FR‘i"l? IZErW' Lo I;IRH/B IzlrFRVVR LzEzVV [ JRWB [:&Fﬂ‘i"l? ILETW' Lo L;;[RW"R L:;[F‘RW’B IEJV [ I;ZCRW,R I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [:][FRVVB IZErW' tox
c 1% 5% 10% c 1% 5% 10%

-5 0.011 0.011 0.017 0.010 0.051 0.051 0.059 0.052 0.101 0.103 0.111 0.102 -5 0.009 0.009 0.009 0.009 0.050 0.050 0.051 0.051 0.096 0.096 0.098 0.097
-2.5 0.011 0.012 0.015 0.010 0.051 0.052 0.059 0.049 0.103 0.104 0.110 0.103 -2.5 0.009 0.009 0.010 0.009 0.050 0.050 0.051 0.050 0.096 0.096 0.096 0.096
0 0.011 0.011 0.014 0.010 0.050 0.051 0.055 0.050 0.099 0.100 0.102 0.100 0 0.010 0.010 0.011 0.010 0.052 0.053 0.053 0.053 0.102 0.103 0.103 0.102
25 0.010 0.010 0.012 0.010  0.049 0.048 0.053 0.051  0.099 0.098 0.101 0.099 25  0.012 0.011 0.011 0.011  0.053 0.053 0.054 0.053  0.105 0.104 0.105 0.105
5 0.010 0.010 0.012 0.011  0.050 0.051 0.053 0.050  0.100 0.098 0.101 0.099 5 0012 0.011 0.010 0.011  0.051 0.053 0.052 0.051  0.106 0.105 0.105 0.105
10 0.011 0.011 0.013 0.011  0.052 0.050 0.053 0.051  0.103 0.102 0.105 0.105 10 0.011 0.011 0.010 0.010  0.051 0.050 0.052 0.052  0.103 0.104 0.104 0.104
25 0.010 0.010 0.011 0.010  0.049 0.049 0.052 0.051  0.100 0.099 0.102 0.101 25 0.011 0.012 0.011 0.010  0.054 0.052 0.052 0.053  0.103 0.104 0.104 0.103
50  0.011 0.009 0.010 0.010  0.048 0.046 0.049 0.049  0.098 0.098 0.100 0.099 50  0.012 0.011 0.011 0.011  0.054 0.052 0.053 0.053  0.102 0.102 0.102 0.102
75  0.010 0.009 0.011 0.011  0.049 0.047 0.050 0.048  0.097 0.094 0.097 0.095 75 0.011 0.012 0.012 0.012  0.053 0.053 0.053 0.052  0.102 0.102 0.102 0.103
100  0.009 0.009 0.010 0.010  0.048 0.048 0.050 0.048  0.097 0.093 0.097 0.096 100  0.012 0.013 0.012 0.012  0.053 0.052 0.052 0.051  0.103 0.102 0.103 0.102
125 0.009 0.009 0.011 0.010  0.050 0.049 0.052 0.049  0.095 0.093 0.097 0.094 125 0.012 0.012 0.012 0.013  0.051 0.051 0.052 0.052  0.102 0.103 0.103 0.103
150  0.009 0.010 0.011 0.011  0.048 0.049 0.052 0.049  0.097 0.096 0.098 0.095 150  0.012 0.012 0.011 0.012  0.052 0.052 0.051 0.052  0.101 0.102 0.102 0.101
200  0.009 0.009 0.011 0.010  0.048 0.048 0.050 0.048  0.099 0.097 0.099 0.098 200  0.012 0.011 0.011 0.011  0.051 0.051 0.051 0.051  0.102 0.102 0.101 0.100
250  0.009 0.010 0.011 0.010  0.050 0.049 0.053 0.051  0.101 0.097 0.103 0.098 250  0.012 0.012 0.011 0.012  0.050 0.051 0.051 0.050  0.103 0.104 0.104 0.102

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.011 0.012 0.016 0.012  0.052 0.050 0.060 0.051  0.102 0.103 0.110 0.100 -5 0.011 0.011 0.012 0.010  0.047 0.049 0.049 0.048 0.101 0.100 0.103 0.100
-25  0.011 0.010 0.016 0.010  0.052 0.051 0.057 0.051  0.102 0.101 0.107 0.100 -25  0.009 0.009 0.011 0.009  0.048 0.048 0.049 0.047  0.096 0.095 0.098 0.095
0 0012 0.011 0.015 0.011  0.050 0.051 0.055 0.049  0.097 0.096 0.101 0.097 0  0.009 0.010 0.010 0.009  0.048 0.049 0.048 0.048  0.098 0.099 0.100 0.098
25 0.010 0.010 0.012 0.010  0.052 0.052 0.053 0.051  0.103 0.101 0.103 0.102 2.5  0.009 0.010 0.010 0.009  0.051 0.050 0.051 0.049  0.102 0.099 0.102 0.102
5 0011 0.010 0.012 0.010  0.050 0.050 0.052 0.050 0.103 0.102 0.105 0.103 5 0.009 0.009 0.009 0.009 0.053 0.054 0.054 0.053  0.101 0.101 0.103 0.102
10 0.010 0.011 0.011 0.011  0.052 0.052 0.054 0.052  0.100 0.099 0.102 0.101 10 0.010 0.009 0.009 0.009 0.052 0.051 0.053 0.052  0.101 0.101 0.102 0.101
25 0.011 0.013 0.014 0.012  0.051 0.049 0.053 0.053  0.103 0.101 0.105 0.103 25 0.010 0.009 0.009 0.009  0.050 0.049 0.050 0.050  0.098 0.097 0.098 0.098
50 0.010 0.011 0.012 0.011  0.051 0.050 0.054 0.053  0.103 0.101 0.106 0.101 50  0.010 0.009 0.009 0.009  0.050 0.049 0.051 0.051  0.097 0.096 0.097 0.097
75 0.011 0.010 0.011 0.011  0.051 0.051 0.053 0.051 0.101 0.100 0.104 0.101 75  0.010 0.011 0.010 0.010  0.048 0.048 0.049 0.048  0.099 0.099 0.099 0.099
100 0.010 0.010 0.011 0.010 0.049 0.050 0.053 0.051 0.101 0.099 0.103 0.100 100 0.010 0.011 0.011 0.010 0.048 0.048 0.048 0.048 0.101 0.099 0.100 0.101
125 0.010 0.010 0.012 0.011 0.051 0.050 0.052 0.051 0.101 0.099 0.101  0.099 125 0.011 0.010 0.010 0.010 0.049 0.050 0.049 0.048 0.101 0.100 0.102 0.101
150 0.010 0.010 0.012 0.011 0.050 0.050 0.052 0.050 0.099 0.098 0.101 0.098 150 0.009 0.010 0.010 0.009 0.050 0.049 0.050 0.049 0.100 0.100 0.101 0.101
200 0.011 0.011 0.011 0.011 0.048 0.048 0.051 0.050 0.099 0.097 0.100 0.098 200 0.010 0.010 0.010 0.010 0.050 0.049 0.050 0.049 0.102 0.101 0.102 0.101
250 0.010 0.010 0.011 0.010 0.048 0.048 0.051 0.048 0.100 0.096 0.100 0.097 250 0.010 0.010 0.010 0.010 0.049 0.048 0.049 0.049 0.101 0.100 0.101 0.100

Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.011 0.011 0.020 0.012 0.051 0.050 0.066 0.051 0.102 0.101 0.119 0.103 -5 0.010 0.010 0.011  0.009 0.047 0.048 0.052 0.049 0.098 0.098 0.100 0.099
-25 0.011 0.011 0.018 0.011 0.051 0.053 0.066 0.051 0.101 0.101 0.116 0.100 -25 0.010 0.010 0.010 0.009 0.050 0.049 0.051 0.049 0.096 0.099 0.100 0.097
0 0.011 0.011 0.015 0.011 0.050 0.051 0.058 0.050 0.097 0.099 0.109 0.099 0 0.010 0.011 0.010 0.010 0.048 0.048 0.050 0.048 0.101 0.102 0.101 0.101
25 0.009 0.010 0.012 0.010 0.051 0.051 0.058 0.053 0.099 0.099 0.106 0.102 25 0.010 0.011 0.011 0.011 0.051 0.052 0.052 0.051 0.103 0.103 0.105 0.102
5 0.011 0.010 0.012 0.011 0.050 0.052 0.057 0.052 0.099 0.100 0.105 0.100 5 0.010 0.010 0.011 0.010 0.050 0.051 0.051 0.051 0.105 0.105 0.105 0.104
10 0.011 0.011 0.014 0.011 0.050 0.048 0.053 0.051 0.103 0.100 0.107 0.104 10 0.010 0.010 0.010 0.010 0.051 0.050 0.051 0.050 0.103 0.102 0.104 0.104
25 0.012 0.011 0.012 0.013 0.051 0.049 0.055 0.052 0.101 0.100 0.105 0.104 25 0.012 0.010 0.010 0.010 0.052 0.052 0.052 0.051 0.103 0.101 0.102 0.103
50 0.010 0.009 0.012 0.011 0.049 0.050 0.055 0.051 0.099 0.096 0.103 0.101 50 0.012 0.012 0.011 0.012 0.052 0.051 0.052 0.052 0.103 0.102 0.103 0.104
75 0.009 0.011 0.012 0.011 0.049 0.049 0.055 0.052 0.098 0.097 0.103 0.099 75 0.012 0.012 0.012 0.011 0.053 0.052 0.052 0.052 0.101 0.101 0.102 0.100
100 0.009 0.010 0.011 0.011 0.048 0.048 0.054 0.053 0.098 0.096 0.102 0.099 100 0.011 0.011 0.012 0.012 0.051 0.050 0.052 0.051 0.100 0.098 0.099 0.099
125 0.009 0.010 0.011 0.010 0.049 0.049 0.054 0.051 0.099 0.098 0.104 0.100 125 0.011 0.012 0.011 0.011 0.051 0.050 0.051 0.050 0.100 0.100 0.101 0.100
150 0.010 0.010 0.012 0.010 0.048 0.047 0.051 0.051 0.097 0.097 0.104 0.099 150 0.012 0.012 0.012 0.011 0.050 0.051 0.052 0.050 0.100 0.100 0.101 0.100
200 0.009 0.010 0.012 0.010 0.047 0.049 0.052 0.050 0.096 0.094 0.101 0.098 200 0.012 0.011 0.012 0.012 0.049 0.048 0.050 0.049 0.100 0.099 0.101 0.100
250 0.010 0.011 0.012 0.010 0.049 0.050 0.053 0.050 0.098 0.097 0.103 0.099 250 0.011 0.012 0.012 0.012 0.049 0.047 0.048 0.048 0.099 0.099 0.100 0.099

Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.8. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T =1000. DGP4 (Negative Autocorrelation): y; = Sxt—1 + ut, ©t = pre—1 + w and wy = Ywi—1 + v, where =0, p=1—¢/T, =—-0.5
and (ut,vt) ~ NIID(0,), with = =[1 0; 0 1].
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.006 0.001 0.000 0.001 0.040 0.006 0.004 0.011 0.089 0.017 0.013 0.030 -5 0.008 0.000 0.000 0.002 0.045 0.007 0.005 0.014 0.091 0.022 0.016 0.035
-2.5 0.006 0.000 0.000 0.000 0.033 0.002 0.001 0.003 0.082 0.005 0.004 0.008 -2.5  0.005 0.000 0.000 0.001  0.039 0.002 0.002 0.003  0.088 0.005 0.003 0.009
0 0.014 0.000 0.000 0.001 0.051 0.003 0.003 0.005 0.090 0.008 0.007 0.011 0 0014 0.000 0.000 0.001  0.059 0.004 0.003 0.006  0.100 0.007 0.007 0.011
25 0.017 0.001 0.001 0.002 0.059 0.005 0.005 0.009 0.102 0.014 0.012 0.018 25  0.020 0.001 0.000 0.002 0.071 0.005 0.004 0.010 0.118 0.015 0.014 0.022
5 0.019 0.001 0.001 0.002 0.067 0.008 0.008 0.014 0.112 0.022 0.018 0.029 5 0.024 0.001 0.001 0.003 0.075 0.009 0.008 0.015 0.123 0.023 0.020 0.034
10 0.018 0.002 0.002 0.005 0.067 0.013 0.012 0.024 0.114 0.034 0.033 0.050 10 0.021 0.002 0.002 0.006 0.070 0.016 0.015 0.026  0.121 0.037 0.033 0.055
25 0.017 0.004 0.004 0.011 0.058 0.025 0.024 0.041 0.110 0.052 0.054 0.075 25 0.016 0.005 0.005 0.011  0.063 0.024 0.023 0.044 0.115 0.056 0.054 0.080
50 0.014 0.006 0.007 0.015 0.055 0.033 0.034 0.051 0.105 0.066 0.067 0.092 50  0.013 0.006 0.006 0.014  0.060 0.030 0.031 0.056 0.114 0.070 0.071 0.100
75 0.013 0.006 0.007 0.016 0.055 0.034 0.037 0.057 0.106 0.073 0.076 0.100 75 0.011 0.006 0.006 0.014  0.058 0.035 0.034 0.062 0.113 0.078 0.078 0.109
100 0.012 0.006 0.008 0.017 0.056 0.039 0.041 0.062 0.106 0.078 0.083 0.109 100  0.011 0.006 0.006 0.016  0.059 0.037 0.037 0.065 0.110 0.081 0.080 0.112
125 0.011 0.007 0.008 0.018 0.057 0.040 0.043 0.066 0.107 0.084 0.087 0.113 125 0.012 0.007 0.006 0.018  0.057 0.038 0.038 0.065  0.109 0.083 0.082 0.113
150 0.010 0.007 0.008 0.018 0.057 0.043 0.045 0.068 0.109 0.088 0.091 0.118 150  0.012 0.008 0.007 0.018  0.056 0.040 0.039 0.067 0.107 0.085 0.084 0.116
200 0.011 0.008 0.009 0.020 0.055 0.046 0.049 0.072 0.109 0.091 0.094 0.122 200  0.011 0.008 0.008 0.020  0.055 0.042 0.043 0.069  0.104 0.085 0.086 0.117
250 0.011 0.009 0.010 0.021 0.057 0.049 0.052 0.075 0.109 0.093 0.098 0.128 250  0.012 0.007 0.009 0.021  0.055 0.044 0.044 0.070  0.105 0.088 0.088 0.120

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.015 0.011 0.028 0.043 0.072 0.054 0.103 0.088 0.143 0.113 0.182 -5 0.010 0.015 0.010 0.028  0.046 0.073 0.052 0.106  0.093 0.145 0.113 0.188
-2.5 0.008 0.017 0.022 0.031 0.046 0.102 0.086 0.133 0.092 0.244 0.186 0.282 -25  0.006 0.015 0.015 0.025  0.037 0.093 0.076 0.119  0.080 0.238 0.171 0.275
0 0.010 0.020 0.027 0.037 0.054 0.107 0.117 0.150 0.113 0223 0223 0.273 0  0.006 0.017 0.020 0.033  0.046 0.100 0.103 0.138  0.098 0.216 0.209 0.267
25 0.011 0.020 0.025 0.037 0.058 0.106 0.119 0.151 0.123 0218 0227 0.274 2.5 0.008 0.019 0.023 0.036  0.056 0.107 0.111 0.145 0.114 0.208 0.208 0.256
5 0.010 0.021 0.025 0.037 0.056 0.101 0.113 0.149 0.121 0.203 0211 0.253 5 0.010 0.020 0.022 0.035  0.054 0.106 0.109 0.143 0.117 0.197 0.195 0.240
10 0.011 0.021 0.025 0.038 0.058 0.0923 0.100 0.132 0.113 0.183 0.189 0.229 10 0.011 0.022 0.022 0.036  0.056 0.095 0.096 0.131  0.113 0.177 0.175 0.220
25 0.012 0.018 0.022 0.034 0.059 0.082 0.088 0.116 0.114 0.152 0.158 0.195 25 0.012 0.018 0.019 0.034  0.056 0.080 0.081 0.112  0.104 0.153 0.151 0.193
50 0.011 0.015 0.018 0.032 0.056 0.071 0.076 0.107 0.112 0.135 0.142 0.177 50 0.011 0.015 0.016 0.032 0.054 0.073 0.073 0.103 0.101 0.136 0.137 0.176
75 0.012 0.015 0.019 0.030 0.056 0.066 0.073 0.101 0.107 0.128 0.133 0.167 75 0.010 0.015 0.015 0.030 0.053 0.069 0.070 0.101 0.104 0.131 0.132  0.168
100 0.011 0.014 0.016 0.029 0.055 0.063 0.070 0.097 0.107 0.120 0.126 0.158 100 0.009 0.014 0.014 0.029 0.052 0.067 0.067 0.098 0.105 0.126 0.128 0.162
125 0.012 0.014 0.017 0.028 0.055 0.060 0.066 0.092 0.106 0.116 0.122 0.153 125 0.010 0.013 0.013  0.029 0.052 0.064 0.065 0.095 0.102 0.123 0.124 0.159
150 0.012 0.014 0.017 0.028 0.053 0.058 0.063 0.089 0.107 0.113 0.120 0.150 150 0.010 0.013 0.012 0.029 0.053 0.063 0.063 0.094 0.103 0.121 0.122  0.157
200 0.012 0.012 0.015 0.027 0.054 0.056 0.060 0.087 0.107 0.108 0.114 0.146 200 0.010 0.012 0.012 0.028 0.053 0.061 0.062 0.091 0.100 0.116 0.118 0.153
250 0.012 0.011 0.014 0.025 0.054 0.054 0.060 0.085 0.108 0.105 0.109 0.142 250 0.011 0.012 0.012 0.027 0.053 0.060 0.061 0.091 0.100 0.113 0.115 0.150
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.009 0.008 0.007 0.016 0.045 0.037 0.029 0.064 0.092 0.076 0.058 0.114 -5 0.009 0.007 0.006 0.016 0.049 0.039 0.026 0.066 0.099 0.079 0.056 0.120
-25 0.007 0.008 0.012 0.017 0.042 0.044 0.048 0.069 0.085 0.102 0.087 0.136 -2.5 0.005 0.007 0.008 0.012 0.033 0.040 0.039 0.061 0.073 0.095 0.077 0.122
0 0.008 0.009 0.014 0.020 0.048 0.052 0.064 0.083 0.099 0.109 0.120 0.155 0 0.005 0.007 0.008 0.015 0.041 0.049 0.054 0.075 0.086 0.105 0.106 0.144
25 0.009 0.010 0.014 0.021 0.047 0.052 0.062 0.087 0.103 0.110 0.124 0.160 25 0.006 0.010 0.011 0.017 0.046 0.055 0.059 0.085 0.098 0.112 0.115 0.155
5 0.009 0.010 0.014 0.022 0.048 0.053 0.059 0.087 0.103 0.109 0.121 0.163 5 0.008 0.011 0.013  0.021 0.046 0.054 0.057 0.092 0.104 0.116 0.117 0.158
10 0.009 0.011 0.012 0.024 0.054 0.056 0.061 0.087 0.102 0.105 0.112 0.156 10 0.010 0.013 0.012 0.024 0.051 0.056 0.058 0.091 0.104 0.111 0.111 0.156
25 0.012 0.010 0.012 0.025 0.053 0.055 0.060 0.093 0.109 0.106 0.112 0.157 25 0.011 0.012 0.012 0.027 0.053 0.056 0.056 0.091 0.101 0.103 0.104 0.156
50 0.011 0.011 0.013 0.027 0.053 0.053 0.059 0.091 0.108 0.103 0.110 0.158 50 0.010 0.010 0.010 0.027 0.052 0.054 0.054 0.092 0.101 0.102 0.103 0.160
75 0.012 0.011 0.013 0.027 0.053 0.052 0.058 0.092 0.106 0.101 0.109 0.158 75 0.011 0.011 0.011 0.026 0.051 0.051 0.053 0.093 0.103 0.103 0.104 0.163
100 0.011 0.011 0.013 0.028 0.053 0.051 0.057 0.091 0.107 0.100 0.111 0.159 100 0.011 0.011 0.010 0.025 0.053 0.050 0.053 0.093 0.103 0.101 0.104 0.163
125 0.010 0.010 0.013 0.028 0.054 0.050 0.056 0.091 0.107 0.100 0.109 0.158 125 0.011 0.011 0.011 0.026 0.052 0.052 0.053 0.095 0.104 0.103 0.103 0.160
150 0.010 0.010 0.014 0.029 0.054 0.050 0.055 0.091 0.106 0.099 0.108 0.157 150 0.011 0.010 0.011 0.026 0.054 0.051 0.053 0.094 0.103 0.101 0.103 0.161
200 0.010 0.010 0.014 0.027 0.053 0.049 0.057 0.092 0.107 0.100 0.109 0.159 200 0.012 0.011 0.010 0.026 0.054 0.051 0.053 0.097 0.105 0.103 0.104 0.160
250 0.011 0.010 0.014 0.027 0.053 0.050 0.057 0.095 0.110 0.102 0.112 0.160 250 0.011 0.010 0.011 0.027 0.054 0.053 0.054 0.095 0.105 0.104 0.105 0.162
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.9. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250
and T = 1000. DGP5 (Unconditional Heteroskedasticity): y: = Szi—1 + ut, x¢ = pae—1 + w and wy = Ywi—1 + v, where S = 0,
p=1—c/Tandv =0 and (ur,v:)’ ~ NIID(0,%), with By = [00; —0.950ut0v; —0.950u0v 0ny] and opp = o5y = 1I(t <
0.5T|) + 4L(t > |0.5T'|).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [::,[F‘ RWB IZErW' Lo I;IR‘V B IzlrFRVVR LzEzVV [ JRWB [;QF RWB ILETW' Lo L;;[RW"R L:;[F‘ RWB IEJV [ I;ZCRW, B I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [::}F RWB IZErW' tox
c 1% 5% 10% c 1% 5% 10%
-5 0.007 0.000 0.000 0.002 0.040 0.007 0.005 0.013 0.090 0.019 0.013 0.032 -5 0.010 0.001 0.000 0.002 0.045 0.008 0.005 0.016 0.094 0.025 0.017 0.038
-2.5 0.006 0.000 0.000 0.001 0.035 0.002 0.002 0.004 0.082 0.005 0.004 0.009 -2.5 0.006 0.000 0.000 0.001 0.041 0.002 0.002 0.004 0.091 0.006 0.004 0.010
0 0.013 0.000 0.000 0.001 0.047 0.003 0.003 0.005 0.085 0.009 0.007 0.012 0 0.013 0.001 0.000 0.002 0.055 0.004 0.003 0.006 0.094 0.008 0.007 0.012
2.5 0.016 0.001 0.001 0.002 0.057 0.006 0.005 0.010 0.099 0.015 0.013 0.021 25 0.019 0.001 0.000 0.002  0.068 0.006 0.005 0.010 0.116 0.016 0.014 0.024
5 0.019 0.001 0.001 0.002 0.064 0.010 0.008 0.015 0.110 0.023 0.020 0.032 5 0.020 0.001 0.001 0.003  0.069 0.010 0.008 0.017  0.120 0.024 0.021 0.039
10 0.018 0.002 0.002 0.006 0.064 0.015 0.014 0.026 0.114 0.038 0.035 0.054 10 0.019 0.002 0.002 0.007  0.067 0.016 0.015 0.028 0.118 0.039 0.035 0.056
25 0.016 0.004 0.004 0.012 0.057 0.026 0.026 0.042 0.109 0.056 0.056 0.078 25 0.015 0.005 0.005 0.012  0.059 0.025 0.024 0.044 0.113 0.056 0.055 0.080
50 0.013 0.006 0.006 0.015 0.055 0.033 0.034 0.053 0.103 0.066 0.068 0.094 50  0.012 0.006 0.006 0.014  0.057 0.031 0.031 0.055 0.113 0.070 0.070 0.101
75 0.013 0.006 0.008 0.016 0.054 0.036 0.038 0.057 0.106 0.074 0.077 0.104 75 0.011 0.006 0.006 0.014  0.059 0.035 0.035 0.063 0.112 0.077 0.078 0.110
100 0.012 0.007 0.008 0.017 0.056 0.038 0.041 0.063 0.106 0.083 0.084 0.109 100  0.010 0.007 0.006 0.016  0.057 0.039 0.039 0.063 0.110 0.082 0.081 0.113
125 0.012 0.007 0.008 0.018 0.055 0.041 0.045 0.067 0.107 0.085 0.088 0.113 125 0.011 0.006 0.007 0.017  0.054 0.041 0.040 0.066  0.107 0.083 0.084 0.114
150 0.011 0.008 0.009 0.018 0.054 0.042 0.046 0.068 0.107 0.087 0.089 0.116 150  0.011 0.007 0.007 0.017  0.056 0.040 0.041 0.068  0.107 0.085 0.086 0.117
200 0.011 0.008 0.010 0.020 0.056 0.045 0.049 0.072 0.106 0.090 0.094 0.124 200  0.012 0.007 0.008 0.019  0.056 0.043 0.043 0.070  0.104 0.088 0.087 0.119
250 0.010 0.009 0.010 0.022 0.056 0.048 0.053 0.075 0.108 0.094 0.099 0.128 250  0.012 0.009 0.009 0.021  0.055 0.044 0.044 0.072  0.105 0.090 0.091 0.120
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.007 0.015 0.010 0.027 0.044 0.072 0.051 0.103 0.089 0.143 0.113 0.181 -5 0.009 0.015 0.009 0.026  0.046 0.073 0.050 0.105  0.092 0.146 0.111 0.189
-2.5 0.008 0.017 0.021 0.031 0.045 0.101 0.082 0.135 0.096 0.242 0.180 0.276 -25  0.005 0.013 0.015 0.025  0.038 0.095 0.074 0.123  0.082 0.230 0.165 0.266
0 0.010 0.019 0.026 0.037 0.056 0.106 0.115 0.149 0.113 0219 0.216 0.269 0  0.007 0.017 0.018 0.030  0.046 0.098 0.101 0.136  0.101 0.212 0.204 0.260
25 0.010 0.019 0.025 0.037 0.058 0.103 0.116 0.149 0.122 0212 0219 0.266 2.5 0.008 0.020 0.021 0.035 0.054 0.103 0.106 0.144 0.113 0.204 0.201 0.252
5 0.011 0.021 0.024 0.037 0.056 0.100 0.108 0.144 0.122 0.197 0.204 0.245 5 0.010 0.020 0.021 0.035  0.055 0.103 0.103 0.138  0.115 0.189 0.191 0.236
10 0.012 0.019 0.024 0.035 0.058 0.092 0.098 0.132 0.117 0.178 0.185 0.227 10 0.012 0.020 0.021 0.035 0.055 0.092 0.093 0.127 0.110 0.174 0.173 0.216
25 0.012 0.018 0.021 0.035 0.058 0.080 0.085 0.114 0.112 0.151 0.157 0.193 25 0.011 0.017 0.019 0.033  0.054 0.078 0.077 0.110  0.103 0.147 0.148 0.190
50 0.012 0.016 0.019 0.032 0.055 0.068 0.073 0.105 0.1108 0.134 0.138 0.173 50  0.011 0.016 0.017 0.032  0.053 0.070 0.071 0.101  0.103 0.134 0.136 0.171
75 0.011 0.015 0.018 0.029 0.053 0.064 0.068 0.098 0.108 0.125 0.131 0.163 75 0.011 0.015 0.015 0.029  0.053 0.067 0.068 0.101  0.106 0.130 0.131 0.167
100 0.012 0.014 0.018 0.029 0.054 0.060 0.066 0.094 0.106 0.120 0.125 0.157 100 0.010 0.014 0.014 0.029 0.054 0.066 0.067 0.099 0.104 0.125 0.126  0.160
125 0.012 0.013 0.017 0.028 0.053 0.059 0.062 0.091 0.107 0.114 0.120 0.153 125 0.010 0.012 0.012 0.028 0.054 0.065 0.067 0.096 0.105 0.123 0.124 0.157
150 0.012 0.013 0.017 0.028 0.054 0.057 0.061 0.087 0.105 0.113 0.117 0.150 150 0.011 0.013 0.012 0.028 0.054 0.062 0.065 0.093 0.102 0.120 0.122 0.154
200 0.011 0.012 0.015 0.027 0.054 0.055 0.060 0.087 0.106 0.109 0.114 0.145 200 0.009 0.013 0.012 0.028 0.055 0.063 0.063 0.093 0.103 0.116 0.118 0.150
250 0.011 0.012 0.014 0.025 0.055 0.052 0.058 0.082 0.107 0.105 0.110 0.141 250 0.010 0.013 0.012 0.027 0.054 0.060 0.061 0.092 0.102 0.113 0.114 0.147
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.007 0.008 0.007 0.017 0.045 0.037 0.027 0.063 0.092 0.077 0.056 0.116 -5 0.009 0.008 0.006 0.016 0.049 0.038 0.025 0.068 0.098 0.080 0.055 0.121
-25 0.007 0.009 0.012 0.017 0.041 0.044 0.046 0.070 0.089 0.103 0.084 0.139 -25 0.005 0.006 0.008 0.013 0.034 0.040 0.036 0.061 0.077 0.096 0.075 0.126
0 0.008 0.010 0.014 0.021 0.047 0.051 0.062 0.083 0.098 0.109 0.118 0.154 0 0.005 0.007 0.008 0.015 0.039 0.049 0.052 0.075 0.087 0.102 0.104 0.142
25 0.008 0.010 0.013 0.020 0.049 0.054 0.062 0.087 0.102 0.108 0.121 0.158 25 0.007 0.009 0.011 0.019 0.045 0.055 0.057 0.082 0.095 0.109 0.111 0.154
5 0.009 0.010 0.014 0.021 0.048 0.053 0.061 0.088 0.105 0.109 0.116 0.159 5 0.007 0.011 0.013  0.020 0.046 0.055 0.055 0.089 0.100 0.111 0.111 0.155
10 0.010 0.010 0.012 0.024 0.051 0.055 0.061 0.088 0.105 0.108 0.112 0.157 10 0.010 0.012 0.012 0.023 0.049 0.056 0.056 0.091 0.098 0.109 0.108 0.156
25 0.011 0.010 0.013 0.025 0.055 0.055 0.059 0.092 0.106 0.104 0.110 0.156 25 0.012 0.012 0.012 0.027 0.052 0.053 0.054 0.089 0.100 0.101 0.101 0.154
50 0.011 0.010 0.013 0.028 0.055 0.053 0.059 0.090 0.105 0.100 0.108 0.158 50 0.011 0.010 0.011 0.028 0.052 0.054 0.053 0.090 0.100 0.101 0.102 0.156
75 0.010 0.010 0.013 0.029 0.053 0.053 0.059 0.091 0.104 0.099 0.106 0.155 75 0.011 0.011 0.011 0.026 0.050 0.049 0.050 0.092 0.104 0.102 0.103 0.164
100 0.011 0.010 0.013 0.029 0.053 0.050 0.058 0.091 0.105 0.099 0.107 0.156 100 0.010 0.010 0.010 0.027 0.051 0.049 0.051 0.095 0.106 0.104 0.105 0.162
125 0.011 0.010 0.014 0.030 0.053 0.050 0.057 0.092 0.106 0.099 0.107 0.158 125 0.011 0.010 0.010 0.027 0.052 0.051 0.051 0.098 0.106 0.104 0.107 0.161
150 0.010 0.011 0.014 0.029 0.053 0.051 0.058 0.091 0.105 0.098 0.107 0.155 150 0.010 0.011 0.011 0.026 0.052 0.052 0.054 0.096 0.105 0.103 0.106 0.161
200 0.010 0.012 0.014 0.028 0.053 0.050 0.057 0.093 0.107 0.100 0.109 0.159 200 0.012 0.010 0.011 0.027 0.051 0.051 0.053 0.098 0.107 0.103 0.105 0.162
250 0.010 0.011 0.014 0.028 0.053 0.049 0.058 0.096 0.108 0.101 0.111 0.157 250 0.011 0.011 0.011 0.029 0.054 0.051 0.054 0.097 0.106 0.103 0.105 0.164
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.10. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250
and T = 1000. DGP5 (Unconditional Heteroskedasticity): y: = Sxi—1 + ut,x¢ = pxe—1 + w and wy = Ywi—1 + v, where S = 0,
p=1-—c/Tand®) =0 and (ur,v:)’ ~ NIID(0,5¢), with ¢ = [05; —0.90utowt; —0.90uow op] and ony = opy = 1I(t <
[0.5T|) + 41(t > |0.5T'|).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.008 0.003 0.002 0.007 0.046 0.021 0.012 0.036 0.098 0.050 0.034 0.068 -5 0.010 0.003 0.001 0.008 0.050 0.024 0.012 0.038 0.101 0.053 0.033 0.076
-2.5 0.008 0.001 0.001 0.002 0.040 0.010 0.004 0.013 0.086 0.022 0.014 0.029 -25  0.010 0.001 0.001 0.003  0.047 0.011 0.006 0.017  0.093 0.026 0.015 0.035
0 0.008 0.002 0.001 0.003 0.038 0.011 0.010 0.017 0.075 0.026 0.022 0.036 0 0010 0.002 0.001 0.004  0.045 0.013 0.010 0.020  0.086 0.032 0.025 0.042
25 0.010 0.002 0.002 0.005 0.046 0.018 0.014 0.026 0.090 0.042 0.035 0.054 25  0.012 0.003 0.002 0.006  0.052 0.019 0.016 0.029  0.097 0.044 0.037  0.058
5 0.012 0.003 0.003 0.008 0.051 0.022 0.020 0.035 0.098 0.050 0.045 0.069 5 0.012 0.004 0.004 0.008  0.053 0.023 0.018 0.036  0.101 0.052 0.047  0.070
10 0.012 0.005 0.004 0.010 0.054 0.027 0.026 0.045 0.103 0.062 0.060 0.085 10 0.012 0.006 0.005 0.011  0.052 0.028 0.025 0.045  0.103 0.061 0.056 0.086
25 0.011 0.007 0.008 0.014 0.053 0.034 0.035 0.058 0.105 0.075 0.075 0.102 25 0.012 0.008 0.008 0.016  0.053 0.033 0.033 0.056  0.102 0.072 0.071 0.102
50 0.010 0.007 0.008 0.016 0.050 0.039 0.041 0.062 0.105 0.082 0.084 0.115 50  0.012 0.008 0.008 0.018  0.051 0.038 0.038 0.064 0.104 0.081 0.081 0.112
75 0.010 0.007 0.008 0.018 0.054 0.042 0.045 0.068 0.103 0.084 0.088 0.117 75 0.011 0.008 0.008 0.018  0.053 0.041 0.040 0.069  0.104 0.086 0.087 0.117
100 0.010 0.008 0.010 0.019 0.055 0.044 0.048 0.070 0.101 0.086 0.090 0.120 100  0.011 0.008 0.008 0.019  0.053 0.042 0.043 0.070  0.105 0.088 0.089 0.123
125 0.011 0.009 0.010 0.022 0.052 0.044 0.047 0.072 0.101 0.088 0.092 0.120 125 0.011 0.008 0.009 0.019  0.054 0.045 0.045 0.073  0.105 0.091 0.091 0.127
150 0.011 0.009 0.011 0.022 0.052 0.045 0.048 0.070 0.101 0.091 0.094 0.122 150  0.011 0.009 0.009 0.020  0.053 0.045 0.045 0.075  0.108 0.096 0.095 0.129
200 0.011 0.010 0.013 0.022 0.052 0.046 0.050 0.072 0.100 0.092 0.095 0.125 200  0.010 0.009 0.009 0.023  0.052 0.046 0.046 0.077  0.108 0.099 0.098 0.129
250 0.011 0.011 0.012 0.022 0.052 0.046 0.051 0.076 0.105 0.097 0.102 0.132 250  0.012 0.010 0.010 0.024  0.054 0.048 0.048 0.079  0.106 0.097 0.098 0.131

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.010 0.014 0.006 0.028 0.049 0.069 0.042 0.097 0.094 0.131 0.091 0.169 -5 0.010 0.015 0.006 0.029  0.052 0.069 0.040 0.098  0.097 0.133 0.092 0.174
-2.5 0.011 0.020 0.015 0.031 0.052 0.100 0.061 0.126 0.110 0.193 0.132 0.221 -2.5 0.007 0.018 0.011 0.027 0.046 0.096 0.052 0.118 0.101 0.187 0.120 0.216
0 0.011 0.019 0.025 0.033 0.057 0.094 0.086 0.126 0.117 0.183 0.167 0.218 0 0.008 0.017 0.015 0.030  0.049 0.087 0.074 0.117  0.106 0.172 0.148 0.206
25 0.011 0.017 0.020 0.033 0.057 0.086 0.088 0.124 0.116 0.165 0.163 0.208 2.5  0.009 0.017 0.017 0.029  0.052 0.083 0.077 0.112  0.106 0.159 0.151 0.197
5 0.012 0.019 0.021 0.033 0.056 0.080 0.082 0.116 0.113 0.151 0.153 0.195 5 0.009 0.017 0.016 0.029  0.050 0.078 0.073 0.110 0.105 0.150 0.145 0.189
10 0.012 0.018 0.020 0.033 0.055 0.070 0.074 0.106 0.109 0.143 0.146 0.184 10 0.010 0.015 0.014 0.029  0.051 0.073 0.073 0.102  0.103 0.137 0.133 0.177
25 0.011 0.014 0.018 0.030 0.055 0.067 0.070 0.100 0.108 0.129 0.132 0.168 25 0.012 0.016 0.016 0.028  0.049 0.063 0.063 0.093  0.098 0.122 0.122  0.160
50 0.011 0.014 0.015 0.027 0.054 0.063 0.067 0.095 0.106 0.117 0.122 0.156 50 0.011 0.016 0.015 0.029 0.050 0.061 0.061 0.089 0.097 0.117 0.117 0.153
75 0.011 0.013 0.016 0.027 0.052 0.055 0.061 0.089 0.105 0.113 0.116 0.152 75 0.011 0.013 0.014 0.027 0.053 0.060 0.060 0.088 0.098 0.115 0.115 0.151
100 0.011 0.012 0.015 0.027 0.052 0.055 0.059 0.086 0.103 0.111 0.115 0.148 100 0.011 0.013 0.013  0.026 0.052 0.060 0.060 0.091 0.102 0.114 0.115 0.149
125 0.010 0.011 0.013 0.026 0.051 0.055 0.058 0.086 0.105 0.108 0.114 0.145 125 0.010 0.012 0.012 0.025 0.052 0.059 0.060 0.089 0.102 0.113 0.115 0.149
150 0.010 0.011 0.013 0.026 0.053 0.055 0.059 0.085 0.105 0.107 0.112 0.144 150 0.010 0.012 0.011 0.025 0.053 0.058 0.061 0.088 0.104 0.113 0.115 0.146
200 0.010 0.011 0.013 0.025 0.053 0.054 0.059 0.085 0.108 0.108 0.112 0.142 200 0.010 0.011 0.011 0.025 0.054 0.059 0.060 0.088 0.103 0.109 0.111 0.146
250 0.009 0.011 0.013 0.023 0.053 0.053 0.058 0.084 0.106 0.103 0.108 0.142 250 0.010 0.011 0.011 0.027 0.053 0.059 0.059 0.088 0.104 0.111 0.110 0.145
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.009 0.008 0.004 0.020 0.050 0.043 0.023 0.075 0.098 0.090 0.053 0.133 -5 0.010 0.008 0.003 0.021 0.053 0.046 0.021 0.079 0.104 0.093 0.052 0.137
-25 0.010 0.010 0.008 0.020 0.046 0.053 0.035 0.076 0.100 0.109 0.065 0.139 -2.5 0.006 0.009 0.006 0.015 0.044 0.051 0.028 0.070 0.094 0.106 0.058 0.134
0 0.010 0.010 0.013 0.021 0.047 0.051 0.051 0.081 0.097 0.104 0.096 0.143 0 0.007 0.009 0.009 0.018 0.043 0.049 0.044 0.073 0.089 0.100 0.084 0.137
25 0.009 0.010 0.012 0.022 0.048 0.051 0.054 0.085 0.101 0.102 0.102 0.150 25 0.010 0.010 0.009 0.019 0.045 0.050 0.045 0.078 0.093 0.101 0.093 0.141
5 0.009 0.009 0.012 0.023 0.049 0.052 0.052 0.084 0.100 0.102 0.102 0.151 5 0.010 0.010 0.010 0.021 0.046 0.049 0.046 0.080 0.095 0.101 0.091 0.146
10 0.011 0.010 0.013 0.027 0.049 0.052 0.052 0.086 0.100 0.099 0.100 0.151 10 0.011 0.011 0.011 0.023 0.047 0.051 0.048 0.084 0.097 0.101 0.098 0.147
25 0.010 0.011 0.013 0.026 0.050 0.049 0.053 0.090 0.102 0.100 0.105 0.157 25 0.013 0.012 0.012 0.028 0.049 0.050 0.049 0.084 0.096 0.096 0.095 0.148
50 0.011 0.010 0.014 0.027 0.049 0.048 0.053 0.093 0.103 0.101 0.108 0.157 50 0.012 0.011 0.011 0.029 0.052 0.052 0.051 0.089 0.098 0.099 0.099 0.153
75 0.009 0.009 0.012 0.026 0.050 0.050 0.056 0.092 0.104 0.097 0.106 0.157 75 0.011 0.011 0.011 0.027 0.052 0.050 0.051 0.092 0.102 0.102 0.101 0.157
100 0.009 0.010 0.012 0.027 0.052 0.050 0.057 0.092 0.104 0.099 0.107 0.156 100 0.011 0.011 0.011 0.027 0.050 0.050 0.050 0.094 0.103 0.101 0.103 0.161
125 0.010 0.010 0.013 0.027 0.053 0.050 0.060 0.092 0.102 0.098 0.105 0.158 125 0.010 0.010 0.011 0.027 0.050 0.049 0.050 0.095 0.104 0.103 0.105 0.162
150 0.010 0.010 0.013 0.027 0.051 0.050 0.058 0.092 0.104 0.098 0.107 0.155 150 0.009 0.011 0.010 0.027 0.052 0.050 0.052  0.096 0.104 0.103 0.106 0.163
200 0.010 0.011 0.014 0.028 0.050 0.050 0.057 0.093 0.104 0.098 0.109 0.157 200 0.010 0.010 0.010 0.027 0.053 0.054 0.056 0.098 0.105 0.104 0.106 0.165
250 0.010 0.012 0.015 0.027 0.050 0.048 0.055 0.092 0.107 0.099 0.109 0.160 250 0.010 0.010 0.009 0.028 0.056 0.056 0.057 0.098 0.106 0.107 0.107 0.168
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.11. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250
and T = 1000. DGP5 (Unconditional Heteroskedasticity): y: = Sxi—1 + ut, vt = pri—1 + we and we Ywe—1 + v¢, where 5 = 0,
p=1—¢/Tand ) = 0 and (ut,fut)/ ~ NIID(0,X%¢), with 3¢ = [agt — 0.50ut0vt; —0.50ut00: © t] and aﬁt = 012,,5 = 1I(t <
0.5T|) + 4L(t > |0.5T'|).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [::,[F‘ RWB IZErW' Lo I;IR‘V B IzlrFRVVR LzEzVV [ JRWB [;QF RWB ILETW' Lo L;;[RW"R L:;[F‘ RWB IEJV [ I;ZCRW, B I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [::}F RWB IZErW' tox
c 1% 5% 10% c 1% 5% 10%
-5 0.009 0.009 0.004 0.019 0.050 0.048 0.026 0.076 0.102 0.101 0.064 0.131 -5 0.012 0.010 0.003 0.022 0.052 0.050 0.026 0.075 0.100 0.099 0.062 0.130
-2.5 0.009 0.010 0.004 0.015 0.048 0.050 0.023 0.065 0.100 0.100 0.056 0.121 -2.5 0.010 0.011 0.003 0.019 0.050 0.053 0.026 0.067 0.101 0.103 0.058 0.121
0 0.010 0.010 0.011 0.017 0.046 0.048 0.039 0.064 0.094 0.098 0.077 0.120 0 0.010 0.012 0.010 0.019 0.048 0.052 0.041  0.069 0.099 0.102 0.084 0.123
25 0.010 0.011 0.011 0.019 0.046 0.049 0.043 0.067 0.095 0.095 0.087 0.123 25  0.010 0.011 0.009 0.018  0.047 0.048 0.044 0.070  0.099 0.101 0.089 0.127
5 0.010 0.010 0.010 0.020 0.051 0.051 0.047 0.073 0.097 0.096 0.091 0.123 5 0011 0.010 0.009 0.019  0.049 0.049 0.045 0.071  0.099 0.101 0.091 0.129
10 0.009 0.011 0.011 0.022 0.052 0.052 0.050 0.076 0.101 0.100 0.097 0.126 10 0.011 0.011 0.010 0.020  0.048 0.050 0.046 0.071  0.098 0.099 0.092 0.128
25 0.010 0.011 0.013 0.023 0.051 0.049 0.052 0.076 0.098 0.097 0.096 0.129 25 0.011 0.012 0.012 0.023  0.049 0.050 0.048 0.072  0.096 0.096 0.094 0.130
50 0.010 0.010 0.011 0.022 0.052 0.050 0.053 0.077 0.100 0.099 0.101 0.128 50  0.011 0.011 0.010 0.023  0.052 0.052 0.052 0.078  0.101 0.101 0.099 0.132
75 0.010 0.009 0.011 0.021 0.052 0.051 0.055 0.078 0.101 0.098 0.102 0.133 75 0.011 0.010 0.010 0.023  0.053 0.051 0.052 0.080  0.103 0.100 0.101 0.132
100 0.008 0.010 0.011 0.021 0.053 0.051 0.055 0.078 0.100 0.098 0.102 0.132 100  0.012 0.011 0.011 0.023  0.052 0.051 0.052 0.079  0.102 0.102 0.101 0.136
125 0.010 0.009 0.013 0.023 0.052 0.049 0.053 0.079 0.101 0.098 0.102 0.131 125 0.011 0.012 0.011 0.023  0.052 0.052 0.052 0.080 0.101 0.101 0.101 0.138
150 0.010 0.010 0.013 0.024 0.052 0.050 0.053 0.079 0.099 0.098 0.101 0.133 150  0.011 0.011 0.011 0.023  0.052 0.052 0.051 0.079  0.103 0.102 0.103 0.138
200 0.011 0.011 0.013 0.024 0.052 0.052 0.055 0.077 0.099 0.096 0.099 0.132 200  0.010 0.011 0.011 0.024  0.054 0.051 0.053 0.081  0.104 0.101 0.102 0.138
250 0.010 0.010 0.013 0.023 0.052 0.051 0.055 0.078 0.100 0.097 0.100 0.133 250  0.010 0.010 0.010 0.025  0.053 0.053 0.053 0.080  0.101 0.101 0.101 0.137
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.013 0.012 0.003 0.023 0.055 0.053 0.030 0.077 0.106 0.104 0.066 0.133 -5 0.010 0.010 0.003 0.021  0.053 0.052 0.025 0.079  0.105 0.104 0.063 0.133
-2.5 0.011 0.012 0.005 0.019 0.051 0.052 0.028 0.067 0.100 0.106 0.060 0.124 -25  0.008 0.009 0.004 0.015 0.048 0.049 0.021 0.064  0.097 0.101 0.055 0.118
0 0.009 0.010 0.009 0.020 0.051 0.053 0.043 0.070 0.097 0.101 0.086 0.125 0 0.008 0.010 0.007 0.016  0.043 0.044 0.034 0.063  0.092 0.096 0.073 0.118
25 0.011 0.011 0.011 0.020 0.052 0.052 0.046 0.073 0.099 0.100 0.095 0.126 2.5  0.009 0.009 0.008 0.018  0.046 0.045 0.038 0.064  0.094 0.097 0.085 0.125
5 0.011 0.012 0.011 0.022 0.052 0.052 0.049 0.073 0.099 0.098 0.094 0.127 5 0.008 0.009 0.007 0.017  0.046 0.046 0.039 0.069  0.098 0.100 0.089 0.128
10 0.013 0.012 0.012 0.022 0.050 0.050 0.050 0.075 0.101 0.096 0.095 0.131 10  0.009 0.009 0.008 0.019  0.048 0.045 0.044 0.073  0.096 0.098 0.093 0.128
25 0.012 0.011 0.013 0.024 0.053 0.050 0.052 0.079 0.104 0.100 0.102 0.133 25 0.010 0.010 0.009 0.021  0.047 0.048 0.046 0.074  0.100 0.099 0.097 0.132
50 0.011 0.011 0.013 0.024 0.051 0.050 0.053 0.079 0.100 0.098 0.102 0.136 50  0.010 0.010 0.010 0.022  0.050 0.049 0.049 0.080  0.100 0.100 0.099 0.133
75 0.010 0.010 0.011 0.023 0.051 0.050 0.053 0.078 0.101 0.100 0.103 0.136 75 0.011 0.011 0.011 0.022  0.050 0.051 0.051 0.077  0.099 0.100 0.100 0.136
100 0.010 0.011 0.012 0.023 0.051 0.049 0.053 0.080 0.102 0.099 0.105 0.136 100 0.011 0.011 0.011 0.022 0.051 0.051 0.051 0.078 0.100 0.099 0.099 0.137
125 0.010 0.010 0.012 0.023 0.052 0.049 0.053 0.079 0.101 0.098 0.103 0.136 125 0.010 0.010 0.011 0.024 0.050 0.050 0.051 0.080 0.101 0.101 0.103 0.136
150 0.010 0.010 0.012 0.024 0.052 0.048 0.053 0.078 0.103 0.099 0.105 0.137 150 0.010 0.011 0.011 0.024 0.051 0.051 0.052 0.081 0.102 0.101 0.102 0.138
200 0.010 0.011 0.013 0.026 0.054 0.051 0.055 0.081 0.103 0.100 0.104 0.137 200 0.010 0.010 0.010 0.024 0.052 0.051 0.052 0.080 0.102 0.102 0.103 0.138
250 0.010 0.012 0.013 0.026 0.054 0.051 0.056 0.080 0.105 0.100 0.105 0.138 250 0.010 0.010 0.011 0.023 0.052 0.051 0.053 0.080 0.101 0.102 0.102 0.138
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.011 0.010 0.004 0.025 0.054 0.051 0.025 0.086 0.103 0.100 0.056 0.153 -5 0.012 0.011 0.002 0.024 0.053 0.050 0.019 0.091 0.104 0.101 0.051 0.154
-25 0.010 0.011 0.005 0.020 0.050 0.053 0.024 0.073 0.096 0.103 0.051 0.132 -25 0.010 0.011 0.003 0.018 0.048 0.053 0.020 0.074 0.098 0.101 0.047 0.131
0 0.009 0.011 0.012 0.019 0.048 0.052 0.045 0.075 0.094 0.100 0.081 0.134 0 0.008 0.011 0.010 0.019 0.045 0.049 0.038 0.073 0.091 0.096 0.075 0.132
25 0.010 0.011 0.012 0.023 0.049 0.050 0.047 0.083 0.098 0.100 0.090 0.141 25 0.009 0.012 0.010 0.021 0.046 0.047 0.040 0.076 0.094 0.093 0.081 0.134
5 0.010 0.011 0.011 0.024 0.051 0.053 0.050 0.088 0.103 0.102 0.097 0.146 5 0.012 0.011 0.011  0.022 0.044 0.045 0.039 0.077 0.094 0.094 0.084 0.140
10 0.010 0.011 0.012 0.026 0.053 0.053 0.052 0.090 0.103 0.102 0.100 0.150 10 0.011 0.010 0.010 0.023 0.046 0.047 0.042 0.081 0.094 0.096 0.090 0.144
25 0.010 0.011 0.013 0.028 0.052 0.049 0.054 0.090 0.102 0.100 0.104 0.155 25 0.011 0.010 0.010 0.026 0.050 0.049 0.048 0.086 0.096 0.097 0.094 0.146
50 0.010 0.010 0.014 0.026 0.051 0.049 0.056 0.094 0.103 0.098 0.106 0.155 50 0.011 0.011 0.011 0.027 0.050 0.049 0.048 0.092 0.101 0.102 0.100 0.158
75 0.010 0.010 0.012 0.026 0.049 0.048 0.055 0.093 0.104 0.100 0.108 0.156 75 0.012 0.012 0.011 0.028 0.051 0.052 0.050 0.093 0.102 0.102 0.103 0.157
100 0.010 0.009 0.012 0.027 0.049 0.048 0.056 0.096 0.104 0.100 0.107 0.158 100 0.012 0.012 0.012 0.028 0.051 0.051 0.052 0.094 0.103 0.102 0.103 0.157
125 0.009 0.009 0.012 0.027 0.051 0.049 0.056 0.096 0.103 0.097 0.106 0.158 125 0.011 0.012 0.012 0.029 0.052 0.052 0.053 0.094 0.102 0.102 0.103 0.160
150 0.009 0.011 0.013 0.029 0.052 0.051 0.057 0.095 0.104 0.096 0.106 0.156 150 0.011 0.011 0.012 0.028 0.053 0.051 0.053 0.096 0.103 0.103 0.102 0.160
200 0.010 0.011 0.016 0.029 0.054 0.052 0.061 0.095 0.105 0.101 0.110 0.158 200 0.011 0.010 0.011 0.027 0.053 0.053 0.054 0.096 0.104 0.103 0.105 0.161
250 0.010 0.011 0.015 0.029 0.054 0.053 0.061 0.096 0.105 0.102 0.110 0.158 250 0.009 0.010 0.010 0.028 0.052 0.052 0.053 0.098 0.104 0.104 0.105 0.160
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.12. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250
and T = 1000. DGP5 (Unconditional Heteroskedasticity): y: = Sxi—1 + ut,x¢ = pae—1 + w and wy = Yws—1 + v, where S = 0,
p=1—c/T,% =0 and (ut,vr) ~ NIID(0,3¢), with ¢ = [o0; 0; 0 op] and opy = oy = 1I(t < [0.5T]) + 4I(t > [0.5T)).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.007 0.000 0.000 0.000 0.043 0.000 0.002 0.000 0.095 0.001 0.009 0.001 -5 0.009 0.000 0.000 0.000 0.043 0.001 0.005 0.000 0.093 0.004 0.010 0.001
-2.5 0.008 0.000 0.000 0.000 0.071 0.000 0.000 0.000 0.152 0.000 0.000 0.000 -25  0.012 0.000 0.000 0.000 0.072 0.000 0.000 0.000 0.155 0.000 0.000 0.000
0 0.005 0.000 0.000 0.000 0.014 0.000 0.000 0.000 0.024 0.000 0.000 0.000 0 0.004 0.000 0.000 0.000 0.015 0.000 0.000 0.000 0.024 0.000 0.000 0.000
25 0.018 0.000 0.000 0.000 0.048 0.001 0.001 0.001 0.080 0.006 0.005 0.006 25 0.017 0.000 0.000 0.000  0.048 0.003 0.002 0.003  0.082 0.007 0.007  0.008
5 0.028 0.001 0.001 0.001 0.066 0.010 0.008 0.012 0.107 0.024 0.021 0.027 5 0.025 0.002 0.001 0.001  0.068 0.010 0.008 0.011  0.112 0.023 0.021 0.029
10 0.025 0.003 0.003 0.006 0.069 0.020 0.019 0.027 0.111 0.042 0.041 0.054 10 0.023 0.003 0.003 0.006 0.067 0.019 0.017 0.026  0.118 0.043 0.041 0.054
25 0.017 0.006 0.007 0.012 0.062 0.029 0.031 0.046 0.110 0.062 0.062 0.082 25 0.018 0.006 0.005 0.013  0.063 0.029 0.029 0.047 0.111 0.064 0.064 0.087
50 0.013 0.007 0.008 0.014 0.057 0.036 0.038 0.056 0.111 0.072 0.075 0.103 50  0.014 0.007 0.007 0.017  0.060 0.037 0.036 0.060 0.111 0.075 0.074 0.102
75 0.013 0.006 0.008 0.016 0.055 0.037 0.039 0.061 0.113 0.080 0.083 0.113 75 0.012 0.008 0.007 0.017  0.059 0.039 0.039 0.065 0.110 0.081 0.082 0.110
100 0.011 0.007 0.008 0.018 0.057 0.040 0.043 0.068 0.109 0.084 0.088 0.114 100  0.012 0.007 0.007 0.017  0.056 0.040 0.041 0.066  0.110 0.085 0.085 0.116
125 0.012 0.008 0.008 0.019 0.055 0.043 0.046 0.068 0.110 0.087 0.090 0.117 125 0.010 0.007 0.007 0.018  0.054 0.039 0.040 0.068  0.109 0.085 0.088 0.120
150 0.012 0.008 0.009 0.020 0.057 0.045 0.047 0.070 0.109 0.092 0.094 0.119 150  0.011 0.008 0.007 0.019  0.054 0.040 0.042 0.067  0.108 0.087 0.087 0.122
200 0.013 0.009 0.011 0.021 0.059 0.049 0.052 0.074 0.107 0.092 0.097 0.124 200  0.011 0.009 0.008 0.020  0.053 0.043 0.043 0.069 0.105 0.090 0.090 0.123
250 0.011 0.009 0.011 0.022 0.060 0.051 0.056 0.077 0.107 0.096 0.101 0.126 250  0.011 0.008 0.008 0.020  0.053 0.044 0.044 0.073  0.107 0.092 0.092 0.123

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.004 0.010 0.051 0.009 0.034 0.062 0.172 0.036 0.078 0.148 0.289 0.088 -5 0.005 0.012 0.051 0.009  0.039 0.068 0.174 0.038  0.089 0.156 0.290 0.092
-2.5 0.008 0.016 0.038 0.023 0.035 0.078 0.214 0.089 0.071 0213 0.441 0.205 -25  0.005 0.012 0.031 0.017  0.027 0.072 0.208 0.080  0.060 0.197 0.434 0.187
0 0.009 0.019 0.029 0.032 0.055 0.104 0.138 0.142 0.1167 0.220 0.273 0.266 0 0.008 0.016 0.021 0.025  0.043 0.095 0.118 0.126  0.100 0.208 0.257 0.254
25 0.011 0.021 0.028 0.035 0.060 0.111 0.121 0.146 0.126 0219 0234 0.254 2.5 0.009 0.019 0.022 0.028 0.052 0.100 0.109 0.131 0.110 0.209 0.217 0.248
5 0.012 0.023 0.027 0.034 0.062 0.101 0.109 0.135 0.123 0.198 0.207 0.234 5 0.009 0.020 0.022 0.032  0.054 0.095 0.097 0.124  0.108 0.190 0.189 0.225
10 0.013 0.021 0.025 0.035 0.060 0.090 0.096 0.121 0.115 0.171  0.177 0.208 10 0.011 0.020 0.020 0.031  0.052 0.086 0.086 0.114  0.107 0.165 0.164 0.198
25 0.013 0.017 0.021 0.032 0.057 0.075 0.079 0.106 0.108 0.141 0.146 0.177 25 0.011 0.016 0.016 0.027 0.050 0.074 0.075 0.102 0.102 0.137 0.139 0.174
50 0.012 0.014 0.017 0.029 0.054 0.066 0.072 0.099 0.108 0.128 0.134 0.167 50 0.010 0.014 0.015 0.027 0.051 0.068 0.067 0.093 0.097 0.123 0.124 0.158
75 0.011 0.015 0.017 0.029 0.054 0.062 0.067 0.094 0.109 0.122 0.128 0.158 75 0.009 0.012 0.013  0.026 0.049 0.064 0.062 0.093 0.099 0.119 0.120 0.152
100 0.011 0.014 0.017 0.028 0.054 0.060 0.064 0.092 0.107 0.117 0.124 0.154 100 0.009 0.012 0.013  0.025 0.049 0.059 0.060 0.088 0.098 0.117 0.120 0.151
125 0.011 0.014 0.016 0.027 0.055 0.059 0.063 0.089 0.107 0.115 0.120 0.152 125 0.010 0.013 0.013  0.025 0.049 0.057 0.058 0.087 0.098 0.115 0.117 0.151
150 0.012 0.014 0.016 0.026 0.055 0.059 0.064 0.089 0.107 0.113 0.117 0.149 150 0.010 0.013 0.013  0.025 0.047 0.056 0.056 0.085 0.096 0.114 0.115 0.148
200 0.011 0.012 0.015 0.025 0.055 0.054 0.059 0.085 0.110 0.110 0.114 0.147 200 0.011 0.012 0.013  0.025 0.047 0.054 0.055 0.083 0.099 0.110 0.113 0.144
250 0.011 0.012 0.014 0.025 0.057 0.053 0.058 0.081 0.108 0.104 0.110 0.142 250 0.010 0.012 0.013  0.024 0.049 0.055 0.056 0.085 0.098 0.107 0.109 0.143
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.004 0.005 0.033 0.006 0.033 0.028 0.103 0.017 0.077 0.062 0.174 0.036 -5 0.005 0.006 0.031 0.006 0.039 0.033 0.102 0.018 0.090 0.068 0.179 0.038
-25 0.007 0.008 0.020 0.013 0.031 0.036 0.101 0.046 0.065 0.078 0.214 0.089 -2.5 0.005 0.005 0.013 0.010 0.024 0.030 0.088 0.038 0.055 0.071 0.208 0.080
0 0.008 0.009 0.014 0.016 0.043 0.051 0.069 0.074 0.096 0.106 0.138 0.142 0 0.006 0.007 0.012 0.013 0.034 0.042 0.056 0.063 0.080 0.096 0.118 0.126
25 0.009 0.011 0.015 0.018 0.048 0.055 0.066 0.081 0.101 0.110 0.122 0.148 25 0.006 0.009 0.010 0.016 0.038 0.048 0.054 0.071 0.085 0.103 0.111 0.134
5 0.009 0.012 0.016 0.021 0.048 0.056 0.064 0.082 0.102 0.109 0.117 0.147 5 0.007 0.011 0.012 0.018 0.044 0.053 0.055 0.076 0.090 0.106 0.105 0.136
10 0.011 0.013 0.015 0.024 0.054 0.059 0.063 0.084 0.103 0.111 0.115 0.148 10 0.009 0.013 0.013  0.020 0.049 0.054 0.054 0.078 0.093 0.105 0.104 0.140
25 0.011 0.011 0.015 0.025 0.054 0.053 0.059 0.088 0.106 0.104 0.110 0.152 25 0.011 0.011 0.012 0.024 0.049 0.052 0.052 0.086 0.100 0.104 0.104 0.148
50 0.012 0.011 0.014 0.024 0.051 0.050 0.054 0.089 0.107 0.102 0.110 0.155 50 0.010 0.010 0.010 0.024 0.051 0.051 0.051 0.091 0.102 0.103 0.104 0.153
75 0.012 0.010 0.014 0.026 0.054 0.049 0.057 0.091 0.106 0.098 0.106 0.155 75 0.010 0.010 0.010 0.024 0.049 0.050 0.051 0.089 0.102 0.100 0.101 0.158
100 0.012 0.011 0.013 0.028 0.054 0.051 0.058 0.090 0.108 0.100 0.107 0.160 100 0.010 0.011 0.010 0.024 0.049 0.048 0.048 0.088 0.100 0.099 0.101 0.154
125 0.011 0.010 0.013 0.029 0.054 0.051 0.058 0.094 0.109 0.101 0.108 0.157 125 0.009 0.010 0.010 0.025 0.049 0.048 0.049 0.087 0.098 0.096 0.099 0.154
150 0.012 0.011 0.014 0.027 0.055 0.052 0.059 0.094 0.1081 0.103 0.111 0.159 150 0.010 0.010 0.010 0.025 0.050 0.049 0.049 0.087 0.097 0.094 0.097 0.152
200 0.010 0.011 0.014 0.029 0.055 0.053 0.060 0.095 0.110 0.103 0.111 0.158 200 0.011 0.010 0.010 0.026 0.050 0.048 0.049 0.089 0.098 0.095 0.098 0.152
250 0.011 0.011 0.015 0.027 0.056 0.054 0.061 0.098 0.113 0.103 0.114 0.157 250 0.010 0.011 0.011 0.027 0.049 0.047 0.048 0.089 0.100 0.097 0.100 0.157
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.13. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T' =
1000. DGP6 (Unconditional Heteroskedasticity): y: = Bxt—1 + ut, ot = pri—1 +wi and wy = Ywi—1 + v, where =0, p=1—¢/T,9p =0
and (u,v:)’ ~ NIID(0,%¢), with 3¢ = [o7;  — 0.950u0vt;  —0.950utowt  04y] and o5y = opy = 11(t < [0.5T]) + 1/41(t > |0.5T).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [::,[F‘ RWB IZErW' Lo I;IR‘V B IzlrFRVVR LzEzVV [ JRWB [;QF RWB ILETW' Lo L;;[RW"R L:;[F‘ RWB IEJV [ I;ZCRW, B I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [::}F RWB IZErW' tox
c 1% 5% 10% c 1% 5% 10%
-5 0.007 0.000 0.001 0.000 0.044 0.001 0.005 0.000 0.095 0.003 0.014 0.001 -5 0.010 0.000 0.001  0.000 0.043 0.001 0.006 0.000 0.094 0.004 0.016 0.001
-2.5 0.010 0.000 0.000 0.000 0.067 0.000 0.000 0.000 0.142 0.000 0.000 0.000 -2.5 0.012 0.000 0.000 0.000 0.069 0.000 0.000 0.000 0.142 0.000 0.000 0.000
0 0.005 0.000 0.000 0.000 0.014 0.000 0.000 0.000 0.024 0.000 0.000 0.000 0 0.004 0.000 0.000 0.000 0.014 0.000 0.000 0.000 0.025 0.000 0.000 0.000
2.5 0.016 0.000 0.000 0.000 0.045 0.002 0.002 0.002 0.079 0.008 0.007 0.009 25 0.015 0.000 0.000 0.000  0.046 0.003 0.002 0.004  0.082 0.009 0.008 0.011
5 0.024 0.002 0.001 0.001 0.064 0.011 0.009 0.012 0.108 0.025 0.023 0.029 5 0.022 0.001 0.001 0.002  0.063 0.011 0.009 0.013 0.111 0.025 0.024 0.031
10 0.023 0.004 0.003 0.006 0.067 0.021 0.020 0.028 0.112 0.045 0.043 0.058 10  0.020 0.004 0.003 0.007  0.064 0.019 0.018 0.028 0.117 0.044 0.041 0.056
25 0.016 0.007 0.007 0.012 0.060 0.031 0.031 0.047 0.109 0.063 0.063 0.084 25 0.017 0.006 0.005 0.013  0.060 0.031 0.029 0.049 0.112 0.065 0.065 0.089
50 0.013 0.007 0.007 0.015 0.056 0.037 0.039 0.058 0.108 0.073 0.077 0.103 50  0.014 0.007 0.006 0.017  0.058 0.037 0.036 0.058  0.111 0.077 0.076 0.105
75 0.012 0.007 0.008 0.016 0.057 0.038 0.040 0.062 0.110 0.082 0.084 0.112 75 0.012 0.007 0.007 0.016  0.058 0.039 0.039 0.064 0.110 0.083 0.081 0.113
100 0.012 0.008 0.008 0.016 0.055 0.041 0.044 0.067 0.110 0.086 0.088 0.115 100  0.012 0.008 0.007 0.016  0.056 0.041 0.041 0.067 0.110 0.085 0.086 0.116
125 0.012 0.007 0.009 0.019 0.055 0.044 0.047 0.068 0.109 0.088 0.092 0.119 125 0.012 0.008 0.007 0.018  0.056 0.042 0.042 0.067  0.108 0.087 0.086 0.119
150 0.012 0.008 0.010 0.019 0.055 0.045 0.048 0.071 0.108 0.090 0.094 0.122 150  0.010 0.008 0.007 0.018  0.054 0.042 0.042 0.070  0.107 0.088 0.088 0.121
200 0.011 0.010 0.012 0.022 0.057 0.048 0.053 0.075 0.107 0.095 0.099 0.125 200  0.011 0.008 0.008 0.019  0.053 0.042 0.043 0.070  0.106 0.089 0.091 0.125
250 0.011 0.009 0.012 0.023 0.058 0.052 0.056 0.076 0.105 0.096 0.101 0.128 250  0.011 0.008 0.009 0.019  0.055 0.044 0.044 0.073  0.106 0.093 0.093 0.125
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.004 0.010 0.064 0.008 0.033 0.063 0.188 0.034 0.076 0.154 0.302 0.092 -5 0.005 0.013 0.061 0.009  0.040 0.071 0.190 0.040  0.088 0.162 0.305 0.096
-2.5 0.008 0.015 0.053 0.022 0.034 0.081 0.242 0.088 0.072 0222 0.454 0.213 -25  0.005 0.012 0.044 0.016  0.027 0.073 0.236 0.080  0.064 0.208 0.447 0.193
0 0.010 0.020 0.030 0.032 0.057 0.105 0.138 0.137 0.117 0216 0.279 0.265 0 0.008 0.016 0.024 0.026  0.045 0.094 0.122 0.127 0.101 0.206 0.259 0.256
25 0.012 0.021 0.028 0.035 0.063 0.108 0.122 0.142 0.127 0212 0230 0.251 2.5 0.009 0.019 0.023 0.030 0.052 0.097 0.105 0.128 0.110 0.204 0.207 0.241
5 0.013 0.023 0.026 0.035 0.061 0.098 0.105 0.132 0.120 0.192 0202 0.231 5 0.010 0.020 0.021 0.032  0.055 0.093 0.095 0.121  0.108 0.184 0.182 0.218
10 0.013 0.021 0.024 0.036 0.058 0.087 0.094 0.119 0.113 0.169 0.173 0.204 10 0.011 0.020 0.020 0.032  0.051 0.085 0.083 0.110 0.104 0.159 0.158 0.195
25 0.012 0.018 0.020 0.031 0.054 0.073 0.079 0.105 0.108 0.140 0.144 0.175 25 0.011 0.016 0.015 0.028  0.049 0.073 0.073 0.101  0.100 0.136 0.137 0.170
50 0.010 0.014 0.017 0.028 0.055 0.066 0.071 0.097 0.106 0.124 0.131 0.167 50  0.008 0.014 0.013 0.026  0.051 0.065 0.066 0.096  0.100 0.123 0.125 0.156
75 0.011 0.014 0.016 0.028 0.056 0.063 0.069 0.094 0.107 0.118 0.125 0.155 75  0.010 0.012 0.012 0.024  0.049 0.062 0.064 0.093  0.099 0.119 0.121 0.155
100 0.011 0.014 0.016 0.028 0.057 0.060 0.066 0.092 0.106 0.117 0.123 0.154 100 0.009 0.013 0.012 0.024 0.047 0.060 0.060 0.091 0.100 0.117 0.118 0.153
125 0.012 0.014 0.016 0.027 0.055 0.057 0.064 0.091 0.109 0.115 0.119 0.154 125 0.009 0.013 0.012 0.024 0.047 0.057 0.058 0.088 0.098 0.114 0.113  0.150
150 0.011 0.014 0.016 0.027 0.056 0.059 0.064 0.089 0.108 0.114 0.119 0.151 150 0.010 0.013 0.013  0.024 0.048 0.056 0.057 0.086 0.099 0.113 0.114 0.147
200 0.012 0.012 0.016 0.026 0.057 0.057 0.062 0.086 0.107 0.108 0.114 0.148 200 0.010 0.013 0.013  0.024 0.048 0.055 0.056 0.084 0.099 0.110 0.113 0.145
250 0.010 0.011 0.013 0.025 0.057 0.054 0.059 0.080 0.109 0.104 0.109 0.143 250 0.010 0.011 0.013 0.024 0.048 0.056 0.055 0.085 0.097 0.107 0.108 0.144
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.004 0.005 0.039 0.005 0.033 0.028 0.120 0.017 0.075 0.064 0.193 0.034 -5 0.005 0.006 0.038 0.006 0.040 0.033 0.116 0.019 0.089 0.072 0.196 0.040
-25 0.007 0.008 0.027 0.013 0.031 0.037 0.129 0.046 0.067 0.080 0.242 0.088 -25 0.004 0.006 0.020 0.010 0.024 0.030 0.117 0.037 0.058 0.072 0.236 0.080
0 0.008 0.010 0.016 0.016 0.046 0.050 0.072 0.077 0.097 0.104 0.138 0.137 0 0.005 0.008 0.012 0.014 0.037 0.044 0.059 0.063 0.081 0.093 0.122  0.127
25 0.009 0.011 0.016 0.020 0.049 0.055 0.067 0.080 0.098 0.109 0.124 0.144 25 0.006 0.008 0.010 0.016 0.040 0.050 0.055 0.070 0.088 0.101 0.107 0.132
5 0.010 0.011 0.016 0.021 0.048 0.057 0.062 0.083 0.100 0.107 0.114 0.144 5 0.008 0.011 0.012 0.018 0.045 0.052 0.053 0.075 0.090 0.103 0.104 0.134
10 0.011 0.012 0.015 0.024 0.052 0.056 0.061 0.084 0.102 0.108 0.114 0.147 10 0.011 0.013 0.013  0.021 0.047 0.053 0.053 0.079 0.094 0.103 0.101 0.138
25 0.012 0.012 0.015 0.025 0.053 0.054 0.058 0.088 0.106 0.105 0.110 0.152 25 0.012 0.012 0.012 0.024 0.049 0.053 0.052 0.083 0.098 0.102 0.103 0.149
50 0.011 0.011 0.015 0.025 0.053 0.050 0.055 0.090 0.106 0.102 0.110 0.155 50 0.010 0.010 0.011 0.025 0.049 0.053 0.053 0.090 0.101 0.102 0.103 0.154
75 0.011 0.012 0.014 0.025 0.053 0.048 0.056 0.090 0.104 0.099 0.108 0.156 75 0.010 0.011 0.011 0.024 0.048 0.049 0.050 0.088 0.102 0.101 0.103 0.157
100 0.010 0.011 0.013 0.027 0.052 0.050 0.057 0.092 0.108 0.101 0.110 0.159 100 0.010 0.010 0.011 0.025 0.048 0.048 0.048 0.089 0.100 0.100 0.101 0.158
125 0.011 0.010 0.013 0.028 0.054 0.051 0.057 0.093 0.109 0.102 0.111 0.159 125 0.009 0.010 0.010 0.025 0.049 0.047 0.048 0.088 0.097 0.098 0.100 0.155
150 0.010 0.010 0.013 0.027 0.054 0.051 0.058 0.094 0.108 0.102 0.113 0.160 150 0.010 0.010 0.010 0.024 0.048 0.046 0.048 0.086 0.098 0.099 0.099 0.156
200 0.010 0.010 0.014 0.029 0.057 0.052 0.061 0.095 0.112 0.104 0.114 0.161 200 0.010 0.010 0.011 0.025 0.048 0.048 0.049 0.088 0.098 0.096 0.099 0.155
250 0.010 0.011 0.014 0.028 0.056 0.052 0.060 0.097 0.113 0.106 0.115 0.156 250 0.011 0.010 0.011 0.025 0.048 0.047 0.049 0.089 0.098 0.097 0.099 0.158
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.14. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T =
1000. DGP6 (Unconditional Heteroskedasticity): y: = Sxt—1 + ut, ot = pri—1 +w; and wy = Ywi—1 +ve, where =0, p=1—¢/T,9p =0
and (ut,vt)’ ~ NIID(0,%¢), with B¢ = [02;  —0.90uowt; —0.90uow om) and oy = oy = 11(t < [0.5T]) + 1/41(¢ > [0.5T)).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

{HRWB FRWE BW o LRWB FRWE BW tee tRWB  x FRWE ton (LRWE  r FRWE v o LRWB nFRWE BW too  tEWB  x FRWE toe

c 1% 5% 10% c 1% 5% 10%
-5 0.009 0.001  0.054 0.000 0.045 0.011 0.096 0.004 0.097 0.030 0.127 0.017 -5 0.010 0.001 0.053  0.000 0.048 0.013 0.100 0.004 0.098 0.030 0.136 0.017
-2.5 0.009 0.000  0.020 0.000 0.045 0.002 0.033 0.002 0.101 0.009 0.044 0.008 -2.5  0.008 0.000 0.026 0.000  0.048 0.003 0.042 0.002  0.100 0.007 0.055 0.006
0 0.004 0.000  0.003 0.000 0.018 0.004 0.013 0.006 0.040 0.012 0.022 0.016 0  0.004 0.000 0.004 0.001  0.020 0.004 0.014 0.006  0.043 0.013 0.024 0.016
25 0.007 0.002  0.002 0.003 0.039 0.014 0.015 0.017 0.076 0.034 0.034 0.041 25  0.010 0.002 0.002 0.003  0.041 0.015 0.016 0.022  0.081 0.040 0.037 0.048
5 0.010 0.003  0.003 0.005 0.050 0.022 0.022 0.029 0.093 0.051 0.050 0.064 5 0012 0.004 0.003 0.006  0.049 0.025 0.022 0.033  0.095 0.053 0.050 0.064
10 0.013 0.006  0.006 0.010 0.053 0.031 0.030 0.044 0.100 0.065 0.065 0.082 10 0.013 0.005 0.005 0.011  0.052 0.030 0.028 0.042  0.100 0.064 0.060 0.082
25 0.013 0.008  0.009 0.015 0.053 0.037 0.039 0.056 0.102 0.077 0.078 0.103 25  0.012 0.008 0.007 0.016  0.055 0.039 0.038 0.059  0.107 0.080 0.078 0.108
50 0.011 0.008 0.008 0.018 0.052 0.040 0.042 0.063 0.104 0.085 0.087 0.115 50 0.011 0.008 0.008 0.019  0.054 0.044 0.044 0.067  0.105 0.088 0.087 0.116
75 0.011 0.009 0.010 0.019 0.051 0.040 0.043 0.069 0.105 0.090 0.093 0.120 75 0.011 0.009 0.009 0.020 0.054 0.044 0.045 0.070  0.105 0.089 0.090 0.122
100 0.011 0.008  0.010 0.020 0.052 0.043 0.047 0.071 0.104 0.090 0.096 0.124 100  0.011 0.009 0.008 0.020  0.053 0.046 0.046 0.073  0.105 0.092 0.092 0.124
125 0.011 0.009 0.011 0.022 0.051 0.044 0.047 0.073 0.107 0.094 0.097 0.127 125 0.010 0.009 0.009 0.020  0.053 0.046 0.046 0.074  0.105 0.095 0.094 0.125
150 0.010 0.008 0.0107 0.022 0.052 0.0468 0.049 0.074 0.105 0.095 0.100 0.130 150  0.011 0.009 0.008 0.021  0.054 0.047 0.048 0.075  0.104 0.094 0.095 0.128
200 0.011 0.011 0.0129 0.023 0.053 0.049 0.051 0.076 0.106 0.097 0.102 0.133 200 0.011 0.009 0.009 0.021  0.055 0.048 0.049 0.078  0.104 0.096 0.098 0.127
250 0.011 0.010 0.0135 0.023 0.054 0.047 0.053 0.078 0.105 0.097 0.102 0.133 250  0.011 0.010 0.009 0.022  0.053 0.049 0.050 0.076  0.105 0.096 0.096 0.130

Right-sided tests - T = 250 Right-sided tests - T' = 1000
-5 0.005 0.012  0.186 0.006 0.040 0.073 0.287 0.038 0.087 0.146 0.356 0.097 -5 0.008 0.016 0.195 0.006  0.048 0.078 0.307 0.044  0.093 0.152 0.380 0.099
-25 0.006 0.017  0.188 0.019 0.037 0.101 0.288 0.097 0.088 0.207 0.357 0.193 -25  0.006 0.019 0.227 0.018  0.038 0.098 0.323 0.092  0.082 0.204 0.389 0.189
0 0.012 0.021  0.057 0.032 0.062 0.097 0.162 0.127 0.127 0.197 0.261 0.230 0 0.009 0.018 0.054 0.029 0.057 0.094 0.149 0.122 0.122 0.192 0.252  0.229
25 0.011 0.020  0.024 0.031 0.059 0.089 0.094 0.114 0.118 0.171 0.177 0.199 25  0.010 0.018 0.021 0.029  0.054 0.085 0.087 0.107  0.111 0.165 0.165 0.190
5 0.012 0.018  0.021 0.028 0.057 0.079 0.083 0.104 0.112 0.153 0.156 0.181 5 0011 0.017 0.017 0.027  0.052 0.079 0.076 0.098  0.103 0.147 0.143 0.173
10 0.011 0.016  0.017 0.027 0.054 0.073 0.076 0.096 0.105 0.134 0.137 0.166 10 0.010 0.015 0.014 0.027  0.052 0.069 0.066 0.094  0.100 0.134 0.130 0.162
25 0.011 0.013  0.016 0.027 0.051 0.059 0.063 0.086 0.099 0.118 0.123 0.153 25  0.010 0.014 0.013 0.026  0.050 0.062 0.060 0.086  0.098 0.120 0.120 0.152
50 0.011 0.013  0.015 0.025 0.051 0.055 0.061 0.084 0.100 0.110 0.113 0.146 50 0.009 0.012 0.012 0.026 0.049 0.058 0.058 0.086 0.099 0.112 0.112 0.147
75 0.010 0.012 0.014 0.024 0.052 0.057 0.061 0.086 0.102 0.110 0.115 0.146 75 0.009 0.011 0.012 0.024 0.049 0.055 0.057 0.085 0.101 0.110 0.112 0.145
100 0.010 0.012  0.014 0.025 0.052 0.054 0.060 0.088 0.105 0.111 0.117 0.149 100 0.010 0.012 0.012 0.023 0.049 0.056 0.056 0.084 0.099 0.109 0.109 0.143
125 0.010 0.012  0.014 0.025 0.051 0.054 0.059 0.086 0.108 0.108 0.114 0.149 125 0.010 0.012 0.012 0.024 0.048 0.055 0.055 0.085 0.099 0.108 0.108 0.142
150 0.011 0.011  0.014 0.026 0.052 0.054 0.058 0.085 0.105 0.106 0.111 0.147 150 0.009 0.012 0.012 0.024 0.048 0.055 0.055 0.085 0.101 0.109 0.109 0.143
200 0.011 0.012 0.015 0.026 0.054 0.054 0.058 0.084 0.108 0.105 0.110 0.143 200 0.010 0.011 0.011 0.022 0.050 0.054 0.054 0.084 0.100 0.107 0.107 0.144
250 0.011 0.012 0.015 0.024 0.055 0.054 0.059 0.083 0.106 0.104 0.110 0.139 250 0.010 0.011 0.011 0.022 0.049 0.052 0.054 0.084 0.101 0.106 0.109 0.144
Two-sided tests - 7' = 250 Two-sided tests- 7' = 1000
-5 0.004 0.006  0.203 0.003 0.039 0.039 0.306 0.016 0.087 0.085 0.382 0.042 -5 0.007 0.008 0.205 0.003 0.047 0.044 0.327 0.018 0.094 0.091 0.407 0.048
-25 0.005 0.008 0.177 0.010 0.033 0.048 0.265 0.046 0.077 0.103 0.321 0.099 -2.5 0.005 0.008 0.225 0.009 0.034 0.047 0.309 0.045 0.074 0.102 0.365 0.095
0 0.009 0.010 0.044 0.019 0.047 0.052 0.108 0.074 0.096 0.100 0.175 0.133 0 0.007 0.009 0.038 0.015 0.044 0.047 0.103 0.068 0.092 0.099 0.162 0.129
25 0.009 0.010 0.015 0.019 0.045 0.051 0.060 0.073 0.096 0.102 0.109 0.131 25 0.009 0.010 0.013 0.018 0.043 0.052 0.054 0.071 0.091 0.100 0.103 0.128
5 0.009 0.010 0.012 0.020 0.046 0.051 0.053 0.073 0.096 0.101 0.105 0.134 5 0.009 0.011 0.011 0.018 0.048 0.052 0.051 0.073 0.095 0.102 0.098 0.131
10 0.009 0.011  0.012 0.023 0.050 0.053 0.057 0.081 0.100 0.103 0.106 0.139 10 0.010 0.011 0.010 0.020 0.048 0.053 0.050 0.077 0.094 0.098 0.094 0.136
25 0.012 0.011  0.012 0.026 0.050 0.051 0.056 0.084 0.100 0.095 0.101 0.142 25 0.010 0.011 0.009 0.024 0.050 0.052 0.051 0.084 0.100 0.099 0.098 0.145
50 0.011 0.010 0.012 0.026 0.052 0.050 0.055 0.089 0.101 0.096 0.103 0.146 50 0.010 0.010 0.010 0.025 0.052 0.050 0.051 0.089 0.102 0.102 0.101 0.153
75 0.010 0.010 0.012 0.025 0.051 0.048 0.054 0.091 0.101 0.096 0.103 0.155 75 0.010 0.010 0.009 0.026 0.051 0.050 0.051 0.089 0.102 0.100 0.102 0.155
100 0.010 0.009 0.012 0.027 0.049 0.048 0.054 0.089 0.103 0.098 0.107 0.159 100 0.009 0.010 0.010 0.026 0.050 0.049 0.050 0.091 0.102 0.100 0.102 0.157
125 0.010 0.010 0.012 0.027 0.051 0.050 0.056 0.087 0.100 0.097 0.106 0.160 125 0.010 0.009 0.010 0.025 0.050 0.050 0.050 0.090 0.101 0.100 0.101 0.159
150 0.010 0.009 0.013 0.028 0.053 0.052 0.059 0.091 0.102 0.098 0.107 0.159 150 0.011 0.009 0.011 0.026 0.051 0.050 0.051 0.091 0.102 0.100 0.103 0.160
200 0.010 0.011  0.015 0.030 0.054 0.052 0.060 0.095 0.105 0.101 0.109 0.160 200 0.010 0.010 0.011 0.026 0.049 0.049 0.051 0.091 0.102 0.102 0.103 0.162
250 0.011 0.012  0.017 0.030 0.053 0.052 0.058 0.095 0.107 0.101 0.112 0.161 250 0.011 0.011 0.011 0.026 0.048 0.050 0.051 0.092 0.100 0.103 0.104 0.160
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.15. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T' =
1000. DGP6 (Unconditional Heteroskedasticity): y: = Bxt—1 + ut, ot = pri—1 +wi and wy = Ywi—1 + v, where =0, p=1—¢/T,9p =0
and (u,vi)' ~ NIID(0,%¢), with B¢ = [02;  — 0.50u0vt; —0.50uow 05 and oy = oy = 11(t < [0.5T]) + 1/4I(¢ > [0.5T')).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [::,[F‘ RWB IZErW' Lo I;IR‘V B IzlrFRVVR LzEzVV [ JRWB [;QF RWB ILETW' Lo L;;[RW"R L:;[F‘ RWB IEJV [ I;ZCRW, B I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [::}F RWB IZErW' tox
c 1% 5% 10% c 1% 5% 10%
-5 0.010 0.012 0.108 0.004 0.046 0.049 0.150 0.025 0.095 0.099 0.175 0.063 -5 0.008 0.009 0.156  0.002 0.046 0.049 0.197 0.023 0.097 0.098 0.221  0.063
-2.5 0.008 0.012 0.027 0.010 0.040 0.051 0.045 0.046 0.086 0.099 0.059 0.093 -2.5 0.006 0.010 0.026 0.008 0.039 0.050 0.041 0.045 0.085 0.100 0.054 0.093
0 0.010 0.011 0.032 0.017 0.048 0.047 0.070 0.061 0.092 0.094 0.114 0.110 0 0.012 0.012 0.036 0.019 0.053 0.051 0.080 0.067 0.102 0.101 0.121 0.124
2.5 0.009 0.009 0.013 0.014 0.045 0.047 0.050 0.061 0.093 0.096 0.097 0.113 25  0.011 0.011 0.014 0.018  0.050 0.053 0.051 0.066  0.100 0.102 0.100 0.120
5 0.010 0.010 0.011 0.016 0.045 0.046 0.048 0.063 0.095 0.096 0.094 0.115 5 0.010 0.010 0.010 0.018  0.048 0.050 0.047 0.066  0.098 0.101 0.098 0.121
10 0.011 0.010 0.012 0.019 0.048 0.048 0.049 0.065 0.093 0.094 0.094 0.117 10  0.010 0.009 0.009 0.018  0.049 0.049 0.047 0.068  0.098 0.100 0.097 0.124
25 0.012 0.011 0.012 0.022 0.050 0.050 0.052 0.073 0.097 0.096 0.098 0.124 25 0.010 0.010 0.009 0.019  0.051 0.051 0.049 0.073  0.100 0.102 0.100 0.131
50 0.011 0.010 0.011 0.021 0.049 0.047 0.051 0.074 0.098 0.098 0.101 0.131 50  0.010 0.011 0.010 0.023  0.051 0.051 0.051 0.075 0.101 0.102 0.100 0.134
75 0.010 0.010 0.011 0.023 0.050 0.047 0.052 0.074 0.098 0.097 0.101 0.132 75 0.011 0.010 0.010 0.024  0.051 0.050 0.050 0.079  0.102 0.102 0.103 0.136
100 0.011 0.011 0.012 0.023 0.050 0.048 0.052 0.075 0.100 0.096 0.102 0.133 100  0.011 0.011 0.010 0.023  0.051 0.051 0.050 0.079  0.102 0.101 0.102 0.136
125 0.010 0.010 0.013 0.024 0.052 0.050 0.053 0.076 0.102 0.100 0.104 0.139 125 0.011 0.010 0.010 0.023  0.053 0.052 0.052 0.079  0.103 0.102 0.103 0.137
150 0.010 0.012 0.013 0.024 0.051 0.050 0.054 0.078 0.105 0.100 0.106 0.137 150  0.010 0.010 0.010 0.023  0.052 0.052 0.052 0.081  0.101 0.102 0.102 0.135
200 0.011 0.011 0.013 0.026 0.053 0.052 0.056 0.080 0.106 0.101 0.106 0.139 200  0.010 0.011 0.011 0.023  0.055 0.053 0.053 0.081  0.101 0.100 0.101 0.136
250 0.011 0.012 0.014 0.027 0.057 0.055 0.058 0.081 0.107 0.101 0.106 0.136 250  0.010 0.011 0.011 0.023  0.051 0.052 0.052 0.081  0.102 0.101 0.100 0.137
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.008 0.009 0.111 0.003 0.048 0.049 0.150 0.026 0.098 0.101 0.175 0.064 -5 0.009 0.010 0.156 0.002  0.051 0.053 0.195 0.028  0.098 0.101 0.220 0.065
-2.5 0.007 0.012 0.031 0.009 0.039 0.049 0.048 0.043 0.086 0.101 0.063 0.092 -25  0.007 0.012 0.026 0.009  0.039 0.051 0.041 0.045  0.087 0.101 0.055 0.093
0 0.011 0.011 0.034 0.017 0.047 0.049 0.075 0.062 0.099 0.098 0.119 0.118 0 0011 0.011 0.036 0.016  0.050 0.049 0.076 0.064  0.098 0.101 0.121 0.120
25 0.009 0.010 0.014 0.016 0.046 0.049 0.050 0.063 0.093 0.099 0.098 0.115 2.5  0.009 0.010 0.011 0.015  0.047 0.051 0.049 0.062  0.097 0.101 0.097 0.119
5 0.009 0.010 0.010 0.016 0.047 0.049 0.049 0.064 0.096 0.097 0.096 0.118 5 0.010 0.011 0.009 0.017  0.048 0.048 0.046 0.063  0.094 0.098 0.094 0.117
10 0.011 0.011 0.011 0.018 0.047 0.048 0.049 0.066 0.096 0.097 0.096 0.123 10 0.012 0.011 0.010 0.020  0.049 0.049 0.047 0.066  0.097 0.095 0.094 0.122
25 0.012 0.010 0.013 0.021 0.052 0.051 0.053 0.070 0.096 0.095 0.097 0.122 25 0.011 0.010 0.010 0.021  0.052 0.049 0.048 0.073  0.098 0.099 0.097 0.127
50 0.011 0.011 0.013 0.024 0.051 0.049 0.052 0.074 0.098 0.095 0.099 0.130 50  0.010 0.010 0.010 0.021  0.049 0.048 0.048 0.074  0.099 0.096 0.097 0.133
75 0.011 0.010 0.012 0.023 0.051 0.051 0.053 0.077 0.101 0.099 0.102 0.132 % 0.011 0.011 0.011 0.020 0.047 0.046 0.047 0.075 0.097 0.098 0.097 0.134
100 0.010 0.010 0.013 0.023 0.051 0.050 0.055 0.078 0.103 0.102 0.105 0.132 100 0.011 0.011 0.011 0.020 0.047 0.046 0.046 0.077 0.098 0.098 0.098 0.133
125 0.010 0.011 0.013 0.024 0.052 0.051 0.056 0.079 0.102 0.100 0.104 0.135 125 0.010 0.011 0.011 0.021 0.046 0.045 0.046 0.077 0.101 0.099 0.100 0.133
150 0.011 0.011 0.014 0.025 0.053 0.052 0.055 0.078 0.104 0.099 0.104 0.138 150 0.011 0.012 0.011 0.021 0.047 0.046 0.047 0.075 0.101 0.099 0.099 0.133
200 0.011 0.012 0.015 0.026 0.054 0.053 0.056 0.079 0.104 0.101 0.106 0.137 200 0.010 0.011 0.011 0.021 0.046 0.046 0.048 0.078 0.101 0.099 0.099 0.132
250 0.013 0.013 0.015 0.026 0.053 0.050 0.055 0.081 0.104 0.100 0.104 0.134 250 0.010 0.010 0.011 0.022 0.048 0.049 0.049 0.078 0.099 0.100 0.099 0.134
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.008 0.010 0.196 0.002 0.046 0.049 0.258 0.020 0.093 0.098 0.300 0.051 -5 0.007 0.010 0.286 0.001 0.047 0.049 0.353 0.019 0.097 0.101 0.392 0.051
-25 0.007 0.013 0.050 0.010 0.036 0.052 0.075 0.044 0.077 0.099 0.092 0.089 -25 0.005 0.011 0.044 0.008 0.035 0.051 0.066 0.043 0.076 0.101 0.081 0.090
0 0.009 0.011 0.052 0.018 0.049 0.049 0.101 0.068 0.094 0.097 0.145 0.123 0 0.011 0.012 0.057 0.020 0.051 0.050 0.110 0.075 0.103 0.101 0.156 0.131
25 0.010 0.009 0.015 0.017 0.043 0.048 0.053 0.067 0.091 0.096 0.100 0.123 25 0.009 0.009 0.013 0.018 0.049 0.050 0.056 0.070 0.096 0.104 0.100 0.128
5 0.010 0.010 0.012 0.019 0.046 0.047 0.048 0.069 0.091 0.095 0.096 0.126 5 0.010 0.010 0.009 0.019 0.048 0.051 0.049 0.072 0.095 0.099 0.093 0.129
10 0.013 0.012 0.013 0.022 0.049 0.049 0.051 0.077 0.094 0.096 0.098 0.131 10 0.011 0.011 0.010 0.022 0.047 0.049 0.048 0.077 0.098 0.098 0.094 0.134
25 0.012 0.012 0.014 0.026 0.053 0.052 0.055 0.087 0.100 0.100 0.105 0.143 25 0.010 0.011 0.010 0.024 0.050 0.048 0.048 0.085 0.099 0.099 0.097 0.146
50 0.012 0.011 0.014 0.027 0.051 0.048 0.055 0.087 0.100 0.097 0.103 0.148 50 0.010 0.010 0.010 0.024 0.051 0.050 0.050 0.087 0.099 0.098 0.099 0.149
75 0.010 0.011 0.013 0.028 0.050 0.049 0.055 0.089 0.100 0.097 0.105 0.151 75 0.011 0.011 0.011 0.026 0.050 0.048 0.050 0.086 0.098 0.096 0.097 0.154
100 0.010 0.010 0.014 0.028 0.053 0.050 0.056 0.093 0.101 0.099 0.106 0.153 100 0.011 0.010 0.011 0.027 0.049 0.049 0.049 0.087 0.098 0.096 0.097 0.156
125 0.011 0.010 0.014 0.028 0.054 0.053 0.059 0.095 0.103 0.100 0.109 0.155 125 0.010 0.011 0.011 0.027 0.050 0.049 0.051 0.087 0.098 0.096 0.098 0.156
150 0.010 0.010 0.014 0.030 0.054 0.054 0.060 0.096 0.103 0.101 0.108 0.156 150 0.010 0.010 0.011 0.027 0.050 0.050 0.051 0.088 0.100 0.097 0.098 0.156
200 0.009 0.011 0.016 0.032 0.056 0.055 0.063 0.099 0.107 0.104 0.111 0.159 200 0.011 0.011 0.010 0.026 0.049 0.050 0.051 0.090 0.100 0.100 0.101 0.159
250 0.011 0.012 0.016 0.032 0.055 0.054 0.062 0.101 0.110 0.105 0.113 0.162 250 0.010 0.011 0.012 0.026 0.048 0.050 0.051 0.090 0.100 0.099 0.102 0.158
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.16. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250
and T = 1000. DGP6 (Unconditional Heteroskedasticity): y: = Sxt—1 + ut,x¢ = pae—1 + w and wy = Ywi—1 + v, where S = 0,
p=1-c/T,3) =0, and (ut,v)’ ~ NIID(0,5¢), with By = [o5; 0; 0 03] and oy = opy = 10(t < [0.5T)) + 1/4I(t > [0.5T]).
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.009 0.000 0.001  0.001 0.048 0.003 0.004  0.006 0.095 0.013 0.013 0.016 -5 0.008 0.000 0.000 0.000 0.043 0.003 0.003 0.003 0.093 0.011 0.011 0.010
-25  0.005 0.000 0.000 0.000  0.043 0.001 0.001 0.001  0.108 0.001 0.001  0.002 -25  0.007 0.000 0.000 0.000  0.044 0.000 0.000 0.000  0.109 0.001 0.001  0.001
0 0012 0.000 0.000 0.000  0.037 0.001 0.001 0.001  0.063 0.003 0.003 0.003 0 0014 0.000 0.000 0.000  0.041 0.001 0.001 0.002  0.067 0.003 0.003 0.004
25 0.023 0.001 0.001 0.001  0.057 0.005 0.005 0.006  0.095 0.015 0.015 0.016 25 0.023 0.001 0.001 0.001  0.058 0.006 0.005 0.006  0.099 0.015 0.014 0.015
5 0.025 0.002 0.002 0.002  0.066 0.012 0.012 0.014 0.114 0.027 0.026 0.030 5 0.025 0.002 0.002 0.003  0.067 0.012 0.011 0.013 0.114 0.029 0.029 0.031
10 0.022 0.003 0.003 0.006 0.066 0.020 0.020 0.025 0.116 0.041 0.041 0.050 10 0.021 0.004 0.004 0.005  0.067 0.019 0.019 0.024 0.113 0.045 0.046 0.053
25 0.017 0.006 0.007 0.012  0.062 0.028 0.029 0.040  0.107 0.059 0.060 0.076 25 0.018 0.006 0.006 0.010  0.063 0.029 0.029 0.040 0.111 0.061 0.062 0.076
50  0.016 0.007 0.008 0.016  0.059 0.034 0.036 0.051  0.108 0.070 0.071 0.089 50  0.015 0.007 0.007 0.014  0.059 0.032 0.033 0.049 0.111 0.071 0.072  0.093
75  0.015 0.008 0.009 0.016  0.057 0.038 0.040 0.055  0.107 0.077 0.079 0.098 75 0.013 0.007 0.007 0.016  0.058 0.034 0.034 0.055 0.111 0.077 0.078 0.102
100  0.015 0.008 0.010 0.017  0.057 0.038 0.042 0.058  0.106 0.079 0.083 0.101 100 0.013 0.008 0.007 0.017  0.056 0.037 0.038 0.060  0.108 0.081 0.080 0.105
125 0.015 0.009 0.010 0.020  0.057 0.039 0.042 0.059  0.106 0.082 0.086 0.107 125 0.014 0.008 0.008 0.019  0.055 0.038 0.039 0.061  0.107 0.081 0.081 0.108
150  0.015 0.009 0.011 0.020  0.055 0.042 0.045 0.062  0.108 0.084 0.089 0.112 150  0.013 0.008 0.008 0.020  0.056 0.040 0.039 0.063 0.105 0.082 0.083 0.112
200  0.013 0.010 0.011 0.020  0.056 0.045 0.047 0.067  0.109 0.089 0.092 0.114 200  0.013 0.010 0.010 0.021  0.055 0.042 0.042 0.068  0.104 0.086 0.086 0.116
250  0.012 0.009 0.011 0.021  0.055 0.046 0.049 0.068  0.106 0.092 0.097 0.121 250  0.013 0.010 0.010 0.022  0.054 0.043 0.044 0.069  0.104 0.087 0.086 0.118

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.008 0.016 0.023 0.019  0.044 0.072 0.083 0.074  0.086 0.150 0.164 0.146 -5 0.006 0.013 0.013 0.014  0.041 0.066 0.069 0.065  0.086 0.147 0.152 0.144
-25  0.010 0.019 0.024 0.023  0.043 0.100 0.113 0.107  0.091 0.239 0.255 0.246 -25  0.007 0.015 0.018 0.018  0.036 0.093 0.096 0.094  0.081 0.234 0.240 0.232
0 0.011 0.024 0.029 0.031 0.054 0.104 0.117 0.123 0.109 0.228 0.240 0.245 0 0.009 0.021 0.021 0.025 0.047 0.107 0.109 0.113 0.103 0.223 0.229 0.231
25 0.012 0.023 0.027 0.032 0.061 0.115 0.123 0.133 0.125 0.219 0.230 0.242 2.5 0.010 0.023 0.024  0.026 0.053 0.112 0.117 0.123 0.117 0.217 0.223 0.233
5 0.012 0.023 0.027 0.032 0.060 0.107 0.118 0.130 0.125 0.207 0.217 0.232 5 0.010 0.021 0.024 0.027 0.056 0.105 0.109 0.117 0.115 0.205 0.207 0.218
10 0.013 0.022 0.026 0.032  0.059 0.097 0.105 0.119  0.120 0.183 0.192 0.211 10 0.010 0.021 0.022 0.026  0.058 0.096 0.098 0.110 0.111 0.180 0.182 0.198
25 0.011 0.016 0.020 0.027  0.060 0.081 0.089 0.106 0.114 0.156 0.163 0.185 25 0.010 0.017 0.018 0.025  0.053 0.082 0.084 0.099 0.108 0.155 0.157 0.178
50 0.010 0.015 0.018 0.024 0.056 0.071 0.079 0.099 0.114 0.138 0.145 0.169 50 0.009 0.015 0.015 0.026 0.055 0.076 0.077 0.099 0.108 0.140 0.141 0.164
75 0.011 0.013 0.016 0.023 0.056 0.066 0.071 0.093 0.111 0.132 0.138 0.163 75 0.011 0.015 0.016 0.027 0.054 0.072 0.074 0.095 0.106 0.132 0.134 0.162
100 0.011 0.014 0.016 0.025 0.056 0.063 0.067 0.087 0.112 0.125 0.131 0.156 100 0.011 0.015 0.016 0.028 0.055 0.070 0.070 0.094 0.107 0.128 0.129 0.157
125 0.011 0.012 0.016 0.025 0.056 0.062 0.067 0.087 0.113 0.119 0.126 0.153 125 0.011 0.015 0.015 0.028 0.055 0.067 0.068 0.092 0.109 0.128 0.130 0.156
150 0.010 0.013 0.014 0.025 0.058 0.059 0.065 0.087 0.111 0.116 0.120 0.146 150 0.011 0.014 0.014 0.027 0.054 0.065 0.065 0.093 0.107 0.126 0.128 0.156
200 0.010 0.012 0.014 0.024 0.058 0.058 0.062 0.083 0.109 0.110 0.114 0.139 200 0.011 0.013 0.014 0.026 0.054 0.064 0.065 0.092 0.107 0.121 0.122  0.157
250 0.012 0.011 0.014 0.024 0.058 0.054 0.059 0.081 0.109 0.107 0.112 0.136 250 0.010 0.012 0.013  0.026 0.054 0.062 0.062 0.091 0.108 0.119 0.121 0.156
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.007 0.008 0.013 0.011 0.044 0.038 0.047 0.042 0.088 0.074 0.087 0.080 -5 0.006 0.007 0.007 0.007 0.041 0.033 0.037 0.033 0.087 0.068 0.072 0.068
-25 0.009 0.010 0.013 0.014 0.039 0.046 0.056 0.055 0.084 0.102 0.113 0.108 -2.5 0.006 0.008 0.008 0.009 0.031 0.041 0.044 0.043 0.074 0.093 0.096 0.095
0 0.008 0.011 0.014 0.015 0.046 0.053 0.062 0.066 0.094 0.105 0.118 0.125 0 0.007 0.010 0.011 0.013 0.039 0.053 0.057 0.057 0.087 0.106 0.110 0.115
25 0.011 0.012 0.015 0.018 0.050 0.058 0.067 0.076 0.105 0.119 0.129 0.138 25 0.009 0.011 0.013 0.014 0.044 0.054 0.058 0.063 0.095 0.117 0.122  0.129
5 0.009 0.012 0.016 0.020 0.051 0.060 0.065 0.077 0.107 0.118 0.130 0.144 5 0.009 0.012 0.013 0.015 0.048 0.057 0.062 0.069 0.098 0.116 0.120 0.130
10 0.011 0.013 0.016 0.020 0.055 0.060 0.066 0.080 0.108 0.116 0.125 0.144 10 0.009 0.012 0.013 0.017 0.050 0.057 0.060 0.073 0.103 0.115 0.118 0.134
25 0.011 0.011 0.014 0.022 0.055 0.056 0.063 0.084 0.109 0.109 0.117 0.145 25 0.010 0.011 0.011 0.020 0.051 0.058 0.059 0.081 0.104 0.111 0.113 0.139
50 0.012 0.011 0.013  0.023 0.055 0.052 0.060 0.083 0.110 0.106 0.114 0.150 50 0.010 0.010 0.010 0.023 0.053 0.056 0.057 0.085 0.105 0.108 0.110 0.148
75 0.012 0.010 0.014 0.025 0.055 0.051 0.058 0.084 0.109 0.103 0.111 0.148 75 0.012 0.011 0.011 0.025 0.053 0.054 0.055 0.088 0.105 0.105 0.108 0.150
100 0.012 0.010 0.014 0.025 0.055 0.051 0.058 0.086 0.108 0.101 0.109 0.146 100 0.011 0.011 0.011 0.026 0.054 0.053 0.054 0.089 0.107 0.106 0.107 0.154
125 0.011 0.010 0.013  0.026 0.058 0.054 0.059 0.085 0.106 0.100 0.108 0.146 125 0.011 0.011 0.012 0.027 0.055 0.054 0.056 0.091 0.108 0.105 0.107 0.153
150 0.011 0.010 0.013  0.026 0.059 0.053 0.060 0.086 0.110 0.101 0.109 0.149 150 0.011 0.012 0.012 0.027 0.055 0.053 0.055 0.090 0.105 0.104 0.104 0.156
200 0.011 0.010 0.013  0.027 0.058 0.053 0.058 0.087 0.111 0.102 0.108 0.149 200 0.012 0.012 0.012 0.030 0.053 0.052 0.053 0.092 0.108 0.104 0.107 0.160
250 0.011 0.011 0.013  0.027 0.057 0.052 0.060 0.086 0.111 0.100 0.108 0.149 250 0.012 0.011 0.011 0.030 0.054 0.053 0.053 0.093 0.107 0.105 0.106 0.160
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.17. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes 7' = 250 and
T = 1000. DGP7 (GARCH(1,1)): y: = Brt—1 + ut, ¢ = pri—1 +we and wy = hwi—1 + v, where B =0, p=1—¢/T,4 = 0 and (u¢,vt)’ =
[o1: 0,0 o2]my; My := (M1e,m2e)' ~ NIID(0,€2) with @ =[1  —0.95;—0.95 1] and 07, = 0.05+0.1e], | +0.8507, 1, i =1,2.
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000
L:;[RVVR [:![FR‘i"l? IZErW' Lo I;IRH/B IzlrFRVVR LzEzVV [ JRWB [:&Fﬂ‘i"l? ILETW' Lo L;;[RW"R L:;[F‘RW’B IEJV [ I;ZCRW,R I;ZCF‘R\‘VR LzEer/ [ L:;[RVVR [:][FRVVB IZErW' tox
c 1% 5% 10% c 1% 5% 10%
-5 0.008 0.000 0.001  0.001 0.048 0.005 0.006 0.007 0.098 0.015 0.017 0.018 -5 0.008 0.000 0.000 0.000 0.046 0.003 0.004 0.004 0.096 0.013 0.013 0.014
-2.5 0.007 0.000 0.000 0.000 0.047 0.001 0.001  0.001 0.108 0.002 0.002 0.003 -2.5 0.007 0.000 0.000 0.000 0.048 0.000 0.000 0.001 0.109 0.001 0.001  0.001
0 0.012 0.000 0.000 0.000 0.035 0.001 0.001  0.002 0.061 0.004 0.004 0.004 0 0.013 0.000 0.000 0.000 0.037 0.001 0.001  0.002 0.064 0.004 0.004 0.004
25  0.022 0.001 0.001 0.001  0.054 0.006 0.007 0.007  0.094 0.017 0.017 0.018 25 0.022 0.001 0.001 0.002  0.056 0.006 0.006 0.007  0.096 0.016 0.017 0.018
5 0.024 0.002 0.002 0.003  0.065 0.013 0.014 0.015 0.110 0.028 0.029 0.032 5 0.023 0.002 0.002 0.003  0.066 0.012 0.012 0.015  0.109 0.030 0.030 0.033
10 0.022 0.004 0.004 0.006  0.065 0.021 0.021 0.026 0.111 0.042 0.042  0.050 10  0.020 0.004 0.003 0.005  0.064 0.020 0.020 0.024  0.111 0.048 0.047 0.052
25 0.018 0.006 0.008 0.012  0.059 0.028 0.028 0.038  0.107 0.060 0.061 0.074 25 0.016 0.006 0.005 0.010  0.060 0.029 0.030 0.040 0.111 0.063 0.062 0.074
50 0.014 0.007 0.008 0.014  0.056 0.033 0.035 0.048  0.106 0.071 0.071 0.090 50  0.014 0.007 0.007 0.014  0.060 0.036 0.036 0.050  0.109 0.071 0.072  0.091
75  0.014 0.006 0.008 0.014  0.054 0.036 0.038 0.052  0.105 0.077 0.079 0.097 75 0.013 0.007 0.008 0.015  0.057 0.036 0.036 0.055  0.106 0.077 0.078 0.098
100 0.014 0.008 0.010 0.015  0.055 0.038 0.040 0.056  0.104 0.080 0.081 0.101 100  0.012 0.008 0.007 0.016  0.056 0.039 0.039 0.059  0.106 0.080 0.081 0.105
125 0.014 0.009 0.010 0.018  0.054 0.038 0.042 0.058  0.105 0.083 0.086 0.105 125 0.013 0.008 0.008 0.018  0.055 0.038 0.039 0.061  0.106 0.082 0.083 0.107
150  0.014 0.009 0.011 0.019  0.053 0.040 0.043 0.059  0.106 0.084 0.088 0.110 150  0.014 0.008 0.008 0.019  0.055 0.041 0.040 0.062  0.105 0.083 0.084 0.110
200  0.012 0.009 0.011 0.019  0.054 0.043 0.046 0.063  0.105 0.088 0.090 0.113 200  0.013 0.009 0.010 0.021  0.056 0.042 0.043 0.065 0.106 0.085 0.086 0.113
250  0.011 0.010 0.011 0.020  0.052 0.046 0.049 0.066 0.105 0.093 0.097 0.115 250  0.013 0.009 0.010 0.022  0.053 0.043 0.043 0.066  0.105 0.088 0.089 0.117
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.008 0.015 0.022 0.017  0.045 0.074 0.086 0.075  0.087 0.153 0.167 0.147 -5 0.007 0.012 0.013 0.013  0.039 0.068 0.071 0.066  0.088 0.147 0.153 0.144
-25  0.009 0.018 0.026 0.022  0.044 0.103 0.117 0.106  0.094 0.239 0.256 0.243 -25  0.006 0.015 0.017 0.017  0.037 0.098 0.099 0.097  0.086 0.230 0.239 0.231
0 0.010 0.022 0.027  0.029 0.053 0.105 0.119 0.121 0.111 0.225 0.240 0.240 0 0.010 0.021 0.022 0.024 0.049 0.108 0.109 0.110 0.104 0.223 0.229 0.229
25 0.013 0.024 0.027 0.031 0.062 0.113 0.122 0.127 0.123 0.215 0.226 0.233 2.5 0.011 0.022 0.024  0.025 0.054 0.109 0.112 0.119 0.117 0.213 0.215 0.225
5 0.013 0.023 0.027 0.031 0.062 0.107 0.116 0.124 0.124 0.201 0.210 0.222 5 0.011 0.022 0.023 0.025 0.056 0.104 0.106 0.115 0.116 0.198 0.200 0.210
10 0.012 0.022 0.025 0.030 0.059 0.094 0.102 0.113 0.118 0.177 0.184 0.202 10 0.011 0.022 0.023 0.025 0.057 0.094 0.094 0.105 0.111 0.177 0.178 0.194
25 0.011 0.017 0.020 0.026  0.059 0.082 0.086 0.103 0.114 0.154 0.159 0.180 25 0.011 0.016 0.018 0.024  0.055 0.081 0.083 0.097  0.109 0.151 0.152 0.170
50 0.010 0.014 0.018 0.023  0.058 0.071 0.076 0.093 0.114 0.140 0.145 0.166 50  0.011 0.016 0.015 0.024  0.056 0.075 0.075 0.095  0.109 0.139 0.141 0.161
75  0.010 0.014 0.016 0.023  0.056 0.065 0.071 0.090 0.113 0.133 0.137 0.158 75  0.010 0.015 0.016 0.027  0.056 0.071 0.071 0.091  0.108 0.134 0.135 0.159
100 0.010 0.013 0.015 0.022 0.056 0.063 0.068 0.085 0.111 0.125 0.130 0.152 100 0.010 0.016 0.016 0.027 0.053 0.068 0.069 0.092 0.107 0.128 0.129 0.155
125 0.011 0.012 0.015 0.023 0.056 0.060 0.065 0.084 0.110 0.118 0.123 0.148 125 0.010 0.016 0.015 0.026 0.053 0.067 0.067 0.089 0.109 0.129 0.130 0.155
150 0.010 0.011 0.014 0.023 0.056 0.059 0.064 0.082 0.108 0.114 0.120 0.143 150 0.011 0.014 0.015 0.025 0.053 0.064 0.065 0.089 0.108 0.126 0.129 0.154
200 0.011 0.012 0.014 0.022 0.057 0.056 0.061 0.080 0.108 0.109 0.113 0.136 200 0.011 0.014 0.014 0.024 0.054 0.061 0.063 0.087 0.107 0.123 0.123  0.155
250 0.013 0.012 0.015 0.022 0.057 0.055 0.059 0.077 0.111 0.108 0.113 0.134 250 0.011 0.013 0.013 0.024 0.056 0.063 0.063 0.087 0.107 0.119 0.119 0.151
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.008 0.008 0.013 0.010 0.046 0.038 0.049 0.045 0.091 0.078 0.092 0.081 -5 0.006 0.006 0.007 0.007 0.040 0.033 0.036 0.032 0.089 0.070 0.075 0.070
-25 0.008 0.009 0.014 0.013 0.040 0.048 0.057 0.052 0.087 0.103 0.118 0.107 -25 0.006 0.008 0.008 0.008 0.032 0.040 0.044 0.042 0.079 0.096 0.100 0.097
0 0.008 0.011 0.015 0.015 0.045 0.053 0.061 0.064 0.094 0.106 0.120 0.123 0 0.007 0.011 0.011 0.013 0.041 0.053 0.055 0.056 0.088 0.108 0.110 0.112
25 0.010 0.012 0.016 0.016 0.052 0.056 0.067 0.073 0.105 0.119 0.128 0.134 25 0.010 0.013 0.013 0.013 0.044 0.055 0.059 0.062 0.096 0.115 0.118 0.126
5 0.011 0.013 0.016 0.019 0.054 0.060 0.066 0.076 0.109 0.119 0.129 0.140 5 0.010 0.012 0.013 0.015 0.048 0.057 0.059 0.067 0.101 0.114 0.118 0.130
10 0.011 0.012 0.016 0.019 0.056 0.059 0.066 0.078 0.109 0.115 0.123  0.140 10 0.010 0.012 0.013 0.017 0.053 0.059 0.061 0.071 0.101 0.113 0.114 0.129
25 0.011 0.012 0.014 0.021 0.055 0.055 0.062 0.080 0.107 0.109 0.114 0.141 25 0.010 0.011 0.011 0.019 0.052 0.057 0.058 0.077 0.106 0.110 0.113 0.136
50 0.011 0.010 0.013  0.021 0.053 0.053 0.059 0.081 0.108 0.103 0.111 0.141 50 0.011 0.010 0.010 0.020 0.053 0.054 0.056 0.083 0.107 0.109 0.111 0.145
75 0.011 0.011 0.013  0.023 0.055 0.052 0.057 0.080 0.108 0.101 0.109 0.142 75 0.011 0.010 0.010 0.022 0.056 0.054 0.055 0.083 0.107 0.106 0.108 0.146
100 0.011 0.009 0.013  0.022 0.055 0.051 0.059 0.082 0.108 0.099 0.108 0.141 100 0.011 0.012 0.012 0.024 0.056 0.054 0.055 0.086 0.107 0.106 0.108 0.151
125 0.011 0.010 0.013  0.023 0.055 0.052 0.060 0.081 0.107 0.098 0.107 0.141 125 0.011 0.012 0.012 0.025 0.056 0.055 0.055 0.085 0.106 0.104 0.106 0.150
150 0.011 0.010 0.013  0.024 0.058 0.052 0.059 0.082 0.106 0.099 0.107 0.141 150 0.012 0.011 0.012 0.025 0.055 0.052 0.055 0.086 0.106 0.104 0.105 0.151
200 0.011 0.011 0.014 0.025 0.058 0.052 0.058 0.083 0.108 0.099 0.108 0.143 200 0.013 0.013 0.013  0.027 0.053 0.053 0.055 0.088 0.108 0.104 0.105 0.152
250 0.011 0.010 0.014 0.026 0.056 0.051 0.057 0.081 0.108 0.100 0.108 0.143 250 0.013 0.012 0.013  0.027 0.054 0.053 0.055 0.090 0.107 0.105 0.106 0.152
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.18. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP7 (GARCH(1,1)): y: = Bxt—1 + ut, Tt = pri—1 +wi and wy = Ywi—1 +ve, where 3 =0, p=1—¢/T,v =0 and (us,v¢) =
[o1t 0,0 o2]my; My := (M1e,m2e) ~ NIID(0,€2) with @ =[1  —0.9;-0.9 1] and o3, = 0.05+0.1€7; ; + 0.8507; 1, i = 1,2.
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Left-sided tests - 7' = 250

“RWB < FRWEB | EW RWB s FRWE ' (5 RWB = FRWB  EW
2k 2% 2z 2 2z ta 223 2z

1% Tos% 10%

Left-sided tests - T = 1000
= RWEB * FRWB / LRWB \FRW B vV = RWEB * FRWB 4
o - U s e L A o= i 7
c 1% 5% 10%

-5 0.010 0.002 0.007 0.004 0.051 0.019 0.027  0.022 0.102 0.047 0.056 0.047 -5 0.010 0.001 0.002 0.003 0.052 0.019 0.022 0.019 0.101 0.048 0.050 0.048
-25  0.008 0.001 0.002 0.001 0.049 0.005 0.008 0.008  0.098 0.016 0.021 0.018 -25  0.010 0.001 0.000 0.001 0.049 0.005 0.005 0.006  0.100 0.017 0.018 0.016
0  0.007 0.001 0.002 0.001 0.029 0.007 0.010 0.008  0.058 0.018 0.021 0.021 0 0.008 0.001 0.001 0.001 0.034 0.008 0.009 0.009  0.062 0.022 0.022 0.022
25 0.012 0.003 0.003 0.003  0.044 0.019 0.020 0.020 0.084 0.038 0.039 0.039 25 0011 0.003 0.003 0.004  0.048 0.017 0.017 0.019  0.089 0.042 0.043 0.044
5 0014 0.004 0.005 0.006  0.050 0.024 0.026 0.025  0.095 0.051 0.051 0.053 5 0012 0.004 0.004 0.005  0.052 0.024 0.023 0.026  0.099 0.055 0.056 0.056
10 0.014 0.006 0.007 0.008  0.053 0.030 0.032 0.034 0.101 0.064 0.066 0.068 10 0.013 0.005 0.005 0.006  0.056 0.031 0.031 0.035 0.103 0.067 0.066 0.069
25 0.013 0.007 0.008 0.010  0.053 0.038 0.040 0.044 0.101 0.074 0.077 0.080 25 0.011 0.006 0.006 0.009 0.052 0.036 0.037 0.041  0.103 0.078 0.077 0.084
50  0.010 0.007 0.008 0.010  0.052 0.039 0.043 0.046  0.099 0.079 0.081 0.086 50  0.011 0.007 0.007 0.011  0.053 0.042 0.042 0.047  0.102 0.083 0.083 0.090
75  0.010 0.008 0.009 0.010  0.052 0.043 0.046 0.049  0.098 0.083 0.085 0.090 75 0.011 0.008 0.007 0.010  0.054 0.042 0.043 0.049  0.103 0.085 0.087 0.094
100  0.011 0.009 0.010 0.011 0.052 0.043 0.046 0.049  0.098 0.084 0.087 0.093 100  0.010 0.008 0.008 0.011  0.052 0.043 0.043 0.049  0.102 0.087 0.088 0.096
125 0.011 0.009 0.010 0.011 0.050 0.043 0.047 0.051  0.098 0.084 0.088 0.094 125 0.010 0.008 0.008 0.011  0.053 0.043 0.043 0.051  0.103 0.090 0.090 0.098
150  0.010 0.009 0.009 0.011 0.051 0.044 0.047 0.053  0.099 0.089 0.092 0.095 150  0.010 0.009 0.008 0.011  0.052 0.044 0.044 0.052  0.103 0.091 0.091 0.100
200  0.010 0.009 0.011 0.012  0.050 0.045 0.050 0.054  0.099 0.091 0.094  0.099 200  0.011 0.008 0.008 0.012  0.052 0.045 0.046 0.054  0.104 0.093 0.093 0.102
250  0.010 0.010 0.011 0.012  0.051 0.047 0.051 0.055  0.100 0.092 0.095 0.102 250  0.012 0.009 0.010 0.013  0.051 0.045 0.048 0.055  0.103 0.093 0.094 0.103
Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.015 0.034 0.016  0.047 0.074 0.100 0.073  0.097 0.143 0.167 0.140 -5 0.008 0.013 0.017 0.013  0.045 0.071 0.079 0.068  0.095 0.137 0.144 0.134
-25  0.013 0.023 0.043 0.023  0.054 0.103 0.124 0.104  0.111 0.203 0.220 0.200 -25  0.008 0.018 0.024 0.017  0.051 0.097 0.108 0.094  0.106 0.200 0.205 0.196
0 0013 0.020 0.032 0.021 0.059 0.099 0.113 0.097  0.122 0.194 0.204 0.193 0 0013 0.020 0.025 0.020  0.060 0.096 0.101 0.095 0.119 0.192 0.196 0.192
25 0.012 0.018 0.025 0.021 0.062 0.092 0.101 0.094  0.120 0.171 0.182 0.173 25  0.012 0.020 0.023 0.021  0.059 0.090 0.092 0.091 0.118 0.169 0.169 0.170
5 0012 0.019 0.023 0.020  0.061 0.083 0.091 0.087 0.116 0.159 0.167 0.164 5 0012 0.019 0.020 0.018  0.059 0.084 0.086 0.086  0.112 0.157 0.157 0.158
10 0.011 0.015 0.018 0.018 0.057 0.075 0.082 0.079 0.112 0.143 0.150 0.150 10 0.012 0.018 0.019 0.019 0.054 0.074 0.076 0.077 0.108 0.141 0.142 0.146
25 0.010 0.014 0.017 0.015 0.052 0.065 0.070 0.071 0.110 0.132 0.136 0.137 25 0.012 0.015 0.015 0.015 0.054 0.069 0.069 0.071 0.104 0.128 0.127 0.130
50 0.010 0.011 0.014 0.014 0.052 0.061 0.067 0.066 0.108 0.121 0.125 0.127 50 0.011 0.014 0.014 0.014 0.054 0.064 0.065 0.069 0.103 0.122 0.121 0.125
75 0.008 0.010 0.012 0.013 0.054 0.060 0.064 0.067 0.107 0.119 0.122 0.125 75 0.011 0.013 0.014 0.015 0.055 0.063 0.063 0.068 0.102 0.118 0.118 0.124
100 0.008 0.010 0.011 0.014 0.053 0.057 0.061 0.063 0.109 0.114 0.119 0.121 100 0.011 0.014 0.014 0.015 0.054 0.062 0.062 0.065 0.104 0.117 0.117 0.123
125 0.009 0.010 0.011 0.012 0.053 0.055 0.059 0.064 0.109 0.113 0.116 0.119 125 0.011 0.013 0.013 0.015 0.053 0.061 0.061 0.067 0.108 0.116 0.118 0.124
150 0.009 0.010 0.012 0.012 0.054 0.055 0.060 0.063 0.108 0.111 0.114 0.118 150 0.013 0.013 0.013 0.016 0.054 0.061 0.061 0.068 0.106 0.117 0.117 0.126
200 0.009 0.011 0.012 0.013 0.055 0.056 0.058 0.061 0.107 0.108 0.109 0.115 200 0.011 0.013 0.014 0.016 0.054 0.058 0.059 0.064 0.106 0.114 0.114 0.122
250 0.012 0.011 0.013 0.015 0.055 0.054 0.058 0.062 0.106 0.104 0.107 0.114 250 0.012 0.014 0.014 0.016 0.054 0.058 0.059 0.064 0.105 0.112 0.112 0.121
Two-sided tests - 7' = 250 Two-sided tests- 7' = 1000
-5 0.009 0.009 0.029 0.011 0.048 0.045 0.076  0.050 0.100 0.093 0.127  0.095 -5 0.008 0.007 0.010 0.008 0.046 0.041 0.052 0.043 0.099 0.089 0.100 0.087
-25 0.011 0.012 0.031 0.012 0.049 0.054 0.082 0.054 0.099 0.106 0.132 0.111 -2.5 0.007 0.009 0.013  0.007 0.046 0.047 0.055 0.048 0.096 0.103 0.114 0.100
0 0.010 0.011 0.022 0.012 0.048 0.051 0.068 0.054 0.096 0.105 0.122 0.105 0 0.010 0.011 0.013 0.012 0.046 0.051 0.057 0.050 0.097 0.104 0.110 0.104
25 0.010 0.011 0.017 0.012 0.051 0.054 0.066 0.058 0.105 0.109 0.121 0.115 25 0.010 0.011 0.012 0.012 0.052 0.054 0.057 0.057 0.101 0.108 0.110 0.109
5 0.010 0.011 0.015 0.013 0.053 0.052 0.062 0.059 0.104 0.107 0.117 0.112 5 0.011 0.010 0.012 0.011 0.053 0.054 0.056 0.059 0.102 0.108 0.109 0.112
10 0.011 0.011 0.014 0.014 0.052 0.053 0.061 0.060 0.103 0.105 0.114 0.112 10 0.011 0.012 0.012 0.013 0.051 0.054 0.056 0.057 0.102 0.107 0.106 0.111
25 0.011 0.010 0.012 0.014 0.051 0.051 0.058 0.058 0.101 0.102 0.110 0.115 25 0.011 0.011 0.011 0.013 0.051 0.053 0.054 0.058 0.103 0.105 0.107 0.112
50 0.009 0.009 0.011 0.013 0.050 0.049 0.055 0.058 0.103 0.099 0.109 0.112 50 0.011 0.010 0.011 0.014 0.053 0.052 0.053 0.060 0.105 0.105 0.108 0.116
75 0.009 0.008 0.011 0.012 0.048 0.048 0.055 0.057 0.104 0.102 0.110 0.116 75 0.011 0.010 0.011 0.014 0.053 0.053 0.053 0.060 0.105 0.105 0.106 0.117
100 0.008 0.008 0.011 0.011 0.051 0.047 0.052 0.057 0.103 0.100 0.107 0.112 100 0.011 0.011 0.012 0.014 0.053 0.052 0.051 0.060 0.105 0.103 0.105 0.115
125 0.008 0.009 0.012 0.012 0.050 0.050 0.057 0.060 0.103 0.098 0.105 0.114 125 0.010 0.011 0.011 0.015 0.052 0.050 0.051 0.060 0.106 0.105 0.104 0.118
150 0.009 0.010 0.012 0.012 0.050 0.050 0.055 0.060 0.104 0.098 0.107 0.116 150 0.011 0.010 0.011 0.015 0.052 0.050 0.052 0.061 0.105 0.104 0.105 0.120
200 0.009 0.010 0.012 0.013 0.052 0.048 0.058 0.063 0.104 0.101 0.109 0.115 200 0.011 0.012 0.012 0.015 0.053 0.051 0.052 0.063 0.104 0.104 0.105 0.119
250 0.010 0.011 0.013 0.014 0.051 0.050 0.057 0.062 0.104 0.101 0.109 0.116 250 0.012 0.012 0.012 0.016 0.054 0.052 0.053 0.064 0.105 0.103 0.106 0.119
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.19. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes 7' = 250 and
T = 1000. DGP7 (GARCH(1,1)): y: = Brt—1 + ut, ¢ = pri—1 +we and wy = hwi_1 + v, where 3 =0, p=1—¢/T,% = 0 and (u¢,vt)’ =

[o1¢

0;0 o] my; M = (N1, m2t)’ ~ NIID(0,€) with Q = [1

—0.5;—0.5 1] and 07, =0.05+0.1¢],_; +0.8507,_;, i =1,2.
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

Ls,RVVR [x,F‘RVVB‘ IEW' t t* RW B 1*.FRVVR LEVV t JRWB [*,FRVVE IEW' t L*,RW"R L*,F‘RW’B IEW' t IV‘RW’R I*‘FRH!R lEVV t L‘,RVVR Lx,F‘RVVB IEW' t

c 1% 5% 10% c 1% 5% 10%
-5 0.011 0.011 0.025 0.012 0.050 0.049 0.070 0.052 0.101 0.101 0.122  0.098 -5 0.010 0.001 0.002 0.003 0.052 0.019 0.022 0.019 0.101 0.048 0.050 0.048
-2.5 0.010 0.010 0.025 0.011 0.048 0.048 0.062 0.046 0.096 0.097 0.104 0.092 -2.5 0.010 0.001 0.000 0.001 0.049 0.005 0.005 0.006 0.100 0.017 0.018 0.016
0 0.010 0.009 0.018 0.010 0.046 0.046 0.058 0.046 0.096 0.096 0.103 0.094 0 0.008 0.001 0.001  0.001 0.034 0.008 0.009 0.009 0.062 0.022 0.022  0.022
25 0.011 0.010 0.015 0.011 0.048 0.047 0.054 0.047  0.098 0.096 0.103 0.097 25  0.011 0.003 0.003 0.004  0.048 0.017 0.017 0.019  0.089 0.042 0.043 0.044
5 0011 0.010 0.013 0.011 0.049 0.047 0.051 0.048  0.099 0.099 0.105 0.098 5 0012 0.004 0.004 0.005  0.052 0.024 0.023 0.026  0.099 0.055 0.056 0.056
10 0.010 0.010 0.011 0.011 0.050 0.049 0.054 0.049  0.102 0.103 0.105 0.102 10 0.013 0.005 0.005 0.006 0.056 0.031 0.031 0.035 0.103 0.067 0.066 0.069
25 0.011 0.011 0.013 0.012  0.053 0.051 0.053 0.053  0.103 0.101 0.103 0.103 25 0.011 0.006 0.006 0.009  0.052 0.036 0.037 0.041  0.103 0.078 0.077 0.084
50  0.010 0.010 0.012 0.011 0.050 0.048 0.052 0.049 0.101 0.099 0.104 0.100 50  0.011 0.007 0.007 0.011  0.053 0.042 0.042 0.047  0.102 0.083 0.083 0.090
75  0.010 0.010 0.011 0.010  0.049 0.047 0.050 0.049  0.097 0.096 0.098 0.096 75 0.011 0.008 0.007 0.010  0.054 0.042 0.043 0.049  0.103 0.085 0.087 0.094
100  0.010 0.010 0.011 0.010  0.048 0.046 0.049 0.047  0.096 0.093 0.096 0.093 100  0.010 0.008 0.008 0.011  0.052 0.043 0.043 0.049  0.102 0.087 0.088 0.096
125 0.010 0.010 0.011 0.010  0.046 0.045 0.049 0.047  0.096 0.093 0.096 0.094 125 0.010 0.008 0.008 0.011  0.053 0.043 0.043 0.051  0.103 0.090 0.090 0.098
150  0.010 0.010 0.011 0.010  0.049 0.046 0.050 0.047  0.097 0.094 0.098 0.095 150  0.010 0.009 0.008 0.011  0.052 0.044 0.044 0.052  0.103 0.091 0.091 0.100
200  0.010 0.009 0.010 0.009  0.048 0.048 0.050 0.049  0.095 0.094 0.097 0.096 200  0.011 0.008 0.008 0.012  0.052 0.045 0.046 0.054  0.104 0.093 0.093 0.102
250  0.009 0.009 0.010 0.010  0.049 0.048 0.051 0.049  0.099 0.096 0.099 0.098 250  0.012 0.009 0.010 0.013  0.051 0.045 0.048 0.055  0.103 0.093 0.094 0.103

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.011 0.011 0.026 0.013  0.049 0.050 0.070 0.050  0.099 0.098 0.116 0.098 -5 0.011 0.011 0.016 0.012  0.049 0.049 0.057 0.048  0.100 0.099 0.107 0.100
-25  0.011 0.011 0.025 0.012  0.052 0.052 0.067 0.052  0.103 0.104 0.113  0.102 -25  0.010 0.010 0.018 0.010  0.050 0.050 0.059 0.050  0.095 0.095 0.107 0.095
0 0011 0.010 0.018 0.012  0.051 0.050 0.057 0.050  0.101 0.100 0.102 0.099 0 0011 0.010 0.014 0.011  0.048 0.051 0.054 0.048 0.101 0.103 0.104 0.099
25 0.010 0.010 0.014 0.011 0.050 0.049 0.054 0.050 0.103 0.102 0.106 0.100 2.5 0.008 0.008 0.011 0.008  0.049 0.049 0.052 0.048  0.103 0.104 0.105 0.101
5 0.009 0.009 0.013 0.010  0.050 0.049 0.055 0.050  0.102 0.100 0.105 0.101 5 0.009 0.009 0.009 0.009  0.050 0.050 0.050 0.050  0.100 0.101 0.103 0.101
10  0.009 0.009 0.010 0.009  0.051 0.049 0.052 0.051  0.102 0.100 0.105 0.102 10  0.008 0.010 0.010 0.010  0.052 0.051 0.051 0.051  0.101 0.100 0.101 0.099
25 0.010 0.009 0.011 0.010  0.051 0.050 0.053 0.051  0.103 0.101 0.102 0.103 25 0.011 0.011 0.011 0.011  0.051 0.050 0.050 0.050  0.100 0.100 0.101 0.100
50  0.009 0.009 0.011 0.009  0.051 0.051 0.052 0.050 0.101 0.099 0.104 0.099 50  0.012 0.011 0.011 0.012  0.052 0.051 0.052 0.052  0.102 0.101 0.103 0.101
75 0.009 0.008 0.010 0.010  0.053 0.050 0.054 0.053  0.101 0.100 0.103 0.100 75 0.012 0.011 0.011 0.011  0.053 0.052 0.053 0.052  0.101 0.101 0.102 0.101
100 0.010 0.009 0.010 0.009 0.050 0.050 0.053 0.050 0.102 0.100 0.105 0.101 100 0.011 0.011 0.012 0.011 0.052 0.052 0.053 0.052 0.100 0.098 0.100 0.099
125 0.008 0.009 0.010 0.009 0.050 0.049 0.052 0.049 0.104 0.100 0.104 0.100 125 0.012 0.011 0.011 0.011 0.052 0.053 0.052 0.052 0.100 0.101 0.101  0.099
150 0.007 0.008 0.010 0.010 0.051 0.050 0.052 0.050 0.102 0.101 0.104 0.100 150 0.011 0.012 0.011 0.011 0.053 0.053 0.052 0.053 0.102 0.102 0.102 0.100
200 0.008 0.009 0.010 0.010 0.050 0.049 0.053 0.051 0.104 0.102 0.104 0.102 200 0.011 0.011 0.011 0.011 0.052 0.051 0.053 0.051 0.104 0.104 0.105 0.102
250 0.009 0.010 0.011 0.011 0.050 0.049 0.051 0.050 0.104 0.102 0.105 0.102 250 0.011 0.010 0.011 0.010 0.052 0.050 0.051 0.051 0.106 0.105 0.106 0.105
Two-sided tests - T' = 250 Two-sided tests- 7' = 1000
-5 0.011 0.011 0.038 0.015 0.049 0.049 0.089 0.053 0.099 0.099 0.140 0.102 -5 0.011 0.011 0.017 0.012 0.049 0.049 0.065 0.049 0.099 0.099 0.116 0.099
-25 0.011 0.011 0.037 0.012 0.048 0.048 0.082 0.050 0.097 0.101 0.130 0.097 -25 0.009 0.009 0.022 0.010 0.051 0.049 0.068 0.050 0.097 0.099 0.118 0.098
0 0.011 0.010 0.025 0.011 0.047 0.048 0.068 0.048 0.095 0.095 0.115 0.095 0 0.011 0.011 0.017 0.011 0.048 0.050 0.062 0.050 0.099 0.101 0.113  0.099
25 0.011 0.011 0.017 0.012 0.047 0.048 0.060 0.049 0.098 0.096 0.108 0.097 25 0.010 0.010 0.011 0.010 0.048 0.049 0.054 0.048 0.099 0.102 0.107 0.100
5 0.010 0.010 0.014 0.011 0.050 0.047 0.056 0.050 0.097 0.095 0.106 0.098 5 0.009 0.009 0.010 0.008 0.049 0.048 0.051 0.048 0.101 0.100 0.103 0.101
10 0.010 0.009 0.012 0.010 0.049 0.047 0.053 0.052 0.100 0.098 0.106 0.100 10 0.009 0.009 0.010 0.009 0.050 0.050 0.052 0.050 0.101 0.100 0.101 0.100
25 0.011 0.011 0.012 0.012 0.049 0.047 0.053 0.050 0.102 0.100 0.107 0.103 25 0.010 0.010 0.010 0.011 0.051 0.051 0.052 0.052 0.100 0.097 0.099 0.099
50 0.009 0.009 0.011 0.010 0.051 0.048 0.056 0.052 0.100 0.098 0.104 0.099 50 0.010 0.010 0.011 0.011 0.050 0.050 0.050 0.050 0.101 0.099 0.100 0.101
75 0.008 0.008 0.010 0.010 0.047 0.046 0.052 0.048 0.100 0.097 0.104 0.101 75 0.010 0.010 0.010 0.010 0.051 0.049 0.050 0.051 0.102 0.100 0.102 0.100
100 0.009 0.008 0.010 0.009 0.046 0.046 0.051 0.048 0.096 0.095 0.101 0.098 100 0.010 0.010 0.010 0.011 0.051 0.051 0.052 0.051 0.102 0.101 0.102 0.101
125 0.009 0.008 0.010 0.009 0.047 0.046 0.050 0.047 0.096 0.094 0.100 0.096 125 0.010 0.010 0.011 0.011 0.051 0.050 0.051 0.052 0.101 0.101 0.101 0.101
150 0.008 0.008 0.011  0.009 0.046 0.046 0.051 0.048 0.099 0.097 0.102 0.097 150 0.011 0.011 0.011 0.011 0.053 0.049 0.052 0.051 0.100 0.100 0.100 0.101
200 0.008 0.008 0.011  0.009 0.050 0.049 0.054 0.050 0.098 0.097 0.103 0.100 200 0.011 0.011 0.011 0.011 0.050 0.050 0.051 0.051 0.102 0.100 0.101 0.100
250 0.008 0.009 0.011 0.010 0.049 0.049 0.054 0.051 0.098 0.096 0.103 0.099 250 0.011 0.011 0.011 0.011 0.050 0.050 0.051 0.051 0.099 0.097 0.099 0.099
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.20. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP7 (GARCH(1,1)): y+ = Bat—1 + ut, 2t = pxe—1 + wi and wy
(ut,v0) =[o1e 0,0 o2e]my; My == (M1e,m2¢) ~ NIID(0,9) with @ =[1 0;0 1] and o3, = 0.05+ 0.1€}; ; + 0.8507, 1, i = 1,2.

Ywi_1 + v¢, where § =0, p=1—2¢/T,¢ =0 and
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

t:{.RW B t;’FRw B (EW ow RW B t:._rl(w B ‘s t:&RVV B t:;bl'r‘ RWB (EW e t;}‘RW B I FRWB (EW trw ,‘;;jm' B t;ﬁlew B (EW o t:{ka B x,FRWB (EW tew

c 1% 5% 10% c 1% 5% 10%
-5 0.007 0.001 0.001 0.007 0.047 0.005 0.005 0.018 0.096 0.016 0.015 0.032 -5 0.008 0.000 0.001 0.007 0.044 0.004 0.004 0.017 0.094 0.013 0.012 0.028
-25  0.007 0.001 0.000 0.003  0.044 0.002 0.002 0.009  0.093 0.005 0.005 0.013 -25  0.007 0.000 0.000 0.003  0.047 0.001 0.001 0.007  0.103 0.003 0.003 0.011
0 0010 0.001 0.001 0.005 0.038 0.003 0.003 0.009  0.067 0.006 0.007 0.015 0 0.008 0.000 0.000 0.004  0.033 0.002 0.002 0.009  0.060 0.005 0.005 0.015
25 0.019 0.001 0.001 0.006  0.054 0.006 0.006 0.015  0.094 0.016 0.016 0.029 25  0.016 0.001 0.001 0.006 0.051 0.005 0.004 0.017  0.091 0.013 0.012 0.030
5 0.022 0.002 0.002 0.008  0.064 0.012 0.011 0.025 0.110 0.028 0.027 0.047 5 0.022 0.001 0.001 0.011  0.066 0.010 0.009 0.030 0.108 0.023 0.020 0.055
10 0.023 0.004 0.003 0.015 0.069 0.018 0.018 0.041  0.116 0.041 0.041 0.071 10 0.023 0.003 0.002 0.022  0.070 0.015 0.014 0.055 0.117 0.037 0.036 0.088
25 0.019 0.006 0.006 0.025  0.064 0.028 0.027 0.066 0.113 0.057 0.058 0.101 25 0.023 0.004 0.004 0.048 0.071 0.024 0.023 0.094  0.120 0.054 0.053 0.133
50  0.017 0.006 0.007 0.035  0.064 0.033 0.035 0.083 0.116 0.069 0.072 0.126 50  0.021 0.006 0.006 0.064 0.068 0.030 0.030 0.118 0.117 0.064 0.064 0.164
75 0.016 0.007 0.009 0.039  0.065 0.036 0.039 0.092 0.117 0.078 0.082 0.140 75 0.021 0.007 0.007 0.075  0.068 0.034 0.034 0.132 0.116 0.070 0.070 0.178
100  0.016 0.007 0.010 0.041 0.064 0.039 0.045 0.099  0.120 0.083 0.090 0.149 100  0.020 0.008 0.009 0.082  0.066 0.038 0.037 0.142 0.114 0.075 0.076 0.185
125 0.015 0.007 0.011 0.044  0.063 0.041 0.048 0.101  0.119 0.088 0.094 0.155 125 0.019 0.009 0.009 0.088  0.064 0.040 0.040 0.149  0.115 0.075 0.078 0.190
150  0.015 0.007 0.011 0.046  0.065 0.045 0.051 0.105 0.119 0.090 0.097 0.160 150  0.020 0.010 0.010 0.093  0.066 0.040 0.041 0.151  0.115 0.078 0.079 0.197
200  0.013 0.007 0.013 0.049  0.065 0.048 0.055 0.112  0.122 0.096 0.107 0.165 200  0.019 0.010 0.011 0.096  0.066 0.043 0.044 0.159  0.115 0.082 0.084 0.207
250  0.011 0.008 0.015 0.050  0.065 0.050 0.058 0.114  0.121 0.098 0.108 0.172 250  0.018 0.011 0.012 0.101  0.064 0.045 0.047 0.166  0.113 0.086 0.087 0.214

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.008 0.014 0.029 0.038  0.044 0.084 0.106 0.106  0.083 0.173 0.188 0.180 -5 0.005 0.015 0.054 0.033  0.028 0.083 0.132 0.092  0.070 0.175 0.221 0.156
-25  0.006 0.017 0.025 0.037  0.035 0.102 0.122 0.141  0.083 0.251 0.257 0.279 -25  0.003 0.014 0.041 0.044  0.020 0.098 0.146 0.136  0.054 0.241 0.283 0.258
0 0.007 0.017 0.024 0.051 0.048 0.101 0.122  0.172 0.105 0.221 0.243  0.300 0 0.003 0.019 0.024 0.070 0.027 0.091 0.115 0.191 0.071 0.204 0.234  0.309
25  0.008 0.018 0.026 0.058  0.056 0.105 0.123 0.183  0.120 0.212 0.227 0.298 2.5  0.004 0.019 0.024 0.086  0.033 0.098 0.110 0.213  0.086 0.197 0.212  0.320
5 0.009 0.020 0.027 0.062  0.061 0.100 0.113 0.183 0.123 0.198 0.208 0.286 5 0.005 0.020 0.024 0.095  0.040 0.095 0.103 0.218  0.090 0.186 0.195 0.315
10 0.011 0.021 0.027 0.066  0.062 0.093 0.104 0.175  0.123 0.177 0.189 0.266 10  0.006 0.020 0.023 0.105  0.045 0.091 0.093 0.219  0.095 0.169 0.175 0.308
25 0.012 0.018 0.023 0.067  0.062 0.080 0.091 0.165 0.122 0.154 0.166 0.243 25 0.007 0.018 0.019 0.115  0.049 0.079 0.082 0.220 0.101 0.153 0.156  0.300
50 0.012 0.016 0.020 0.065 0.061 0.075 0.085 0.157 0.123 0.137 0.149 0.229 50 0.008 0.017 0.016 0.121 0.051 0.072 0.074 0.222 0.103 0.140 0.145 0.296
75 0.011 0.014 0.020 0.064 0.061 0.068 0.080 0.154 0.124 0.133 0.145 0.220 75 0.008 0.016 0.017 0.123 0.049 0.070 0.074 0.219 0.108 0.133 0.138  0.290
100 0.011 0.012 0.018 0.062 0.061 0.065 0.077 0.147 0.122 0.128 0.139 0.216 100 0.009 0.015 0.016 0.125 0.053 0.067 0.072 0.216 0.106 0.129 0.133 0.287
125 0.012 0.012 0.017 0.062 0.061 0.062 0.074 0.143 0.122 0.122 0.135 0.207 125 0.009 0.015 0.015 0.126 0.055 0.065 0.070 0.214 0.106 0.126 0.131 0.283
150 0.011 0.011 0.017 0.062 0.061 0.058 0.072 0.138 0.122 0.119 0.131 0.202 150 0.009 0.014 0.016 0.126 0.054 0.065 0.069 0.214 0.107 0.123 0.127 0.280
200 0.010 0.011 0.018 0.060 0.062 0.057 0.068 0.131 0.120 0.111 0.123  0.195 200 0.010 0.014 0.016 0.125 0.056 0.061 0.066 0.213 0.109 0.120 0.127 0.277
250 0.011 0.010 0.016 0.055 0.061 0.053 0.064 0.126 0.120 0.107 0.120 0.187 250 0.010 0.013 0.016 0.125 0.054 0.060 0.066 0.213 0.109 0.117 0.123 0.275
Two-sided tests - 7' = 250 Two-sided tests- 7' = 1000
-5 0.007 0.007 0.019 0.029 0.043 0.041 0.062 0.081 0.085 0.088 0.112 0.124 -5 0.004 0.007 0.041 0.026 0.027 0.038 0.086 0.071 0.070 0.086 0.136 0.109
-25 0.005 0.008 0.014 0.024 0.030 0.043 0.062 0.081 0.075 0.104 0.123  0.149 -2.5 0.002 0.007 0.025 0.032 0.015 0.038 0.081 0.084 0.046 0.097 0.147 0.143
0 0.006 0.008 0.012 0.035 0.040 0.049 0.064 0.110 0.087 0.104 0.125 0.182 0 0.003 0.010 0.013 0.054 0.021 0.043 0.060 0.126 0.053 0.091 0.117  0.200
25 0.007 0.008 0.013  0.042 0.045 0.052 0.065 0.120 0.098 0.111 0.129 0.197 25 0.003 0.010 0.014 0.066 0.024 0.049 0.058 0.153 0.064 0.102 0.114 0.230
5 0.008 0.010 0.015 0.047 0.049 0.056 0.067 0.130 0.105 0.111 0.124 0.208 5 0.004 0.011 0.014 0.076 0.030 0.051 0.058 0.171 0.072 0.105 0.111 0.248
10 0.011 0.012 0.017 0.054 0.055 0.058 0.067 0.141 0.111 0.112 0.122 0.216 10 0.007 0.011 0.013  0.095 0.036 0.053 0.056 0.194 0.084 0.105 0.108 0.274
25 0.013 0.012 0.017 0.064 0.059 0.054 0.064 0.156 0.118 0.107 0.118 0.230 25 0.011 0.011 0.012 0.125 0.049 0.054 0.056 0.233 0.102 0.104 0.105 0.314
50 0.014 0.012 0.016 0.070 0.063 0.051 0.063 0.163 0.122 0.107 0.120 0.240 50 0.013 0.011 0.011 0.146 0.055 0.053 0.056 0.260 0.109 0.101 0.104 0.340
75 0.013 0.011 0.015 0.073 0.062 0.052 0.064 0.168 0.121 0.104 0.119 0.246 75 0.014 0.011 0.012 0.158 0.059 0.053 0.056 0.273 0.112 0.104 0.108 0.352
100 0.013 0.010 0.016 0.076 0.062 0.050 0.064 0.167 0.122 0.102 0.121 0.245 100 0.014 0.011 0.013 0.168 0.060 0.052 0.058 0.282 0.113 0.102 0.109 0.359
125 0.012 0.010 0.016 0.076 0.060 0.049 0.063 0.166 0.121 0.103 0.121 0.244 125 0.015 0.012 0.013 0.173 0.061 0.055 0.059 0.286 0.116 0.104 0.110 0.363
150 0.012 0.009 0.016 0.077 0.061 0.050 0.064 0.165 0.121 0.102 0.123 0.243 150 0.016 0.012 0.014 0.176 0.061 0.055 0.061 0.289 0.116 0.105 0.111  0.365
200 0.010 0.009 0.017 0.078 0.063 0.049 0.067 0.167 0.124 0.102 0.123 0.243 200 0.015 0.012 0.014 0.181 0.062 0.056 0.062 0.294 0.118 0.103 0.111 0.372
250 0.009 0.008 0.016 0.076 0.060 0.049 0.068 0.167 0.123 0.102 0.122  0.241 250 0.016 0.012 0.014 0.184 0.065 0.057 0.062 0.300 0.116 0.102 0.113 0.379
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.21. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes " = 250 and
T = 1000. DGP8 (GARCH(1,1)): y: = Brt—1 + ut, ¢ = pri—1 +we and wy = hwi_1 + v, where B =0, p=1—¢/T,% = 0 and (u¢,vt)’ =

[o1c 050 2] ny; My = (e, m2e) ~ didts(0, ) with @ = [1
defines a mean zero Student-t distribution with 5 degrees of freedom and variance matrix €2).

—0.95;—0.95 1] and of; = 0.05+0.1e, | +0.8507, 1, i = 1,2.5(0,€2)
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Left-sided tests - 7' = 250

Left-sided tests - 7' = 1000

Ls,RVVR [x,F‘RVVB‘ IEW' t t* RW B 1*.FRVVR LEVV t JRWB [*,FRVVE IEW' t L*,RW"R L*,F‘RW’B IEW' t IV‘RW’R I*‘FRH!R lEVV t L‘,RVVR Lx,F‘RVVB IEW' t

c 1% 5% 10% c 1% 5% 10%
-5 0.007 0.001 0.001 0.007 0.046 0.006 0.007 0.019 0.097 0.017 0.017 0.035 -5 0.008 0.000 0.002 0.006 0.045 0.005 0.007 0.019 0.097 0.016 0.017 0.032
-2.5 0.007 0.001 0.001 0.003 0.044 0.002 0.002 0.009 0.092 0.006 0.006 0.014 -2.5 0.009 0.000 0.000 0.003 0.047 0.001 0.001 0.008 0.103 0.003 0.003 0.013
0 0.009 0.001 0.001  0.005 0.035 0.003 0.004 0.010 0.066 0.008 0.008 0.016 0 0.007 0.001 0.001  0.004 0.030 0.002 0.003 0.010 0.060 0.006 0.006 0.015
25 0.017 0.001 0.002 0.006  0.054 0.007 0.008 0.018  0.091 0.019 0.019 0.032 25 0.014 0.001 0.001 0.006  0.049 0.005 0.005 0.018  0.088 0.016 0.016 0.036
5 0.022 0.002 0.002 0.009  0.065 0.013 0.014 0.028  0.108 0.032 0.031 0.050 5 0018 0.002 0.001 0.011 0.062 0.010 0.009 0.034 0.105 0.026 0.024  0.059
10 0.022 0.004 0.004 0.016  0.067 0.021 0.021 0.044 0.113 0.044 0.043 0.074 10 0.022 0.003 0.003 0.023  0.065 0.016 0.014 0.056  0.112 0.040 0.038 0.089
25 0.018 0.006 0.006 0.026  0.063 0.029 0.029 0.064 0.116 0.058 0.059 0.101 25 0.019 0.005 0.005 0.044  0.068 0.026 0.023 0.092 0.114 0.054 0.053 0.130
50  0.016 0.006 0.008 0.034  0.064 0.032 0.035 0.081 0.115 0.069 0.073 0.123 50  0.020 0.007 0.006 0.062  0.064 0.032 0.032 0.115 0.115 0.066 0.065 0.156
75  0.016 0.007 0.009 0.037  0.062 0.036 0.041 0.090 0.117 0.079 0.082 0.136 75 0.019 0.007 0.007 0.071  0.065 0.036 0.036 0.126 0.114 0.071 0.071 0.169
100 0.016 0.007 0.010 0.040  0.062 0.040 0.045 0.095 0.116 0.083 0.088 0.143 100  0.019 0.009 0.009 0.079  0.066 0.038 0.039 0.135 0.114 0.076 0.076 0.176
125 0.014 0.007 0.011 0.041 0.062 0.042 0.049 0.098 0.116 0.087 0.093 0.150 125 0.018 0.009 0.010 0.084  0.064 0.040 0.041 0.139 0.113 0.078 0.080 0.182
150  0.014 0.007 0.011 0.043  0.062 0.043 0.051 0.101  0.119 0.091 0.098 0.153 150  0.018 0.010 0.011 0.086  0.065 0.042 0.042 0.143 0.115 0.080 0.081 0.189
200  0.013 0.008 0.012 0.046  0.062 0.047 0.056 0.107  0.120 0.096 0.105 0.160 200  0.018 0.011 0.012 0.089  0.063 0.043 0.045 0.150 0.113 0.083 0.085 0.196
250  0.011 0.008 0.014 0.047  0.063 0.049 0.060 0.109 0.121 0.098 0.109 0.165 250  0.017 0.010 0.012 0.092  0.064 0.045 0.048 0.155  0.112 0.083 0.086 0.206

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.009 0.015 0.034 0.037  0.045 0.086 0.110 0.107  0.087 0.173 0.188 0.178 -5 0.005 0.015 0.054 0.031  0.030 0.085 0.127 0.091  0.071 0.174 0.208 0.156
-25  0.006 0.016 0.029 0.035  0.038 0.110 0.129 0.139  0.089 0.251 0.257 0.270 -25  0.004 0.016 0.049 0.042  0.024 0.105 0.150 0.132  0.063 0.241 0.273 0.248
0  0.007 0.018 0.024 0.047  0.048 0.101 0.122 0.163  0.106 0.223 0.242 0.291 0  0.005 0.019 0.029 0.063  0.031 0.095 0.120 0.179  0.078 0.209 0.236  0.295
25 0.010 0.019 0.027 0.054  0.056 0.103 0.120 0.173  0.120 0.208 0.221 0.285 2.5  0.005 0.018 0.026 0.077  0.038 0.098 0.111 0.194  0.091 0.198 0.209 0.298
5 0.010 0.021 0.027 0.059  0.063 0.099 0.111 0.171  0.122 0.195 0.208 0.267 5 0.006 0.020 0.024 0.085  0.042 0.096 0.103 0.198  0.096 0.186 0.193 0.292
10 0.011 0.021 0.025 0.061 0.062 0.089 0.101 0.165 0.124 0.175 0.185 0.252 10  0.007 0.021 0.023 0.093  0.047 0.089 0.094 0.198  0.099 0.170 0.174 0.285
25 0.012 0.018 0.023 0.063  0.060 0.078 0.088 0.154  0.119 0.152 0.161 0.231 25 0.007 0.018 0.019 0.102  0.050 0.082 0.084 0.202  0.105 0.150 0.154 0.278
50  0.012 0.014 0.019 0.060 0.061 0.071 0.083 0.148  0.120 0.135 0.145 0.217 50  0.008 0.016 0.016 0.107  0.051 0.070 0.074 0.203  0.105 0.141 0.145 0.275
75 0.011 0.014 0.017 0.058 0.059 0.065 0.078 0.143 0.125 0.131 0.141 0.212 75 0.010 0.017 0.017 0.108 0.051 0.068 0.072 0.202 0.107 0.132 0.138 0.270
100 0.011 0.012 0.017 0.056 0.061 0.063 0.075 0.137 0.122 0.127 0.137 0.205 100 0.009 0.015 0.017 0.109 0.052 0.066 0.070 0.199 0.104 0.125 0.132  0.266
125 0.010 0.012 0.016 0.055 0.059 0.060 0.073 0.134 0.122 0.121 0.132  0.200 125 0.009 0.015 0.016 0.110 0.054 0.063 0.067 0.196 0.105 0.123 0.128 0.263
150 0.009 0.010 0.016 0.058 0.060 0.058 0.071 0.130 0.121 0.119 0.129 0.194 150 0.010 0.015 0.015 0.110 0.055 0.062 0.067 0.195 0.105 0.122 0.126  0.260
200 0.010 0.009 0.016 0.055 0.061 0.057 0.069 0.126 0.119 0.111 0.125 0.186 200 0.011 0.014 0.016 0.109 0.054 0.062 0.067 0.194 0.108 0.116 0.121  0.260
250 0.011 0.009 0.015 0.052 0.063 0.056 0.067 0.121 0.119 0.109 0.117 0.179 250 0.010 0.014 0.015 0.109 0.054 0.060 0.065 0.195 0.108 0.114 0.120 0.258
Two-sided tests - T' = 250 Two-sided tests- 7' = 1000
-5 0.008 0.007 0.025 0.029 0.044 0.042 0.068 0.080 0.088 0.091 0.117 0.126 -5 0.004 0.007 0.042  0.026 0.029 0.042 0.086 0.069 0.073 0.088 0.134 0.110
-25 0.006 0.007 0.017 0.024 0.033 0.046 0.069 0.080 0.079 0.112 0.132 0.148 -25 0.002 0.008 0.033  0.029 0.020 0.044 0.089 0.081 0.052 0.105 0.151 0.140
0 0.006 0.009 0.013 0.034 0.040 0.047 0.065 0.103 0.086 0.104 0.126 0.173 0 0.004 0.010 0.017 0.048 0.023 0.046 0.066 0.114 0.059 0.096 0.123 0.188
25 0.007 0.009 0.014 0.040 0.045 0.052 0.067 0.114 0.100 0.110 0.127  0.190 25 0.004 0.011 0.015 0.060 0.028 0.049 0.060 0.141 0.068 0.104 0.116 0.212
5 0.008 0.010 0.015 0.043 0.050 0.057 0.068 0.125 0.108 0.111 0.124  0.199 5 0.005 0.011 0.014 0.070 0.031 0.053 0.059 0.158 0.075 0.105 0.112 0.231
10 0.011 0.012 0.015 0.049 0.056 0.057 0.066 0.135 0.111 0.111 0.122  0.209 10 0.008 0.012 0.013 0.084 0.039 0.054 0.058 0.177 0.085 0.105 0.108 0.254
25 0.013 0.012 0.016 0.059 0.058 0.056 0.064 0.143 0.115 0.105 0.116 0.218 25 0.011 0.011 0.012 0.110 0.049 0.052 0.054 0.214 0.101 0.107 0.107 0.294
50 0.013 0.010 0.015 0.066 0.062 0.052 0.063 0.152 0.119 0.104 0.118 0.229 50 0.013 0.012 0.012 0.129 0.055 0.051 0.054 0.239 0.109 0.102 0.106 0.317
75 0.012 0.010 0.014 0.066 0.060 0.050 0.062 0.157 0.120 0.100 0.119 0.233 75 0.014 0.011 0.012 0.140 0.060 0.052 0.056 0.255 0.114 0.104 0.108 0.327
100 0.011 0.008 0.014 0.066 0.060 0.047 0.062 0.159 0.120 0.103 0.121 0.232 100 0.014 0.011 0.011 0.149 0.061 0.053 0.057 0.261 0.114 0.103 0.109 0.334
125 0.010 0.009 0.014 0.069 0.058 0.048 0.061 0.158 0.119 0.101 0.122  0.232 125 0.015 0.011 0.013 0.153 0.061 0.054 0.058 0.266 0.116 0.103 0.108 0.335
150 0.010 0.009 0.014 0.070 0.060 0.049 0.063 0.158 0.119 0.102 0.121 0.231 150 0.015 0.012 0.013  0.160 0.060 0.056 0.061 0.267 0.117 0.103 0.109 0.338
200 0.009 0.009 0.015 0.071 0.058 0.050 0.067 0.158 0.122 0.104 0.124 0.233 200 0.016 0.012 0.015 0.163 0.063 0.056 0.061 0.270 0.115 0.104 0.112 0.345
250 0.009 0.008 0.015 0.070 0.060 0.052 0.066 0.162 0.124 0.105 0.127 0.229 250 0.014 0.013 0.015 0.163 0.064 0.055 0.061 0.276 0.117 0.105 0.114 0.349
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild

bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

Table D.22. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP8 (GARCH(1,1)): y+ = Bat—1 + ut, 2t = pxe—1 + wi and wy
—0.9;-0.9 1]and 07, =0.05+0.1e7, | +0.8507, 1, i =1,2.
t5(0, Q) defines a mean zero Student-¢ distribution with 5 degrees of freedom and variance matrix €2).

(ut,ve) = [o1e 0;0 o2 my; My := (ue, mae)’ ~ didts (0, €2) with @ = [1

Ywi_1 + v¢, where § =0, p=1—2¢/T,¢ =0 and
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Left-sided tests - 7' = 250 Left-sided tests - 7' = 1000

(L RWE p FRWEBW ow WEB e FRWE  BW toe  (LRWEB g FRWB BW ow {3 RWB  x FRWE  BW oo ELRWE nFRWE EW lo  LRWEB nFRWE BW trn

c 1% 5% 10% c 1% 5% 10%
-5 0.008 0.003 0.009 0.013 0.048 0.019 0.027 0.036 0.102 0.046 0.050 0.064 -5 0.010 0.003 0.011 0.013 0.050 0.021 0.030 0.035 0.103 0.051 0.053 0.059
-25  0.008 0.002 0.004 0.007  0.043 0.009 0.012 0.019  0.091 0.025 0.024 0.034 -25  0.007 0.002 0.006 0.007  0.042 0.010 0.014 0.018  0.093 0.026 0.026 0.036
0 0.007 0.002 0.005 0.007  0.033 0.012 0.016 0.022  0.070 0.027 0.030 0.039 0  0.005 0.002 0.006 0.007  0.031 0.011 0.016 0.021  0.066 0.030 0.031 0.042
25 0.011 0.005 0.006 0.011  0.048 0.021 0.026 0.035  0.089 0.045 0.049 0.062 2.5  0.006 0.003 0.006 0.011  0.042 0.018 0.023 0.037  0.083 0.045 0.047  0.064
5 0014 0.005 0.007 0.014  0.055 0.027 0.030 0.044  0.097 0.056 0.058 0.073 5 0.009 0.004 0.006 0.016  0.047 0.022 0.026 0.046  0.092 0.053 0.057  0.079
10 0.017 0.008 0.009 0.020  0.057 0.032 0.034 0.053 0.102 0.064 0.066 0.088 10 0.010 0.005 0.006 0.021  0.049 0.026 0.028 0.057  0.100 0.061 0.064 0.093
25 0.016 0.010 0.009 0.025  0.058 0.040 0.043 0.063  0.103 0.077 0.078 0.102 25 0.011 0.007 0.006 0.031  0.050 0.031 0.033 0.071  0.102 0.071 0.070 0.109
50  0.014 0.008 0.009 0.026  0.058 0.042 0.046 0.069  0.106 0.085 0.089 0.114 50  0.013 0.008 0.008 0.041  0.055 0.038 0.039 0.082 0.103 0.077 0.077 0.126
75 0.012 0.008 0.010 0.024  0.059 0.045 0.048 0.074  0.108 0.087 0.092 0.119 75  0.015 0.009 0.009 0.044  0.056 0.040 0.041 0.089  0.109 0.081 0.082 0.132
100  0.010 0.008 0.010 0.025  0.057 0.045 0.050 0.076  0.110 0.090 0.095 0.123 100  0.014 0.009 0.010 0.045  0.057 0.041 0.042 0.094  0.110 0.085 0.085 0.138
125 0.010 0.008 0.011 0.025  0.056 0.045 0.051 0.077  0.109 0.092 0.099 0.124 125 0.014 0.010 0.011 0.047  0.057 0.042 0.043 0.095 0.110 0.087 0.089 0.141
150  0.010 0.009 0.011 0.026  0.054 0.045 0.052 0.078  0.108 0.092 0.099 0.122 150  0.014 0.011 0.011 0.046  0.056 0.043 0.044 0.099 0.110 0.089 0.091 0.143
200  0.009 0.009 0.013 0.028  0.055 0.045 0.053 0.077  0.109 0.095 0.103 0.127 200  0.013 0.010 0.010 0.047  0.054 0.043 0.045 0.100  0.109 0.091 0.092 0.148
250  0.009 0.009 0.013 0.027  0.054 0.048 0.054 0.079  0.109 0.098 0.107 0.131 250  0.012 0.010 0.011 0.048  0.055 0.045 0.046 0.100 0.111 0.092 0.094 0.150

Right-sided tests - T = 250 Right-sided tests - 7" = 1000
-5 0.010 0.018 0.039 0.033  0.048 0.078 0.087 0.096  0.099 0.151 0.146  0.160 -5 0.008 0.016 0.035 0.028  0.041 0.074 0.081 0.073  0.088 0.144 0.132 0.129
-25  0.010 0.021 0.037 0.030  0.053 0.102 0.102 0.113  0.110 0.202 0.178 0.203 -25  0.010 0.020 0.045 0.030  0.049 0.100 0.102 0.098  0.095 0.191 0.162 0.176
0 0011 0.017 0.031 0.029  0.057 0.087 0.104 0.109 0.115 0.185 0.181 0.197 0 0010 0.020 0.040 0.034  0.052 0.098 0.106 0.108  0.106 0.185 0.176  0.190
25 0.012 0.017 0.027 0.032  0.058 0.084 0.096 0.108 0.116 0.160 0.174 0.187 25  0.011 0.020 0.034 0.038  0.053 0.089 0.097 0.112  0.106 0.163 0.169 0.184
5 0012 0.017 0.023 0.032  0.057 0.079 0.088 0.104 0.114 0.149 0.156 0.180 5 0011 0.019 0.029 0.039  0.055 0.081 0.094 0.110  0.103 0.154 0.161 0.177
10 0.012 0.014 0.019 0.031 0.055 0.071 0.079 0.101 0.109 0.138 0.147 0.172 10 0.011 0.017 0.022 0.041 0.053 0.077 0.085 0.112 0.104 0.145 0.150 0.174
25 0.010 0.013 0.016 0.032  0.053 0.062 0.070 0.095  0.109 0.125 0.132 0.157 25 0.011 0.014 0.015 0.046  0.054 0.068 0.073 0.111  0.106 0.134 0.136 0.176
50 0.010 0.013 0.016 0.032 0.053 0.059 0.066 0.090 0.105 0.116 0.125 0.153 50 0.011 0.014 0.014 0.048 0.053 0.065 0.069 0.111 0.105 0.124 0.127 0.171
75 0.009 0.011 0.015 0.031 0.054 0.057 0.064 0.090 0.108 0.115 0.121 0.148 75 0.010 0.013 0.013  0.049 0.053 0.061 0.064 0.113 0.104 0.118 0.123 0.171
100 0.009 0.010 0.014 0.031 0.055 0.056 0.065 0.090 0.110 0.113 0.121 0.144 100 0.011 0.012 0.013  0.050 0.052 0.060 0.064 0.112 0.105 0.116 0.119 0.167
125 0.009 0.011 0.014 0.031 0.055 0.055 0.062 0.087 0.110 0.110 0.120 0.143 125 0.010 0.013 0.013  0.049 0.052 0.057 0.062 0.110 0.106 0.116 0.120 0.168
150 0.009 0.009 0.014 0.032 0.054 0.054 0.062 0.087 0.111 0.110 0.119 0.145 150 0.010 0.013 0.013  0.049 0.053 0.056 0.060 0.112 0.103 0.113 0.116 0.168
200 0.009 0.010 0.015 0.032 0.056 0.054 0.061 0.087 0.113 0.107 0.116 0.145 200 0.010 0.013 0.014 0.049 0.052 0.056 0.059 0.110 0.103 0.109 0.113 0.167
250 0.010 0.011 0.015 0.032 0.058 0.052 0.061 0.085 0.112 0.103 0.114 0.145 250 0.009 0.013 0.015 0.048 0.052 0.055 0.057 0.110 0.105 0.107 0.112 0.165
Two-sided tests - 7' = 250 Two-sided tests- T' = 1000
-5 0.011 0.011 0.035 0.031 0.048 0.049 0.073 0.081 0.096 0.096 0.114 0.132 -5 0.008 0.010 0.037 0.029 0.041 0.046 0.074 0.068 0.085 0.095 0.112 0.108
-25 0.008 0.012 0.030 0.020 0.047 0.056 0.071 0.075 0.097 0.111 0.114 0.132 -2.5 0.009 0.011 0.039 0.024 0.042 0.053 0.078 0.069 0.084 0.110 0.116 0.116
0 0.009 0.010 0.024 0.024 0.044 0.049 0.069 0.076 0.093 0.098 0.120 0.130 0 0.007 0.011 0.033 0.027 0.040 0.055 0.075 0.077 0.082 0.109 0.122  0.129
25 0.011 0.012 0.021 0.028 0.049 0.052 0.068 0.083 0.101 0.104 0.122 0.144 25 0.008 0.011 0.027 0.032 0.044 0.053 0.072 0.092 0.092 0.105 0.119 0.149
5 0.012 0.012 0.019 0.031 0.055 0.052 0.065 0.089 0.105 0.105 0.119 0.148 5 0.008 0.011 0.023 0.038 0.045 0.054 0.070 0.099 0.094 0.102 0.120 0.156
10 0.015 0.012 0.015 0.034 0.056 0.054 0.062 0.093 0.108 0.104 0.113 0.154 10 0.009 0.011 0.016 0.045 0.048 0.052 0.061 0.110 0.096 0.102 0.113  0.169
25 0.014 0.010 0.013  0.037 0.057 0.050 0.060 0.100 0.106 0.103 0.113 0.158 25 0.011 0.012 0.013  0.055 0.050 0.052 0.055 0.125 0.103 0.099 0.105 0.182
50 0.012 0.010 0.014 0.039 0.056 0.048 0.057 0.102 0.111 0.101 0.112 0.159 50 0.012 0.011 0.012 0.064 0.055 0.051 0.055 0.135 0.105 0.104 0.108 0.193
75 0.010 0.009 0.014 0.037 0.054 0.048 0.056 0.104 0.111 0.101 0.113 0.163 75 0.012 0.011 0.011 0.068 0.056 0.053 0.056 0.142 0.109 0.102 0.106 0.202
100 0.009 0.009 0.012 0.037 0.054 0.048 0.059 0.105 0.110 0.101 0.115 0.166 100 0.012 0.011 0.012 0.071 0.054 0.051 0.056 0.144 0.107 0.101 0.106 0.206
125 0.009 0.008 0.013 0.038 0.052 0.047 0.061 0.104 0.109 0.098 0.113  0.165 125 0.012 0.010 0.011 0.072 0.055 0.052 0.056 0.144 0.107 0.098 0.105 0.205
150 0.009 0.009 0.014 0.038 0.052 0.049 0.060 0.101 0.109 0.099 0.114 0.165 150 0.012 0.011 0.012 0.072 0.054 0.052 0.056 0.144 0.106 0.097 0.104 0.211
200 0.008 0.009 0.015 0.040 0.053 0.049 0.062 0.100 0.109 0.098 0.114 0.164 200 0.011 0.011 0.013 0.073 0.054 0.052 0.056 0.145 0.105 0.097 0.104 0.210
250 0.008 0.010 0.014 0.040 0.052 0.049 0.062 0.102 0.110 0.099 0.115 0.164 250 0.012 0.012 0.012 0.074 0.055 0.052 0.057 0.148 0.109 0.098 0.103 0.210
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and ti’mRWB and tZCFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.23. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes " = 250 and
T = 1000. DGP8 (GARCH(1,1)): yi = Bxi—1 + ut,x¢ = pxi—1 + wg and wy = Ywi—1 + vy, where 8 =0, p =1—1¢/T,¢» = 0 and
(ut,v0) = o1 0;0 o2]ny; 0y = (e, m2¢) ~ didts(0, Q) with @ =[1  —0.5;—0.5 1] and 03, =0.05+0.1€}; | +0.8507, 1, i =1,2.
t5(0,€2) defines a mean zero Student-¢ distribution with 5 degrees of freedom and variance matrix €2).

0L'S



Left-sided tests - 7' = 250 Left-sided tests - 7" = 1000
(LRWB e FRWB EW o RWEB o FRWE BW tew  AGRWB g FRWEBEW ¢ (LRWB nFRWB L BW o RWE n FRWE BW tow  AGRWB R FRWE L EW
1% 5% 10% 1% 5% 10%
-5 0.011 0.011 0.022 0.025 0.051 0.049 0.057 0.067 0.101 0.099 0.097 0.107 -5 0.009 0.010 0.023 0.022 0.047 0.048 0.050 0.055 0.099 0.097 0.083 0.096
-25 0.012 0.012 0.021 0.019 0.049 0.048 0.047  0.056 0.093 0.095 0.084 0.102 -2.5 0.009 0.009 0.016 0.017 0.047 0.046 0.040 0.051 0.095 0.099 0.072  0.095
0 0.012 0.012 0.022 0.018 0.046 0.048 0.056 0.057 0.093 0.095 0.093 0.104 0 0.007 0.007 0.018 0.016 0.047 0.048 0.051 0.056 0.093 0.095 0.088 0.100
25 0012 0.012 0.019 0.021  0.051 0.049 0.057 0.062  0.097 0.097 0.103 0.111 25  0.009 0.009 0.017 0.019  0.047 0.045 0.055 0.061  0.096 0.097 0.102 0.104
5 0012 0.012 0.016 0.021  0.052 0.050 0.057 0.066  0.099 0.101 0.105 0.114 5 0.010 0.009 0.016 0.020  0.049 0.047 0.057 0.060  0.099 0.096 0.103 0.106
10 0.013 0.011 0.013 0.021  0.055 0.051 0.055 0.068  0.103 0.100 0.106 0.115 10 0.009 0.009 0.014 0.022  0.046 0.046 0.054 0.061  0.097 0.095 0.102 0.107
25 0.014 0.012 0.014 0.023  0.053 0.051 0.057 0.067  0.106 0.102 0.107 0.117 25 0.010 0.010 0.011 0.025 0.048 0.048 0.051 0.068  0.096 0.093 0.098 0.109
50 0.010 0.009 0.013 0.021  0.053 0.049 0.055 0.069  0.106 0.099 0.107 0.117 50 0.010 0.011 0.010 0.028  0.048 0.047 0.049 0.071  0.099 0.098 0.101 0.116
75 0.009 0.009 0.012 0.020 0.054 0.050 0.055 0.068  0.108 0.101 0.109 0.120 75 0.011 0.010 0.011 0.029  0.050 0.049 0.050 0.074  0.101 0.098 0.101 0.118
100  0.010 0.008 0.012 0.020  0.053 0.051 0.055 0.068  0.107 0.101 0.107 0.120 100  0.011 0.010 0.012 0.031  0.051 0.050 0.053 0.074  0.100 0.096 0.100 0.117
125 0.009 0.009 0.013 0.019  0.053 0.049 0.055 0.067  0.107 0.099 0.106 0.119 125 0.010 0.010 0.010 0.030  0.051 0.050 0.051 0.075  0.101 0.097 0.099 0.120
150  0.010 0.009 0.013 0.020  0.051 0.049 0.055 0.068  0.105 0.097 0.105 0.117 150  0.009 0.009 0.010 0.030  0.049 0.050 0.051 0.075  0.101 0.097 0.099 0.122
200  0.010 0.010 0.013 0.021  0.050 0.047 0.053 0.069  0.105 0.098 0.105 0.120 200  0.009 0.009 0.010 0.030  0.050 0.047 0.051 0.077  0.101 0.098 0.101 0.123
250  0.008 0.010 0.014 0.022  0.051 0.048 0.054 0.070  0.107 0.098 0.108 0.120 250  0.009 0.008 0.009 0.030  0.050 0.050 0.052 0.078  0.102 0.098 0.101 0.124
Right-sided tests - 7' = 250 Right-sided tests - 7' = 1000
-5 0.011 0.011 0.022 0.026  0.053 0.053 0.057 0.068  0.105 0.101 0.095 0.113 -5 0.010 0.010 0.024 0.022  0.046 0.048 0.049 0.053  0.092 0.095 0.083 0.094
-25  0.009 0.010 0.021 0.017  0.053 0.054 0.049 0.061  0.100 0.102 0.086 0.109 -25  0.010 0.011 0.023 0.017  0.046 0.049 0.049 0.052  0.091 0.098 0.079 0.098
0 0010 0.010 0.016 0.020  0.050 0.051 0.055 0.061  0.096 0.099 0.093 0.109 0 0010 0.011 0.018 0.016  0.045 0.049 0.052 0.056  0.093 0.101 0.091 0.104
25 0.010 0.010 0.018 0.022  0.051 0.051 0.058 0.065 0.101 0.096 0.103 0.112 25  0.010 0.009 0.020 0.020  0.047 0.051 0.059 0.061  0.100 0.102 0.105 0.110
5 0011 0.010 0.016 0.022  0.051 0.050 0.056 0.066 0.103 0.099 0.105 0.115 5 0012 0.012 0.019 0.022  0.050 0.050 0.059 0.063 0.101 0.100 0.110 0.111
10 0011 0.009 0.013 0.021  0.054 0.051 0.057 0.066 0.104 0.100 0.106 0.117 10 0011 0.010 0.015 0.024  0.050 0.051 0.056 0.067  0.100 0.102 0.108 0.115
25 0.011 0.010 0.012 0.021  0.053 0.050 0.057 0.066  0.101 0.099 0.105 0.117 25 0.011 0.011 0.013 0.027  0.051 0.053 0.055 0.073  0.106 0.102 0.106 0.118
50 0.011 0.009 0.012 0.024  0.052 0.052 0.058 0.068  0.103 0.102 0.107 0.119 50  0.011 0.011 0.011 0.029  0.055 0.053 0.056 0.076  0.104 0.101 0.106 0.123
75 0.011 0.011 0.014 0.024  0.054 0.051 0.056 0.068  0.102 0.098 0.107 0.122 75 0.011 0.010 0.011 0.030  0.055 0.054 0.055 0.080 0.106 0.104 0.109 0.125
100 0.010 0.011 0.014 0.026 0.055 0.052 0.058 0.071 0.108 0.101 0.107 0.123 100 0.010 0.009 0.011 0.031 0.056 0.053 0.056 0.080 0.106 0.104 0.107 0.127
125 0.010 0.011 0.014 0.026 0.055 0.054 0.059 0.072 0.108 0.104 0.109 0.124 125 0.010 0.010 0.011 0.031 0.055 0.052 0.055 0.079 0.104 0.104 0.107 0.127
150 0.010 0.010 0.015 0.025 0.057 0.054 0.062 0.073 0.111 0.106 0.112 0.125 150 0.010 0.010 0.011 0.031 0.053 0.051 0.055 0.080 0.104 0.102 0.107 0.128
200 0.010 0.010 0.014 0.026 0.058 0.054 0.061 0.074 0.111 0.103 0.112 0.127 200 0.010 0.010 0.011 0.031 0.053 0.049 0.054 0.080 0.103 0.101 0.106 0.128
250 0.009 0.010 0.013 0.026 0.056 0.053 0.059 0.074 0.115 0.105 0.114 0.127 250 0.011 0.010 0.011 0.033 0.054 0.049 0.053 0.079 0.105 0.100 0.104 0.130
Two-sided tests - 7' = 250 Two-sided tests- 7' = 1000
-5 0.011 0.011 0.034 0.037 0.051 0.052 0.074 0.084 0.102 0.103 0.114 0.135 -5 0.009 0.011 0.037 0.030 0.046 0.047 0.070 0.069 0.094 0.097 0.100 0.108
-25 0.011 0.011 0.031 0.023 0.050 0.051 0.063 0.070 0.098 0.100 0.096 0.117 -25 0.008 0.010 0.030 0.023 0.045 0.047 0.061 0.061 0.092 0.095 0.089 0.103
0 0.011 0.011 0.028 0.024 0.050 0.049 0.068 0.070 0.094 0.099 0.111 0.118 0 0.008 0.010 0.028 0.019 0.043 0.046 0.061 0.063 0.091 0.094 0.103 0.112
25 0.012 0.012 0.025 0.027 0.053 0.053 0.070 0.077 0.101 0.098 0.115 0.127 25 0.010 0.009 0.026 0.027 0.046 0.046 0.066 0.073 0.093 0.096 0.114 0.122
5 0.013 0.011 0.020 0.026 0.054 0.052 0.065 0.077 0.102 0.098 0.113 0.132 5 0.011 0.010 0.025 0.030 0.047 0.047 0.067 0.076 0.097 0.097 0.116 0.123
10 0.013 0.011 0.015 0.028 0.052 0.051 0.061 0.079 0.108 0.101 0.113 0.135 10 0.011 0.010 0.016 0.032 0.049 0.047 0.061 0.079 0.098 0.096 0.110 0.127
25 0.013 0.010 0.014 0.031 0.052 0.049 0.058 0.082 0.106 0.101 0.114 0.133 25 0.012 0.010 0.013 0.037 0.050 0.048 0.054 0.088 0.098 0.100 0.105 0.141
50 0.010 0.009 0.014 0.029 0.052 0.051 0.059 0.082 0.105 0.101 0.113 0.137 50 0.010 0.010 0.011 0.039 0.052 0.049 0.054 0.097 0.102 0.100 0.105 0.147
75 0.010 0.008 0.013 0.030 0.053 0.049 0.061 0.082 0.106 0.100 0.111 0.136 75 0.009 0.009 0.010 0.040 0.052 0.051 0.056 0.099 0.104 0.101 0.105 0.154
100 0.009 0.008 0.014 0.029 0.052 0.049 0.061 0.084 0.108 0.101 0.114 0.139 100 0.009 0.008 0.010 0.042 0.051 0.049 0.054 0.099 0.105 0.102 0.109 0.153
125 0.008 0.009 0.014 0.029 0.050 0.050 0.059 0.084 0.107 0.103 0.114 0.139 125 0.009 0.009 0.010 0.043 0.051 0.050 0.054 0.099 0.105 0.101 0.106 0.155
150 0.008 0.010 0.015 0.030 0.050 0.049 0.059 0.085 0.106 0.100 0.116 0.141 150 0.010 0.008 0.010 0.044 0.051 0.049 0.054 0.099 0.104 0.100 0.106 0.155
200 0.009 0.010 0.015 0.030 0.049 0.049 0.061 0.085 0.107 0.102 0.115 0.143 200 0.009 0.009 0.010 0.044 0.049 0.049 0.054 0.101 0.102 0.098 0.105 0.157
250 0.008 0.010 0.015 0.032 0.050 0.049 0.061 0.087 0.105 0.099 0.114 0.144 250 0.008 0.009 0.010 0.044 0.048 0.046 0.052 0.103 0.104 0.100 0.105 0.157
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.24. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP8 (GARCH(1,1)): y+ = Bxt—1 + ut,x¢ = pxri—1 + wi and wy = Ywi—1 + v, where 5 =0, p =1 —¢/T,%p = 0 and
(ut,v0) = [o1e 0,0 o2e]my; My == (n1e,m2e) ~ iidts(0, ) with @ = [1 0;0 1] and o7, = 0.05+ 0.1e], | + 0.8507, 1, i = 1,2.
t5(0, Q) defines a mean zero Student-¢ distribution with 5 degrees of freedom and variance matrix €2).
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Left-sided tests - 7" = 250 Left-sided tests - 7' = 1000

c t;:ll’\"” t;!‘f‘“liu’ B 'zE_p‘/V ton I;;LIU'V B ?;;},FRVVH tzE.T,VV toz t:!‘f‘“ltu' B IEI‘/V tre c f:;bRVVR Y:ELF,”/VH IZE.T,VV tae t;}’lw” t;(Fl{VV B tlE;rV tew t;;bl“r‘lfli f;;LF,”VH tzE_T,VV toz
-5 0.009 0.000 0.000 0.001 0.047 0.002 0.003 0.004 0.097 0.011 0.013 0.014 -5 0.009 0.000 0.000 0.000 0.042 0.003 0.003 0.004 0.093 0.012 0.012 0.011
-25 0.005 0.000 0.000 0.000 0.047 0.000 0.000 0.000 0.109 0.001 0.001 0.001 -2.5 0.006 0.000 0.000 0.000 0.043 0.000 0.000 0.000 0.107 0.001 0.001 0.001
0 0012 0.000 0.000 0.000  0.040 0.001 0.001 0.001  0.066 0.003 0.003 0.003 0 0012 0.000 0.000 0.000  0.040 0.001 0.001 0.001  0.066 0.002 0.002 0.003
25  0.022 0.001 0.001 0.001  0.058 0.007 0.007 0.006  0.095 0.013 0.013 0.014 25 0021 0.001 0.001 0.001  0.060 0.005 0.005 0.005  0.098 0.013 0.012  0.012
5 0.024 0.003 0.002 0.003  0.066 0.011 0.011 0.012  0.108 0.026 0.025 0.027 5 0.021 0.002 0.002 0.001  0.068 0.010 0.010 0.011  0.111 0.026 0.025 0.028
10 0.021 0.003 0.003 0.005  0.067 0.018 0.018 0.021  0.113 0.042 0.042 0.045 10 0.019 0.003 0.003 0.003  0.065 0.020 0.019 0.020 0.115 0.040 0.040 0.044
25  0.016 0.005 0.006 0.008  0.061 0.029 0.030 0.036  0.109 0.058 0.059 0.067 25 0.016 0.006 0.006 0.008  0.060 0.028 0.028 0.033 0.114 0.060 0.060 0.066
50  0.014 0.006 0.008 0.010  0.057 0.033 0.035 0.043 0.104 0.071 0.072 0.081 50 0.014 0.007 0.007 0.010  0.057 0.035 0.036 0.045 0.106 0.069 0.068 0.081
75 0.013 0.008 0.008 0.011  0.055 0.036 0.038 0.049  0.103 0.075 0.077 0.087 75 0.014 0.007 0.007 0.012  0.056 0.038 0.038 0.049  0.107 0.074 0.074 0.088
100  0.012 0.008 0.009 0.012  0.053 0.039 0.040 0.051  0.102 0.076 0.080 0.091 100  0.012 0.008 0.008 0.014  0.055 0.038 0.038 0.050 0.105 0.080 0.080 0.094
125 0.011 0.008 0.009 0.012  0.053 0.041 0.043 0.051  0.101 0.079 0.082 0.093 125 0.013 0.008 0.007 0.014  0.056 0.039 0.040 0.053  0.106 0.083 0.082 0.098
150  0.011 0.009 0.009 0.013  0.053 0.042 0.045 0.054  0.101 0.082 0.083 0.096 150  0.012 0.008 0.008 0.014  0.055 0.040 0.040 0.054  0.105 0.083 0.084 0.101
200 0.011 0.010 0.011 0.015 0.053 0.044 0.046 0.055  0.100 0.085 0.089 0.101 200  0.013 0.008 0.008 0.016  0.054 0.041 0.042 0.056  0.104 0.084 0.086 0.103
250  0.011 0.010 0.011 0.014  0.052 0.044 0.048 0.057  0.099 0.087 0.092 0.105 250  0.012 0.009 0.009 0.016  0.051 0.041 0.042 0.056  0.104 0.088 0.087 0.107

Right-sided tests - T' = 250 Right-sided tests - 7" = 1000
-5 0.009 0.015 0.019 0.017  0.041 0.069 0.080 0.072  0.088 0.146 0.158 0.142 -5 0.007 0.014 0.015 0.015  0.040 0.068 0.070 0.068  0.089 0.148 0.150 0.146
-25  0.009 0.016 0.022 0.022  0.044 0.100 0.109 0.104  0.089 0.245 0.254 0.246 -25 0.010 0.019 0.020 0.021  0.042 0.095 0.095 0.094  0.085 0.242 0.244 0.238
0 0.011 0.022 0.026  0.026 0.055 0.107 0.120 0.119 0.110 0.231 0.241 0.242 0 0.008 0.021 0.020 0.022 0.054 0.113 0.115 0.114 0.109 0.229 0.233 0.233
2.5 0.014 0.024 0.028 0.029 0.061 0.110 0.122 0.123 0.124 0.220 0.232 0.237 25 0.010 0.023 0.022 0.024 0.060 0.116 0.119 0.122 0.123 0.226 0.228 0.231
5 0.013 0.024 0.030 0.029 0.067 0.110 0.118 0.125 0.126 0.204 0.211 0.219 5 0.011 0.021 0.021 0.024 0.059 0.111 0.115 0.118 0.123 0.213 0213 0.220
10 0.014 0.023 0.027 0.030  0.065 0.101 0.109 0.118  0.125 0.184 0.192  0.202 10 0.011 0.020 0.021 0.024  0.058 0.099 0.101 0.108  0.115 0.190 0.191 0.198
25  0.013 0.020 0.022 0.026  0.062 0.085 0.091 0.099 0.115 0.154 0.158 0.171 25 0.011 0.018 0.018 0.022  0.056 0.083 0.084 0.093 0.108 0.154 0.155 0.166
50  0.012 0.016 0.019 0.023  0.058 0.072 0.078 0.089 0.114 0.138 0.143 0.155 50 0.010 0.016 0.016 0.022  0.055 0.075 0.077 0.088  0.108 0.144 0.145 0.158
5 0.011 0.014 0.017 0.021 0.058 0.069 0.073 0.083 0.111 0.129 0.132 0.147 75 0.010 0.015 0.015 0.021 0.055 0.071 0.072 0.086 0.109 0.138 0.136 0.151
100 0.011 0.014 0.015 0.020 0.055 0.064 0.068 0.080 0.112 0.123 0.129 0.143 100 0.011 0.014 0.014 0.020 0.055 0.070 0.070 0.083 0.108 0.131 0.132 0.148
125 0.011 0.013 0.014 0.020 0.052 0.059 0.063 0.074 0.109 0.120 0.124 0.141 125 0.011 0.015 0.015 0.021 0.054 0.066 0.067 0.081 0.106 0.125 0.128 0.145
150 0.010 0.011 0.014 0.018 0.053 0.058 0.061 0.073 0.108 0.115 0.122 0.135 150 0.012 0.014 0.015 0.022 0.053 0.064 0.064 0.080 0.105 0.124 0.124 0.140
200 0.010 0.011 0.013 0.017 0.053 0.054 0.059 0.071 0.108 0.110 0.115 0.130 200 0.013 0.014 0.015 0.021 0.052 0.061 0.063 0.078 0.102 0.118 0.120 0.138
250 0.011 0.010 0.012 0.017 0.055 0.052 0.056 0.069 0.107 0.106 0.110 0.125 250 0.012 0.014 0.014 0.019 0.053 0.060 0.061 0.075 0.104 0.117 0.117 0.135
Two-sided tests - T' = 250 Two-sided tests - 7' = 1000

-5 0.009 0.009 0.012 0.010 0.041 0.036 0.042 0.039 0.090 0.072 0.083 0.076 -5 0.007 0.008 0.008 0.009 0.040 0.033 0.034 0.034 0.091 0.070 0.072 0.071
-2.5 0.008 0.009 0.011 0.011 0.039 0.045 0.054 0.051 0.083 0.100 0.109 0.104 -25 0.008 0.011 0.012 0.012 0.038 0.046 0.048 0.046 0.079 0.094 0.096 0.094
0 0.010 0.011 0.014 0.014 0.046 0.053 0.061 0.060 0.093 0.108 0.121 0.120 0 0.007 0.010 0.010 0.010 0.045 0.056 0.057 0.060 0.094 0.114 0.116 0.115
25 0.011 0.013 0.016 0.016 0.053 0.061 0.070 0.071 0.106 0.116 0.128 0.129 25 0.008 0.011 0.011 0.012 0.049 0.058 0.061 0.065 0.103 0.119 0.124 0.127
5 0.011 0.013 0.017 0.017 0.058 0.063 0.072 0.076 0.112 0.122 0.129 0.137 5 0.009 0.010 0.011 0.012 0.050 0.058 0.059 0.065 0.103 0.119 0.125 0.128
10 0.012 0.013 0.017 0.019 0.059 0.063 0.069 0.073 0.112 0.119 0.127 0.139 10 0.009 0.012 0.012 0.013 0.051 0.057 0.058 0.065 0.103 0.118 0.120 0.128
25 0.012 0.013 0.016 0.019 0.057 0.059 0.065 0.076 0.111 0.113 0.120 0.134 25 0.010 0.011 0.011 0.015 0.054 0.056 0.059 0.069 0.104 0.110 0.111 0.126
50 0.011 0.011 0.014 0.019 0.055 0.055 0.060 0.072 0.109 0.105 0.113 0.132 50 0.010 0.011 0.010 0.017 0.053 0.059 0.058 0.073 0.108 0.111 0.112 0.132
75 0.012 0.011 0.014 0.018 0.052 0.050 0.056 0.070 0.109 0.104 0.110 0.132 75 0.010 0.010 0.009 0.017 0.054 0.056 0.057 0.074 0.109 0.108 0.110 0.135
100 0.011 0.011 0.014 0.018 0.048 0.047 0.053 0.067 0.106 0.102 0.108 0.131 100 0.009 0.010 0.009 0.018 0.056 0.054 0.057 0.076 0.108 0.107 0.108 0.133
125 0.010 0.011 0.013 0.017 0.050 0.046 0.053 0.069 0.102 0.099 0.106 0.125 125 0.010 0.009 0.009 0.019 0.054 0.055 0.056 0.076 0.106 0.104 0.107 0.134
150 0.010 0.010 0.012 0.017 0.052 0.047 0.053 0.070 0.101 0.099 0.106 0.126 150 0.010 0.009 0.009 0.019 0.053 0.054 0.055 0.075 0.104 0.103 0.104 0.134
200 0.010 0.010 0.013 0.017 0.052 0.049 0.053 0.069 0.104 0.097 0.104 0.126 200 0.010 0.010 0.010 0.020 0.054 0.051 0.053 0.074 0.104 0.102 0.104 0.134
250 0.010 0.010 0.012 0.018 0.052 0.049 0.054 0.069 0.104 0.097 0.104 0.126 250 0.012 0.011 0.011 0.021 0.053 0.052 0.053 0.075 0.103 0.103 0.103 0.131

Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.25. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP9 (GoGARCH(1,1)): yt = Bxi—1 + ut, vt = pry—1 + we and we = Ywi—1 + ve, where =0, p=1—1¢/T,¢ = 0 and
(ut,vr) = ZHtl/Zet = Zey, where e; = (e1t,e2:)’, Z=[1 —0.95;—0.95 1]1/2, H: = diag(0?;,03;), 02, are GARCH processes generated
as o5, = 0.05+0.1ef, | +0.8507, 1, i =1,2 and e, ~ NIID(0,I3) where Iz is a 2 x 2 identity matrix.
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Left-sided tests Left-sided tests
¢ l;&vfi”"l? l;}p RWB [;;‘RW' B I;i"" RW B leatVV [ lzl‘fﬂ'\"ﬁ‘ L:!‘F‘ RWB [frv’ [ c [,:,’IRVVR [‘;;LF RW B IzEJVV oz 12;_’?”"5‘ L;'JFRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IZE‘J‘,VV Lo

-5 0.008 0.000 0.048 0.003 0.005 0.005 0.098 0.013 0.015 0.016 -5 0.009 0.000 0.000 0.000 0.044 0.004 0.003 0.004 0.094 0.013 0.013 0.014
-2.5 0.007 0.000 0.000 0.000 0.046 0.000 0.000 0.001 0.110 0.001 0.001 0.002 -2.5 0.006 0.000 0.000 0.000 0.046 0.000 0.000 0.001 0.105 0.001 0.001 0.001
0 0.011 0.000 0.000 0.000 0.039 0.001 0.001 0.001 0.064 0.003 0.004 0.003 0 0.012 0.000 0.000 0.000 0.036 0.001 0.001 0.001 0.064 0.003 0.003 0.004
25 0.020 0.001 0.001 0.001 0.055 0.007 0.007 0.007 0.092 0.015 0.014 0.016 25 0.020 0.001 0.001 0.001 0.059 0.005 0.005 0.006 0.097 0.014 0.014 0.015
5 0.023 0.003 0.003 0.003 0.063 0.011 0.012 0.013 0.106 0.028 0.027  0.030 5 0.020 0.002 0.002 0.002 0.068 0.011 0.011 0.012 0.109 0.028 0.028 0.029
10 0.019 0.004 0.004 0.005 0.064 0.018 0.019 0.023 0.110 0.044 0.044 0.049 10 0.017 0.003 0.003 0.004 0.063 0.020 0.020 0.022 0.115 0.044 0.043  0.047
25 0.016 0.006 0.006 0.008 0.060 0.029 0.030 0.035 0.108 0.062 0.061 0.068 25 0.015 0.005 0.006 0.008 0.058 0.028 0.028 0.034 0.111 0.062 0.062 0.068
50 0.013 0.006 0.007 0.010 0.056 0.035 0.036 0.043 0.103 0.071 0.072 0.081 50 0.013 0.007 0.007 0.010 0.058 0.036 0.036 0.045 0.107 0.070 0.070 0.082
75 0.012 0.007 0.009 0.010 0.055 0.037 0.038 0.048 0.103 0.076 0.077 0.087 75 0.012 0.007 0.007 0.012 0.056 0.038 0.038 0.047 0.105 0.076 0.076  0.089
100 0.011 0.008 0.009 0.011 0.053 0.038 0.041 0.049 0.101 0.079 0.081 0.090 100 0.012 0.007 0.007 0.012 0.056 0.037 0.038 0.049 0.106 0.079 0.080 0.093
125 0.012 0.007 0.009 0.012 0.054 0.039 0.042 0.051 0.100 0.079 0.082 0.093 125 0.012 0.007 0.007 0.013 0.054 0.040 0.040 0.052 0.105 0.082 0.083 0.097
150 0.011 0.008 0.009 0.012 0.052 0.041 0.044 0.052 0.098 0.081 0.084 0.096 150 0.013 0.008 0.007 0.013 0.054 0.040 0.041  0.052 0.104 0.083 0.083 0.099
200 0.012 0.009 0.011 0.014 0.052 0.042 0.047 0.054 0.099 0.086 0.088 0.099 200 0.011 0.008 0.007 0.015 0.052 0.041 0.041 0.054 0.103 0.086 0.086 0.102
250 0.011 0.010 0.010 0.014 0.051 0.045 0.048 0.055 0.098 0.089 0.092 0.104 250 0.011 0.008 0.008 0.016 0.048 0.042 0.041 0.054 0.102 0.087 0.088 0.103

Right-sided tests Right-sided tests
-5 0.009 0.015 0.020 0.018 0.043 0.074 0.084 0.076 0.091 0.150 0.162 0.146 -5 0.008 0.014 0.015 0.015 0.043 0.070 0.073 0.070 0.092 0.149 0.154 0.146
-2.5 0.010 0.018 0.023  0.020 0.044 0.102 0.111 0.105 0.094 0.244 0.253 0.243 -25 0.009 0.020 0.021 0.020 0.040 0.098 0.099 0.099 0.090 0.240 0.242 0.237
0 0.011 0.023 0.026 0.026 0.053 0.107 0.116 0.115 0.111 0.232 0.240 0.239 0 0.009 0.021 0.020 0.021 0.054 0.108 0.111 0.112 0.111 0.228 0.230 0.231
25 0.013 0.023 0.028 0.029 0.063 0.110 0.122 0.122 0.123 0.217 0.226  0.231 25 0.011 0.023 0.022 0.023 0.059 0.113 0.114 0.117 0.120 0.220 0.224 0.226
5 0.013 0.024 0.028 0.030 0.067 0.107 0.114 0.119 0.127 0.200 0.207 0.215 5 0.011 0.022 0.022 0.023 0.059 0.108 0.111 0.113 0.123 0.207 0.209 0.212
10 0.014 0.022 0.026 0.028 0.065 0.099 0.106 0.114 0.121 0.179 0.187 0.195 10 0.011 0.022 0.022 0.023 0.059 0.097 0.098 0.104 0.116 0.182 0.183 0.192
25 0.011 0.017 0.020 0.025 0.060 0.082 0.087 0.096 0.115 0.151 0.157 0.167 25 0.012 0.019 0.019 0.021 0.057 0.080 0.081 0.090 0.107 0.150 0.152 0.162
50 0.011 0.015 0.017 0.022 0.058 0.071 0.077 0.086 0.111 0.136 0.141 0.152 50 0.010 0.016 0.016 0.021 0.057 0.075 0.075 0.084 0.109 0.139 0.139 0.151
5 0.010 0.013 0.016 0.020 0.056 0.068 0.073 0.080 0.109 0.126 0.133 0.145 75 0.010 0.014 0.014 0.020 0.056 0.071 0.073 0.085 0.109 0.134 0.134 0.147
100 0.010 0.013 0.015 0.019 0.053 0.063 0.068 0.078 0.110 0.123 0.127 0.140 100 0.010 0.014 0.014 0.019 0.057 0.069 0.069 0.081 0.107 0.129 0.130 0.144
125 0.010 0.012 0.014 0.018 0.053 0.058 0.064 0.074 0.110 0.119 0.123 0.138 125 0.011 0.014 0.015 0.020 0.056 0.067 0.067 0.079 0.105 0.124 0.125 0.140
150 0.009 0.011 0.013 0.017 0.054 0.057 0.061 0.072 0.108 0.112 0.119 0.133 150 0.011 0.014 0.015 0.020 0.054 0.063 0.064 0.077 0.106 0.123 0.123 0.136
200 0.009 0.011 0.012 0.017 0.053 0.054 0.058 0.069 0.107 0.110 0.114 0.127 200 0.012 0.014 0.015 0.020 0.054 0.061 0.062 0.075 0.104 0.116 0.118 0.135
250 0.012 0.011 0.012 0.017 0.054 0.053 0.056 0.066 0.108 0.105 0.110 0.123 250 0.013 0.015 0.014 0.020 0.053 0.058 0.059 0.073 0.105 0.114 0.116 0.134

Two-sided tests Two-sided tests
-5 0.009 0.008 0.012 0.010 0.044 0.035 0.045 0.040 0.093 0.076 0.089 0.080 -5 0.008 0.009 0.009 0.009 0.044 0.034 0.036 0.036 0.095 0.074 0.076 0.074
-2.5 0.009 0.009 0.012 0.011 0.041 0.044 0.053 0.049 0.085 0.100 0.112 0.106 -25 0.008 0.011 0.011 0.011 0.036 0.045 0.046 0.044 0.084 0.099 0.100 0.099
0 0.010 0.011 0.014 0.015 0.045 0.053 0.061 0.059 0.093 0.106 0.117 0.117 0 0.008 0.010 0.010 0.011 0.044 0.053 0.055 0.057 0.092 0.110 0.112 0.113
25 0.010 0.013 0.017 0.016 0.054 0.060 0.066 0.069 0.104 0.117 0.129 0.129 25 0.009 0.011 0.011 0.011 0.048 0.059 0.060 0.063 0.103 0.117 0.120 0.123
5 0.011 0.013 0.016 0.016 0.057 0.062 0.070 0.073 0.110 0.118 0.125 0.132 5 0.009 0.011 0.011 0.012 0.049 0.058 0.060 0.063 0.103 0.117 0.121 0.125
10 0.012 0.013 0.017 0.018 0.058 0.063 0.068 0.073 0.111 0.117 0.125 0.137 10 0.009 0.012 0.012 0.013 0.050 0.056 0.057 0.065 0.102 0.116 0.118 0.126
25 0.012 0.012 0.014 0.018 0.055 0.058 0.063 0.073 0.110 0.111 0.117 0.131 25 0.011 0.011 0.011 0.014 0.054 0.055 0.057 0.069 0.103 0.107 0.109 0.124
50 0.011 0.011 0.013 0.017 0.055 0.053 0.059 0.070 0.109 0.105 0.113 0.130 50 0.010 0.011 0.010 0.016 0.053 0.055 0.057 0.071 0.108 0.109 0.111 0.129
75 0.010 0.009 0.013 0.017 0.051 0.050 0.055 0.067 0.107 0.103 0.111 0.128 75 0.011 0.009 0.010 0.017 0.055 0.055 0.057 0.073 0.109 0.108 0.111 0.132
100 0.010 0.010 0.013 0.017 0.050 0.046 0.051 0.065 0.105 0.101 0.109 0.127 100 0.010 0.009 0.010 0.017 0.055 0.055 0.058 0.074 0.107 0.106 0.108 0.130
125 0.010 0.010 0.013 0.016 0.049 0.045 0.051 0.066 0.103 0.098 0.106 0.125 125 0.010 0.009 0.009 0.018 0.055 0.055 0.056 0.074 0.106 0.106 0.106 0.131
150 0.010 0.011 0.012 0.016 0.052 0.047 0.053 0.068 0.103 0.100 0.106 0.124 150 0.011 0.010 0.010 0.018 0.055 0.054 0.055 0.073 0.105 0.102 0.105 0.129
200 0.011 0.010 0.012 0.016 0.050 0.048 0.052 0.066 0.102 0.098 0.105 0.123 200 0.010 0.010 0.010 0.019 0.054 0.054 0.054 0.072 0.104 0.101 0.102 0.129
250 0.010 0.010 0.012 0.017 0.051 0.048 0.054 0.068 0.103 0.096 0.104 0.122 250 0.011 0.011 0.011  0.020 0.053 0.053 0.054 0.072 0.100 0.099 0.100 0.126

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.26. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP9 (GoGARCH(1,1)): y: = Bzi—1 + ut, xt = pre—1 + we and wy = Ypwi—1 + v, where § =0, p=1—¢/T,¢ =0 and
(ut,v) = ZHtl/Qet = Zey;, where e, = (e1t,e2:)', Z=1[1 —0.9;-0.9 1]1/2, H: = diag(o?;,03;), 0% are GARCH processes generated as
07, =0.05+0.1e], 1 +0.8507, 1, i=1,2and ey ~ NIID(0,I2) where I is a 2 x 2 identity matrix.
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Left-sided tests - 7" = 250 Left-sided tests - 7' = 1000

c t;:ll’\"” t;!‘f‘“liu’ B 'zE_p‘/V ton I;;LIU'V B ?;;},FRVVH tzE.T,VV toz t:!‘f‘“ltu' B IEI‘/V tre c f:;bRVVR Y:ELF,”/VH IZE.T,VV tae t;}’lw” t;(Fl{VV B tlE;rV tew t;;bl“r‘lfli f;;LF,”VH tzE_T,VV toz
-5 0.009 0.002 0.005 0.003 0.050 0.017 0.022 0.019 0.101 0.042 0.051 0.044 -5 0.009 0.002 0.004 0.004 0.051 0.017 0.021 0.018 0.102 0.043 0.049 0.044
-25 0.010 0.001 0.002 0.001 0.048 0.005 0.008 0.005 0.100 0.014 0.018 0.015 -2.5 0.008 0.000 0.001 0.001 0.047 0.005 0.006 0.005 0.099 0.014 0.016 0.014
0 0.007 0.001 0.002 0.001  0.028 0.006 0.007 0.006  0.061 0.017 0.019 0.017 0  0.006 0.001 0.001 0.001  0.029 0.006 0.006 0.007  0.059 0.017 0.018 0.017
25  0.014 0.002 0.003 0.003  0.042 0.017 0.018 0.018  0.082 0.036 0.036 0.037 25 0.010 0.002 0.003 0.002  0.044 0.015 0.015 0.015 0.086 0.037 0.038 0.038
5 0014 0.004 0.005 0.005  0.050 0.024 0.024 0.025  0.092 0.048 0.050 0.049 5 0011 0.003 0.004 0.004 0.049 0.021 0.022 0.021  0.096 0.047 0.049  0.050
10 0.014 0.006 0.007 0.007  0.053 0.030 0.031 0.032 0.102 0.061 0.064 0.065 10 0.012 0.005 0.005 0.006  0.049 0.026 0.027 0.028 0.101 0.060 0.061 0.063
25  0.013 0.007 0.008 0.010  0.051 0.038 0.039 0.040  0.100 0.073 0.076 0.077 25 0.011 0.006 0.007 0.008  0.050 0.035 0.035 0.036  0.100 0.073 0.073  0.077
50  0.013 0.008 0.009 0.010 0.051 0.039 0.042 0.044  0.096 0.078 0.081 0.083 50  0.011 0.008 0.008 0.009  0.049 0.039 0.039 0.042  0.099 0.079 0.080 0.084
75 0.011 0.008 0.009 0.009  0.049 0.041 0.044 0.044  0.097 0.081 0.084 0.086 75 0.013 0.009 0.010 0.011  0.052 0.042 0.043 0.046  0.100 0.082 0.083 0.089
100  0.010 0.008 0.009 0.010  0.049 0.041 0.042 0.044  0.097 0.085 0.089 0.090 100  0.012 0.009 0.010 0.011  0.051 0.043 0.044 0.047 0.101 0.089 0.089 0.091
125 0.011 0.009 0.010 0.009  0.048 0.042 0.045 0.046  0.097 0.085 0.089 0.091 125 0.012 0.010 0.010 0.011  0.052 0.043 0.044 0.047 0.101 0.091 0.091 0.094
150  0.009 0.009 0.010 0.010  0.049 0.043 0.046 0.048  0.097 0.086 0.089 0.093 150  0.011 0.010 0.010 0.012  0.052 0.044 0.046 0.048  0.103 0.091 0.092 0.097
200  0.010 0.009 0.010 0.010 0.051 0.045 0.048 0.050  0.099 0.089 0.093 0.094 200  0.010 0.008 0.010 0.011  0.053 0.045 0.047 0.051 0.101 0.090 0.093 0.096
250  0.010 0.010 0.011 0.012  0.050 0.046 0.049 0.051  0.098 0.090 0.094 0.095 250  0.009 0.008 0.009 0.010  0.052 0.048 0.048 0.051  0.102 0.093 0.094 0.099

Right-sided tests - T = 250 Right-sided tests - 7' = 1000
-5 0.010 0.015 0.033 0.018  0.049 0.075 0.098 0.072  0.095 0.144 0.163 0.141 -5 0.009 0.014 0.017 0.015  0.047 0.073 0.079 0.071  0.098 0.141 0.149 0.138
-25  0.010 0.020 0.040 0.019  0.054 0.104 0.124 0.100  0.109 0.206 0.220 0.201 -25 0.010 0.020 0.024 0.019  0.054 0.106 0.113 0.105 0.113 0.204 0.210 0.202
0 0012 0.019 0.029 0.021  0.060 0.098 0.110 0.100 0.123 0.199 0.213  0.200 0 0010 0.018 0.019 0.018  0.058 0.101 0.104 0.097 0.123 0.199 0.205 0.196
25  0.012 0.018 0.024 0.020  0.063 0.092 0.100 0.097 0.121 0.173 0.181 0.175 25 0011 0.020 0.020 0.018  0.061 0.093 0.093 0.093 0.119 0.174 0.178 0.175
5 0012 0.018 0.022 0.020  0.059 0.085 0.091 0.087 0.117 0.160 0.167 0.163 5 0011 0.019 0.019 0.019  0.057 0.084 0.084 0.082 0.114 0.160 0.163 0.164
10 0.011 0.017 0.019 0.018 0.057 0.074 0.081 0.079 0.109 0.145 0.149 0.146 10 0.013 0.018 0.017 0.018 0.054 0.075 0.075 0.076 0.107 0.145 0.144 0.144
25  0.010 0.013 0.016 0.014  0.054 0.065 0.071 0.071  0.108 0.131 0.136 0.135 25 0.013 0.016 0.016 0.016  0.050 0.063 0.065 0.067 0.101 0.127 0.128 0.128
50 0.009 0.011 0.013 0.012 0.053 0.060 0.064 0.065 0.107 0.122 0.128 0.127 50 0.012 0.014 0.014 0.015 0.053 0.062 0.062 0.066 0.104 0.121 0.121 0.124
5 0.008 0.010 0.012 0.011 0.052 0.058 0.063 0.064 0.108 0.116 0.121 0.122 75 0.010 0.012 0.012 0.014 0.055 0.061 0.064 0.065 0.107 0.119 0.121 0.125
100 0.008 0.009 0.011 0.011 0.050 0.056 0.061 0.062 0.107 0.115 0.119 0.120 100 0.010 0.012 0.013 0.013 0.056 0.061 0.062 0.065 0.105 0.117 0.118 0.121
125 0.008 0.010 0.012 0.012 0.052 0.056 0.060 0.060 0.105 0.112 0.118 0.118 125 0.011 0.013 0.013 0.014 0.055 0.061 0.061 0.065 0.106 0.117 0.118 0.119
150 0.008 0.010 0.012 0.011 0.052 0.055 0.059 0.060 0.107 0.109 0.114 0.113 150 0.012 0.013 0.013 0.014 0.054 0.060 0.060 0.064 0.104 0.114 0.115 0.119
200 0.010 0.010 0.011 0.012 0.054 0.052 0.056 0.059 0.105 0.106 0.109 0.111 200 0.012 0.012 0.014 0.015 0.054 0.056 0.058 0.062 0.102 0.112 0.112 0.117
250 0.010 0.011 0.013 0.013 0.051 0.053 0.056 0.056 0.106 0.104 0.107 0.109 250 0.012 0.013 0.013 0.015 0.053 0.057 0.059 0.061 0.103 0.112 0.111 0.116
Two-sided tests - T' = 250 Two-sided tests - 7' = 1000
-5 0.010 0.009 0.025 0.012 0.049 0.044 0.068 0.046 0.099 0.090 0.120 0.091 -5 0.009 0.008 0.010 0.008 0.048 0.043 0.051 0.045 0.098 0.090 0.098 0.088
-2.5 0.009 0.010 0.026 0.010 0.049 0.051 0.075 0.052 0.097 0.109 0.132 0.106 -25 0.009 0.009 0.012  0.009 0.050 0.052 0.060 0.050 0.103 0.111 0.119 0.109
0 0.009 0.009 0.019 0.011 0.047 0.052 0.067 0.055 0.098 0.104 0.117 0.106 0 0.008 0.009 0.011  0.009 0.045 0.050 0.054 0.051 0.097 0.109 0.112  0.105
25 0.009 0.010 0.015 0.012 0.052 0.056 0.066 0.057 0.105 0.110 0.118 0.115 25 0.010 0.012 0.012 0.011 0.052 0.054 0.057 0.055 0.105 0.109 0.112 0.111
5 0.010 0.010 0.014 0.012 0.052 0.056 0.064 0.059 0.103 0.106 0.115 0.112 5 0.010 0.012 0.013 0.012 0.050 0.054 0.056 0.055 0.100 0.106 0.108 0.106
10 0.011 0.011 0.015 0.013 0.052 0.052 0.058 0.058 0.102 0.104 0.112 0.110 10 0.010 0.012 0.012 0.011 0.051 0.054 0.054 0.055 0.100 0.104 0.104 0.108
25 0.011 0.010 0.013 0.013 0.051 0.050 0.056 0.056 0.102 0.101 0.109 0.110 25 0.011 0.012 0.013 0.014 0.051 0.052 0.053 0.054 0.098 0.100 0.101 0.106
50 0.009 0.009 0.010 0.011 0.050 0.048 0.055 0.055 0.102 0.098 0.106 0.109 50 0.011 0.011 0.011 0.012 0.052 0.053 0.055 0.058 0.102 0.102 0.104 0.111
75 0.009 0.008 0.010 0.010 0.050 0.047 0.053 0.056 0.100 0.098 0.107 0.108 75 0.011 0.010 0.010 0.012 0.053 0.051 0.053 0.059 0.104 0.103 0.107 0.111
100 0.008 0.008 0.010 0.010 0.047 0.046 0.051 0.054 0.099 0.096 0.104 0.105 100 0.010 0.010 0.011 0.012 0.054 0.052 0.054 0.058 0.105 0.103 0.104 0.111
125 0.008 0.008 0.010 0.010 0.046 0.044 0.048 0.053 0.102 0.097 0.105 0.107 125 0.010 0.009 0.010 0.012 0.052 0.053 0.054 0.059 0.105 0.103 0.104 0.114
150 0.009 0.009 0.010 0.011 0.045 0.046 0.050 0.054 0.102 0.098 0.105 0.108 150 0.011 0.011 0.010 0.012 0.051 0.051 0.053 0.058 0.104 0.101 0.104 0.111
200 0.010 0.010 0.012 0.012 0.050 0.049 0.055 0.055 0.102 0.096 0.104 0.108 200 0.011 0.010 0.011 0.014 0.053 0.051 0.053 0.059 0.102 0.101 0.102 0.110
250 0.009 0.011 0.013 0.013 0.050 0.048 0.054 0.058 0.101 0.098 0.105 0.106 250 0.011 0.011 0.011 0.013 0.053 0.050 0.052  0.060 0.104 0.102 0.104 0.110
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.27. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP9 (GoGARCH(1,1)): y: = Bxi—1 + ut, ¢ = pry—1 + we and we = Ywi—1 + ve, where =0, p=1—1¢/T,¢ =0 and
(ut,vr) = ZHi/Qet = Zey, where e, = (e1t,e2t)’, Z=1[1 —0.5,-0.5 1]1/2, H: = diag(0?;,03;), 0% are GARCH processes generated as
0% =0.05+0.1e?, | +0.8507, 1, i=1,2 and e, ~ NIID(0,I2) where I is a 2 x 2 identity matrix.
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Left-sided tests - 7" = 250 Left-sided tests - 7" = 1000
¢ l;&vfi”"l? l;}p RWB [;;‘RW' B I;i"" RW B leatVV [ lzl‘fﬂ'\"ﬁ‘ L:!‘F‘ RWB [frv’ [ c [,:,’IRVVR [‘;;LF RW B IzEJVV oz 12;_’?”"5‘ L;'JFRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IZE‘J‘,VV Lo

-5 0.010 0.011 0.049 0.049 0.070 0.052 0.101 0.101 0.122  0.098 -5 0.011 0.010 0.013 0.010 0.051 0.051 0.059 0.051 0.102 0.101 0.110 0.099
-2.5 0.010 0.010 0.025 0.011 0.049 0.048 0.062 0.046 0.098 0.096 0.104 0.092 -2.5 0.010 0.011 0.018 0.011 0.048 0.048 0.059 0.048 0.100 0.096 0.105 0.096
0 0.009 0.010 0.018 0.010 0.045 0.047 0.058 0.046 0.094 0.097 0.103 0.094 0 0.011 0.011 0.015 0.012 0.051 0.052 0.059 0.051 0.099 0.102 0.109 0.098
25 0.010 0.010 0.015 0.011 0.048 0.047 0.054 0.047 0.097 0.097 0.103 0.097 25 0.010 0.011 0.013 0.011 0.053 0.053 0.055 0.052 0.101 0.101 0.101 0.101
5 0.010 0.010 0.013 0.011 0.048 0.048 0.051 0.048 0.100 0.099 0.105 0.098 5 0.010 0.010 0.010 0.010 0.052 0.051 0.053 0.051 0.105 0.102 0.105 0.103
10 0.010 0.010 0.011 0.011 0.051 0.050 0.054 0.049 0.103 0.102 0.105 0.102 10 0.009 0.010 0.010 0.010 0.049 0.049 0.051 0.048 0.101 0.101 0.103 0.101
25 0.011 0.010 0.013 0.012 0.053 0.051 0.053 0.053 0.102 0.100 0.103 0.103 25 0.011 0.010 0.010 0.010 0.048 0.049 0.049 0.049 0.100 0.100 0.099 0.100
50 0.011 0.010 0.012 0.011 0.049 0.049 0.052 0.049 0.101 0.100 0.104 0.100 50 0.010 0.009 0.009 0.009 0.050 0.049 0.049 0.049 0.102 0.100 0.101 0.098
75 0.010 0.010 0.011 0.010 0.048 0.046 0.050 0.049 0.097 0.095 0.098 0.096 75 0.010 0.010 0.010 0.010 0.048 0.048 0.049 0.048 0.098 0.098 0.099 0.097
100 0.010 0.009 0.011 0.010 0.048 0.046 0.049 0.047 0.096 0.093 0.096 0.093 100 0.010 0.011 0.010 0.010 0.049 0.048 0.049 0.048 0.096 0.095 0.098 0.094
125 0.009 0.010 0.011 0.010 0.047 0.046 0.049 0.047 0.096 0.095 0.096 0.094 125 0.010 0.010 0.010 0.010 0.049 0.047 0.049 0.049 0.099 0.097 0.096 0.096
150 0.009 0.009 0.011 0.010 0.047 0.047 0.050 0.047 0.096 0.094 0.098 0.095 150 0.010 0.010 0.010 0.010 0.047 0.048 0.049 0.048 0.098 0.099 0.099 0.096
200 0.009 0.009 0.010 0.009 0.050 0.048 0.050 0.049 0.096 0.094 0.097 0.096 200 0.010 0.009 0.010 0.010 0.050 0.047 0.049 0.049 0.099 0.099 0.100 0.097
250 0.009 0.009 0.010 0.010 0.049 0.048 0.051 0.049 0.098 0.093 0.099 0.098 250 0.010 0.010 0.010 0.010 0.048 0.049 0.048 0.048 0.102 0.100 0.101 0.101

Right-sided tests - T = 250 Right-sided tests - T' = 1000
-5 0.011 0.011 0.026 0.013 0.051 0.049 0.070 0.050 0.098 0.100 0.116 0.098 -5 0.011 0.011 0.016 0.012 0.049 0.050 0.057 0.048 0.099 0.099 0.107 0.100
-2.5 0.012 0.011 0.025 0.012 0.053 0.053 0.067 0.052 0.105 0.104 0.113 0.102 -25 0.011 0.010 0.018 0.010 0.050 0.050 0.059 0.050 0.095 0.096 0.107 0.095
0 0.011 0.009 0.018 0.012 0.050 0.050 0.057 0.050 0.100 0.100 0.102  0.099 0 0.010 0.010 0.014 0.011 0.048 0.051 0.054 0.048 0.101 0.102 0.104 0.099
25 0.009 0.009 0.014 0.011 0.051 0.048 0.054 0.050 0.103 0.101 0.106 0.100 25 0.008 0.008 0.011 0.008 0.049 0.049 0.052 0.048 0.103 0.104 0.105 0.101
5 0.009 0.009 0.013 0.010 0.051 0.049 0.055 0.050 0.102 0.101 0.105 0.101 5 0.008 0.009 0.009 0.009 0.051 0.050 0.050 0.050 0.101 0.102 0.103 0.101
10 0.008 0.008 0.010 0.009 0.050 0.047 0.052 0.051 0.102 0.100 0.105 0.102 10 0.008 0.010 0.010 0.010 0.052 0.051 0.051 0.051 0.102 0.100 0.101 0.099
25 0.009 0.010 0.011 0.010 0.052 0.051 0.053 0.051 0.101 0.099 0.102 0.103 25 0.011 0.010 0.011 0.011 0.051 0.049 0.050 0.050 0.099 0.101 0.101 0.100
50 0.009 0.009 0.011  0.009 0.052 0.050 0.052  0.050 0.102 0.099 0.104 0.099 50 0.012 0.011 0.011 0.012 0.052 0.051 0.052 0.052 0.102 0.101 0.103 0.101
5 0.009 0.009 0.010 0.010 0.053 0.051 0.054 0.053 0.102 0.099 0.103 0.100 75 0.012 0.011 0.011 0.011 0.054 0.052 0.053 0.052 0.101 0.101 0.102 0.101
100 0.008 0.009 0.010 0.009 0.050 0.048 0.053 0.050 0.101 0.102 0.105 0.101 100 0.011 0.011 0.012 0.011 0.053 0.052 0.053 0.052 0.100 0.099 0.100 0.099
125 0.008 0.009 0.010 0.009 0.049 0.049 0.052 0.049 0.104 0.101 0.104 0.100 125 0.012 0.011 0.011 0.011 0.052 0.052 0.052 0.052 0.101 0.101 0.101  0.099
150 0.008 0.008 0.010 0.010 0.051 0.049 0.052 0.050 0.103 0.101 0.104 0.100 150 0.012 0.011 0.011 0.011 0.053 0.052 0.052 0.053 0.101 0.103 0.102 0.100
200 0.008 0.009 0.010 0.010 0.050 0.049 0.053 0.051 0.105 0.101 0.104 0.102 200 0.011 0.011 0.011 0.011 0.053 0.051 0.053 0.051 0.103 0.104 0.105 0.102
250 0.009 0.009 0.011 0.011 0.049 0.050 0.051 0.050 0.105 0.101 0.105 0.102 250 0.011 0.010 0.011 0.010 0.051 0.050 0.051 0.051 0.105 0.105 0.106 0.105

Two-sided tests - 7' = 250 Two-sided tests - 7" = 1000
-5 0.011 0.011 0.038 0.015 0.049 0.050 0.089 0.053 0.100 0.099 0.140 0.102 -5 0.012 0.011 0.017 0.012 0.049 0.050 0.065 0.049 0.100 0.100 0.116 0.099
-2.5 0.010 0.011 0.037 0.012 0.048 0.048 0.082 0.050 0.098 0.100 0.130 0.097 -25 0.009 0.010 0.022 0.010 0.050 0.049 0.068 0.050 0.098 0.100 0.118 0.098
0 0.010 0.010 0.025 0.011 0.047 0.047 0.068 0.048 0.094 0.096 0.115 0.095 0 0.011 0.012 0.017 0.011 0.049 0.049 0.062 0.050 0.099 0.101 0.113  0.099
25 0.011 0.011 0.017 0.012 0.047 0.047 0.060 0.049 0.099 0.096 0.108 0.097 25 0.010 0.009 0.011 0.010 0.048 0.049 0.054 0.048 0.101 0.102 0.107 0.100
5 0.010 0.010 0.014 0.011 0.049 0.046 0.056 0.050 0.097 0.096 0.106 0.098 5 0.009 0.009 0.010 0.008 0.049 0.049 0.051 0.048 0.102 0.101 0.103 0.101
10 0.010 0.010 0.012 0.010 0.049 0.047 0.053 0.052 0.100 0.097 0.106 0.100 10 0.009 0.009 0.010 0.009 0.049 0.050 0.052 0.050 0.101 0.100 0.101 0.100
25 0.011 0.010 0.012 0.012 0.050 0.048 0.053 0.050 0.104 0.101 0.107 0.103 25 0.010 0.010 0.010 0.011 0.051 0.051 0.052 0.052 0.099 0.098 0.099 0.099
50 0.009 0.010 0.011 0.010 0.050 0.049 0.056 0.052 0.100 0.098 0.104 0.099 50 0.011 0.009 0.011 0.011 0.050 0.049 0.050 0.050 0.101 0.099 0.100 0.101
75 0.008 0.009 0.010 0.010 0.048 0.047 0.052 0.048 0.100 0.095 0.104 0.101 75 0.010 0.009 0.010 0.010 0.050 0.049 0.050 0.051 0.102 0.101 0.102 0.100
100 0.008 0.009 0.010 0.009 0.047 0.046 0.051 0.048 0.098 0.095 0.101 0.098 100 0.010 0.010 0.010 0.011 0.051 0.050 0.052 0.051 0.102 0.100 0.102 0.101
125 0.008 0.009 0.010 0.009 0.047 0.044 0.050 0.047 0.096 0.093 0.100 0.096 125 0.010 0.010 0.011 0.011 0.051 0.050 0.051 0.052 0.101 0.099 0.101 0.101
150 0.008 0.009 0.011 0.009 0.046 0.045 0.051 0.048 0.098 0.096 0.102 0.097 150 0.011 0.011 0.011 0.011 0.052 0.051 0.052 0.051 0.100 0.100 0.100 0.101
200 0.008 0.009 0.011 0.009 0.050 0.051 0.054 0.050 0.100 0.097 0.103 0.100 200 0.011 0.011 0.011 0.011 0.050 0.050 0.051 0.051 0.102 0.099 0.101 0.100
250 0.009 0.009 0.011 0.010 0.048 0.048 0.054 0.051 0.099 0.097 0.103 0.099 250 0.011 0.011 0.011 0.011 0.050 0.049 0.051 0.051 0.099 0.098 0.099 0.099

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.28. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250
and T = 1000. DGP9 (GoGARCH(1,1)): y: = Bxi—1 + ut, 2t = pxre—1 + we and wy = Ypwe—1 + v, where 5 =0, p=1—¢/T,%b =0
and (ut,v) = ZHi/Qet = Ze, where e; = (e1r,eat), Z =[1 0;0 1]1/2, H: = diag(c?;,03;), 02 are GARCH processes generated as
07, =0.05+0.1e], 1 +0.8507, 1, i=1,2and ey ~ NIID(0,I2) where I is a 2 x 2 identity matrix.
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Left-sided tests - 7" = 250 Left-sided tests - 7' = 1000

c t;(l”’\" B t;f‘F RWB 'zE_p‘/V ton I;;LIU'V B t;:},F RW B tzE.T,VV toz t:f‘F RWB IEI‘/V tre c f;;LRVV B 1:;;‘7 RW B IZE.T,VV tae t:l&"”‘V B t;(Fl{VV B tlE;rV tew t;;bl{‘r‘lf B t;;LF RW B tzE_T,VV toz
-5 0.007 0.001 0.000 0.006 0.045 0.004 0.004 0.018 0.095 0.013 0.012 0.031 -5 0.007 0.000 0.000 0.006 0.041 0.004 0.002 0.015 0.092 0.011 0.010 0.025
-25 0.007 0.000 0.000 0.003 0.041 0.002 0.002 0.008 0.098 0.005 0.004 0.014 -2.5 0.005 0.000 0.000 0.003 0.044 0.001 0.001 0.007 0.098 0.004 0.003 0.011
0 0,010 0.001 0.001 0.005  0.042 0.003 0.004 0.010 0.073 0.007 0.007 0.017 0 0.009 0.000 0.000 0.004  0.036 0.002 0.002 0.008  0.064 0.005 0.005 0.014
25 0.019 0.001 0.001 0.006  0.060 0.007 0.007 0.014  0.100 0.014 0.013  0.026 25 0.019 0.001 0.001 0.006  0.057 0.005 0.005 0.016  0.094 0.014 0.013 0.028
5 0.024 0.002 0.001 0.008  0.068 0.012 0.011 0.023 0.115 0.023 0.022 0.041 5 0027 0.001 0.002 0.011  0.068 0.009 0.009 0.030 0.111 0.023 0.022  0.050
10 0.024 0.002 0.002 0.012  0.069 0.016 0.016 0.037  0.118 0.038 0.036 0.066 10 0.029 0.003 0.002 0.022 0.071 0.016 0.014 0.053  0.116 0.036 0.034 0.081
25  0.019 0.003 0.004 0.022  0.068 0.025 0.028 0.062 0.116 0.055 0.057 0.100 25 0.024 0.004 0.004 0.045  0.070 0.023 0.022 0.090 0.118 0.049 0.047 0.128
50 0.018 0.005 0.006 0.030  0.066 0.032 0.035 0.078 0.113 0.068 0.070 0.119 50  0.021 0.006 0.006 0.063  0.064 0.029 0.028 0.115 0.113 0.060 0.060 0.158
75 0.016 0.006 0.008 0.034  0.063 0.037 0.039 0.08  0.115 0.074 0.079 0.133 75 0.020 0.007 0.007 0.072  0.063 0.033 0.034 0.129 0.112 0.066 0.066 0.173
100  0.015 0.007 0.009 0.037  0.062 0.039 0.043 0.093 0.113 0.078 0.084 0.141 100 0.019 0.007 0.007 0.080  0.064 0.037 0.037 0.137  0.110 0.069 0.070 0.182
125 0.013 0.008 0.011 0.040  0.060 0.041 0.045 0.096 0.112 0.081 0.088 0.146 125 0.019 0.008 0.008 0.087  0.065 0.038 0.040 0.144 0.114 0.073 0.075 0.188
150  0.014 0.008 0.012 0.044  0.061 0.042 0.049 0.099 0.113 0.085 0.091 0.152 150  0.018 0.009 0.009 0.091  0.064 0.040 0.042 0.149  0.116 0.077 0.079 0.193
200  0.012 0.008 0.012 0.046  0.062 0.046 0.054 0.106 0.116 0.091 0.099 0.159 200 0.018 0.008 0.010 0.098  0.066 0.042 0.044 0.158  0.115 0.081 0.085 0.202
250  0.011 0.008 0.013 0.048  0.059 0.046 0.055 0.110 0.118 0.097 0.107 0.165 250  0.018 0.009 0.010 0.100  0.066 0.044 0.046 0.164  0.118 0.085 0.087 0.210

Right-sided tests - T = 250 Right-sided tests - 7' = 1000
-5 0.009 0.013 0.022 0.038  0.042 0.078 0.092 0.110  0.085 0.170 0.176 0.184 -5 0.004 0.013 0.042 0.039  0.030 0.081 0.129 0.099  0.067 0.184 0.225 0.166
-25  0.007 0.016 0.023 0.039  0.037 0.104 0.112 0.145  0.083 0.258 0.244  0.292 -25  0.003 0.014 0.027 0.049  0.018 0.096 0.134 0.149  0.052 0.248 0.289 0.281
0  0.009 0.020 0.025 0.052  0.047 0.101 0.117 0.173  0.104 0.222 0.236  0.303 0 0.003 0.016 0.020 0.078  0.027 0.090 0.112 0.203  0.068 0.207 0.233  0.330
2.5  0.009 0.020 0.025 0.060 0.052 0.099 0.115 0.180  0.115 0.210 0.224 0.298 25  0.004 0.019 0.022 0.094  0.033 0.098 0.109 0.223  0.084 0.198 0215 0.337
5 0.010 0.021 0.026 0.063  0.058 0.100 0.114 0.177  0.119 0.193 0.209 0.283 5 0.005 0.019 0.022 0.104 0.039 0.095 0.102 0.228  0.093 0.191 0.198 0.333
10 0.011 0.021 0.027 0.065 0.061 0.094 0.105 0.172  0.122 0.178 0.189 0.261 10  0.006 0.020 0.022 0.110  0.043 0.089 0.095 0.230  0.094 0.172 0.179 0.317
25  0.012 0.018 0.023 0.067  0.062 0.084 0.093 0.160 0.121 0.154 0.166 0.237 25 0.007 0.018 0.019 0.121  0.046 0.082 0.083 0.229  0.103 0.154 0.158 0.306
50  0.009 0.013 0.018 0.065  0.059 0.071 0.081 0.150 0.118 0.140 0.151 0.224 50  0.008 0.016 0.017 0.127  0.049 0.073 0.078 0.227  0.104 0.139 0.144  0.300
5 0.010 0.012 0.017 0.062 0.059 0.065 0.078 0.145 0.120 0.132 0.142 0.213 75 0.009 0.015 0.016 0.129 0.052 0.069 0.074 0.226 0.108 0.134 0.140 0.293
100 0.009 0.011 0.017 0.060 0.057 0.060 0.074 0.141 0.121 0.128 0.139 0.210 100 0.009 0.015 0.015 0.130 0.054 0.067 0.072 0.223 0.110 0.133 0.140 0.289
125 0.009 0.011 0.018 0.059 0.058 0.059 0.069 0.137 0.120 0.122 0.135 0.205 125 0.010 0.014 0.016 0.133 0.056 0.068 0.071 0.223 0.112 0.131 0.137  0.287
150 0.010 0.010 0.017 0.059 0.059 0.058 0.069 0.135 0.120 0.118 0.131 0.202 150 0.011 0.014 0.016 0.133 0.055 0.067 0.071 0.224 0.113 0.129 0.135 0.289
200 0.010 0.010 0.017 0.058 0.062 0.057 0.068 0.129 0.120 0.112 0.124 0.193 200 0.011 0.014 0.016 0.131 0.056 0.064 0.070 0.223 0.115 0.126 0.133  0.285
250 0.012 0.011 0.017 0.054 0.063 0.056 0.066 0.126 0.118 0.107 0.119 0.184 250 0.011 0.014 0.017 0.131 0.057 0.063 0.066 0.221 0.118 0.124 0.129 0.282
Two-sided tests - T' = 250 Two-sided tests - 7' = 1000
-5 0.009 0.006 0.013  0.030 0.042 0.037 0.049 0.079 0.086 0.081 0.096 0.128 -5 0.003 0.006 0.032 0.029 0.028 0.038 0.078 0.074 0.069 0.084 0.131 0.115
-2.5 0.006 0.009 0.013  0.027 0.033 0.044 0.055 0.085 0.075 0.104 0.114 0.153 -25 0.001 0.007 0.013 0.036 0.014 0.037 0.067 0.093 0.045 0.096 0.135 0.156
0 0.008 0.011 0.015 0.036 0.041 0.051 0.062 0.112 0.088 0.103 0.121 0.183 0 0.002 0.008 0.010 0.057 0.021 0.042 0.054 0.135 0.053 0.090 0.114 0.211
25 0.009 0.011 0.015 0.042 0.045 0.054 0.065 0.119 0.096 0.106 0.122 0.194 25 0.003 0.010 0.011 0.074 0.026 0.049 0.058 0.163 0.064 0.100 0.113 0.239
5 0.010 0.011 0.015 0.048 0.050 0.056 0.066 0.126 0.102 0.109 0.124 0.199 5 0.004 0.010 0.012 0.085 0.029 0.051 0.058 0.179 0.073 0.103 0.111 0.258
10 0.011 0.011 0.015 0.052 0.054 0.057 0.065 0.138 0.110 0.108 0.121 0.208 10 0.006 0.010 0.012  0.099 0.038 0.054 0.055 0.203 0.086 0.105 0.109 0.283
25 0.012 0.011 0.014 0.061 0.057 0.054 0.062 0.148 0.116 0.108 0.120 0.222 25 0.011 0.012 0.012 0.129 0.047 0.053 0.055 0.238 0.097 0.103 0.105 0.319
50 0.011 0.009 0.012 0.065 0.061 0.050 0.063 0.157 0.117 0.102 0.115 0.228 50 0.013 0.010 0.011 0.150 0.054 0.052 0.056 0.261 0.104 0.103 0.106 0.342
75 0.011 0.008 0.013  0.067 0.058 0.050 0.062 0.156 0.117 0.101 0.117 0.231 75 0.014 0.011 0.011 0.163 0.057 0.051 0.054 0.273 0.109 0.102 0.108 0.356
100 0.011 0.009 0.014 0.069 0.056 0.048 0.061 0.156 0.114 0.099 0.117 0.234 100 0.015 0.011 0.013 0.171 0.058 0.052 0.056 0.285 0.114 0.103 0.110 0.361
125 0.010 0.008 0.014 0.072 0.058 0.048 0.061 0.158 0.114 0.100 0.114 0.232 125 0.016 0.011 0.013 0.176 0.058 0.054 0.057 0.291 0.116 0.106 0.111 0.367
150 0.010 0.010 0.015 0.074 0.059 0.049 0.066 0.160 0.117 0.099 0.117 0.234 150 0.016 0.012 0.014 0.183 0.060 0.054 0.058 0.296 0.116 0.106 0.113 0373
200 0.010 0.009 0.017 0.077 0.060 0.049 0.067 0.164 0.121 0.102 0.122  0.235 200 0.015 0.013 0.014 0.185 0.063 0.054 0.061 0.302 0.121 0.105 0.114 0.381
250 0.009 0.009 0.017 0.074 0.058 0.051 0.071 0.163 0.119 0.101 0.121 0.237 250 0.014 0.012 0.013 0.189 0.064 0.055 0.062 0.305 0.119 0.106 0.113 0.385
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.29. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP10 (GoGARCH(1,1)): y: = Bxi—1 + ut,xt = pry—1 + we and wy = Ypwi—1 + vg, where 3 =0, p=1—¢/T,9p =0 and
(ut,vr) = ZHtl/Zet = Zey, where e; = (e1t,e2:)’, Z=[1 —0.95;—0.95 1]1/2, H: = diag(0?;,03;), 02, are GARCH processes generated
as 0% = 0.05+ O.Iezt,l + 0.850%,1, 1 =1,2 and e ~ itdts(0,I2) where t5(0,I2) defines a mean zero Student-¢ distribution with 5 degrees
of freedom and an 2 x 2 identity variance matrix.
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Left-sided tests Left-sided tests - 7" = 1000
¢ l;&mvn l;&p RWB [;:"R‘k" B 1;;;’7 RW B lemVV [ l:&R‘VR L:!‘F‘ RWB [frv" [ c [,:,’IRVVR [‘;;LF RW B IzEIVV oz 121‘]?‘1"13 L;}FRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IzEIVV Lo

-5 0.007 0.001 0.045 0.004 0.005 0.018 0.094 0.016 0.015 0.032 -5 0.007 0.000 0.000 0.006 0.042 0.004 0.003 0.016 0.092 0.012 0.011  0.027
-2.5 0.007 0.001 0.000 0.003 0.043 0.003 0.002 0.008 0.095 0.006 0.005 0.015 -2.5 0.006 0.000 0.000 0.004 0.044 0.001 0.001 0.007 0.097 0.004 0.003 0.011
0 0.009 0.001 0.001 0.004 0.039 0.003 0.004 0.011 0.070 0.007 0.007 0.017 0 0.008 0.000 0.000 0.004 0.035 0.002 0.002 0.008 0.064 0.006 0.006 0.014
25 0.018 0.001 0.001 0.006 0.059 0.006 0.007 0.015 0.099 0.015 0.015 0.028 25 0.019 0.001 0.001 0.006 0.055 0.005 0.005 0.016 0.093 0.015 0.014 0.030
5 0.023 0.002 0.002 0.008 0.068 0.012 0.011 0.023 0.112 0.026 0.024 0.043 5 0.026 0.001 0.002 0.011 0.067 0.010 0.009 0.031 0.110 0.025 0.023 0.051
10 0.022 0.003 0.002 0.013 0.069 0.018 0.017 0.037 0.117 0.038 0.037 0.067 10 0.029 0.003 0.002 0.022 0.070 0.017 0.014 0.052 0.115 0.038 0.035 0.083
25 0.018 0.004 0.004 0.023 0.067 0.027 0.028 0.061 0.115 0.057 0.056 0.098 25 0.024 0.005 0.004 0.044 0.068 0.023 0.023 0.088 0.118 0.051 0.049 0.126
50 0.017 0.006 0.007 0.029 0.063 0.033 0.035 0.077 0.114 0.069 0.071 0.118 50 0.021 0.006 0.006 0.061 0.064 0.029 0.029 0.112 0.113 0.061 0.060 0.155
75 0.015 0.007 0.008 0.034 0.062 0.036 0.041 0.085 0.114 0.076 0.079 0.132 75 0.019 0.007 0.007 0.071 0.062 0.033 0.035 0.126 0.113 0.065 0.065 0.173
100 0.015 0.006 0.009 0.036 0.061 0.039 0.043  0.092 0.114 0.080 0.084 0.139 100 0.020 0.008 0.008 0.078 0.065 0.037 0.037 0.135 0.111 0.071 0.072 0.182
125 0.013 0.008 0.010 0.039 0.061 0.041 0.046 0.094 0.111 0.083 0.088 0.143 125 0.020 0.008 0.008 0.085 0.066 0.038 0.039 0.142 0.113 0.075 0.075 0.185
150 0.012 0.008 0.011 0.042 0.061 0.042 0.048 0.097 0.113 0.086 0.092 0.150 150 0.019 0.009 0.009 0.090 0.066 0.040 0.041 0.146 0.116 0.077 0.079 0.190
200 0.011 0.008 0.012 0.045 0.061 0.046 0.055 0.106 0.114 0.092 0.100 0.156 200 0.018 0.009 0.010 0.094 0.065 0.043 0.044 0.155 0.115 0.083 0.085 0.197
250 0.012 0.008 0.014 0.046 0.060 0.048 0.055 0.107 0.117 0.098 0.107 0.163 250 0.018 0.010 0.010 0.099 0.065 0.044 0.047 0.161 0.116 0.084 0.087 0.206

Right-sided tests Right-sided tests - 7" = 1000
-5 0.009 0.015 0.027 0.040 0.043 0.083 0.096 0.113 0.089 0.172 0.181 0.189 -5 0.004 0.015 0.049 0.038 0.032 0.084 0.136  0.098 0.072 0.187 0.231 0.166
-2.5 0.007 0.018 0.025 0.038 0.038 0.103 0.114 0.144 0.085 0.253 0.247 0.284 -25 0.003 0.014 0.032 0.048 0.020 0.099 0.141 0.144 0.053 0.247 0.286 0.278
0 0.009 0.021 0.025 0.051 0.048 0.102 0.119 0.168 0.106 0.221 0.235 0.296 0 0.005 0.016 0.023 0.073 0.030 0.091 0.115 0.197 0.072 0.206 0.234 0.322
25 0.009 0.020 0.026  0.059 0.055 0.102 0.115 0.175 0.114 0.206 0.221  0.290 25 0.004 0.019 0.023 0.091 0.036 0.098 0.109 0.219 0.085 0.196 0.211 0.332
5 0.010 0.020 0.026  0.062 0.059 0.099 0.112 0.173 0.119 0.194 0.203 0.278 5 0.005 0.019 0.022 0.100 0.039 0.094 0.102 0.219 0.093 0.189 0.196 0.326
10 0.011 0.020 0.027  0.065 0.062 0.095 0.106 0.166 0.121 0.174 0.186 0.254 10 0.006 0.020 0.021 0.105 0.043 0.089 0.093 0.224 0.097 0.172 0.177 0.310
25 0.011 0.018 0.022 0.064 0.063 0.082 0.091 0.156 0.121 0.153 0.163 0.231 25 0.007 0.018 0.018 0.115 0.045 0.081 0.083 0.222 0.101 0.151 0.156 0.300
50 0.010 0.015 0.019 0.061 0.060 0.071 0.080 0.145 0.119 0.138 0.150 0.220 50 0.008 0.015 0.018 0.121 0.048 0.071 0.076 0.220 0.103 0.138 0.142 0.294
75 0.008 0.012 0.017 0.059 0.058 0.067 0.076 0.138 0.120 0.129 0.142  0.209 75 0.010 0.014 0.016 0.124 0.052 0.070 0.073 0.219 0.106 0.132 0.138 0.285
100 0.009 0.011 0.017 0.058 0.056 0.060 0.074 0.136 0.120 0.124 0.136 0.205 100 0.010 0.014 0.015 0.127 0.055 0.067 0.071 0.217 0.108 0.133 0.138 0.283
125 0.009 0.011 0.017 0.058 0.056 0.059 0.071 0.134 0.119 0.120 0.134 0.200 125 0.010 0.015 0.016 0.128 0.056 0.066 0.070 0.216 0.111 0.130 0.135 0.282
150 0.009 0.010 0.017 0.057 0.058 0.058 0.069 0.131 0.121 0.119 0.131 0.197 150 0.010 0.014 0.016 0.129 0.055 0.065 0.070 0.217 0.114 0.128 0.135 0.280
200 0.010 0.011 0.017 0.056 0.060 0.058 0.069 0.126 0.119 0.111 0.124 0.190 200 0.012 0.014 0.015 0.126 0.056 0.064 0.069 0.217 0.114 0.127 0.132  0.280
250 0.012 0.012 0.017 0.055 0.063 0.056 0.066 0.123 0.119 0.107 0.119 0.181 250 0.010 0.013 0.016 0.127 0.056 0.061 0.066 0.216 0.115 0.123 0.129 0.277

Two-sided tests Two-sided tests - 7" = 1000
-5 0.008 0.009 0.017 0.031 0.043 0.040 0.054 0.082 0.089 0.087 0.100 0.131 -5 0.003 0.007 0.036 0.029 0.030 0.040 0.086 0.076 0.073 0.089 0.139 0.114
-2.5 0.006 0.009 0.014 0.027 0.035 0.046 0.059 0.084 0.077 0.105 0.116 0.153 -25 0.002 0.006 0.018 0.035 0.016 0.039 0.073 0.091 0.046 0.097 0.142 0.151
0 0.008 0.011 0.015 0.035 0.040 0.051 0.062 0.107 0.090 0.104 0.123 0.179 0 0.003 0.008 0.011 0.055 0.021 0.042 0.054 0.131 0.057 0.093 0.117 0.206
25 0.009 0.011 0.014 0.042 0.047 0.055 0.064 0.119 0.096 0.106 0.122  0.190 25 0.003 0.010 0.012 0.070 0.026 0.049 0.057 0.157 0.068 0.101 0.114 0.235
5 0.009 0.012 0.014 0.045 0.050 0.056 0.064 0.124 0.104 0.109 0.123 0.196 5 0.004 0.011 0.012 0.080 0.030 0.052 0.058 0.173 0.075 0.104 0.111  0.250
10 0.011 0.011 0.015 0.051 0.055 0.057 0.065 0.133 0.110 0.112 0.123 0.203 10 0.006 0.011 0.013  0.096 0.038 0.052 0.054 0.196 0.086 0.106 0.107 0.276
25 0.011 0.011 0.014 0.058 0.059 0.054 0.064 0.145 0.115 0.107 0.119 0.217 25 0.011 0.012 0.012 0.125 0.047 0.051 0.054 0.231 0.096 0.103 0.106 0.310
50 0.012 0.009 0.013 0.062 0.061 0.051 0.063 0.152 0.117 0.103 0.115 0.222 50 0.013 0.010 0.010 0.146 0.054 0.051 0.055 0.252 0.103 0.099 0.105 0.331
75 0.011 0.008 0.013 0.065 0.059 0.048 0.061 0.151 0.114 0.101 0.117 0.223 75 0.015 0.011 0.011 0.156 0.057 0.052 0.055 0.265 0.108 0.103 0.108 0.345
100 0.010 0.010 0.013 0.066 0.056 0.047 0.060 0.152 0.118 0.099 0.116 0.228 100 0.015 0.011 0.012 0.162 0.056 0.052 0.055 0.279 0.113 0.102 0.108 0.352
125 0.010 0.009 0.014 0.069 0.058 0.048 0.062 0.154 0.116 0.098 0.116 0.229 125 0.015 0.012 0.012 0.168 0.056 0.053 0.056 0.282 0.117 0.104 0.110 0.357
150 0.010 0.009 0.015 0.072 0.058 0.047 0.065 0.158 0.116 0.100 0.117 0.228 150 0.016 0.012 0.014 0.174 0.058 0.051 0.058 0.288 0.116 0.105 0.111 0.363
200 0.009 0.009 0.016 0.074 0.059 0.049 0.069 0.161 0.119 0.104 0.123 0.231 200 0.016 0.013 0.014 0.180 0.061 0.053 0.059 0.292 0.119 0.105 0.112 0.372
250 0.009 0.009 0.017 0.072 0.059 0.050 0.069 0.157 0.119 0.103 0.122 0.229 250 0.014 0.012 0.013 0.182 0.064 0.054 0.060 0.294 0.119 0.106 0.113 0.376

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.30. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP10 (GoGARCH(1,1)): y¢ = Bxi—1 + ut,x¢ = pxri—1 + we and wy = Ywi—1 + vi, where § =0, p=1—1¢/T,9 =0 and
(ut,v) = ZHtl/Qet = Zey;, where e, = (e1t,e2:)’, Z=1[1 —0.9;-0.9 1]1/2, H: = diag(o?;,03;), 0% are GARCH processes generated as
0% =0.05+0.1e?, | + 0.850%_1, 1 =1,2 and & ~ iidt5(0,I2) where t5(0,I2) defines a mean zero Student-¢ distribution with 5 degrees of
freedom and an 2 x 2 identity variance matrix.
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Left-sided tests Left-sided tests - 7' = 1000

c t;(lll’\"” t;!‘f‘“liu’ B YZEI‘/V ton I;;LR"V B ?;iFRVVH tzE.T,VV toz t:!‘FRW' B IEI‘/V tre c f:;bRVVR Y:ELFIU/VH IZE.T,VV tae t;l&"”‘v” t:&vﬁliw’ B tlE]yV tew t;;bl“r‘l/’li t;;bF,”VH tzE_T,VV toz
-5 0.010 0.002 0.006 0.012 0.050 0.015 0.020 0.031 0.097 0.039 0.040 0.056 -5 0.009 0.001 0.005 0.011 0.048 0.012 0.017 0.028 0.098 0.030 0.034 0.045
-25 0.010 0.001 0.002  0.006 0.044 0.008 0.007 0.016 0.087 0.018 0.016 0.026 -2.5 0.007 0.000 0.001 0.005 0.043 0.004 0.005 0.012 0.092 0.011 0.013 0.022
0  0.008 0.001 0.003 0.007  0.034 0.009 0.010 0.017  0.069 0.020 0.023  0.030 0 0.007 0.001 0.002 0.005  0.029 0.005 0.007 0.013  0.062 0.013 0.014 0.025
25 0.012 0.003 0.003 0.009  0.050 0.015 0.017 0.026  0.092 0.033 0.034 0.051 25 0011 0.001 0.002 0.008  0.044 0.012 0.012 0.026  0.086 0.027 0.026 0.047
5 0014 0.004 0.004 0.011  0.056 0.020 0.021 0.036  0.101 0.044 0.044 0.064 5 0016 0.002 0.002 0.013  0.052 0.017 0.016 0.038 0.101 0.036 0.036 0.066
10 0.016 0.005 0.005 0.016  0.059 0.026 0.026 0.046  0.105 0.058 0.058 0.081 10 0.019 0.003 0.003 0.021  0.058 0.022 0.021 0.056  0.106 0.048 0.047  0.089
25  0.016 0.006 0.006 0.022  0.060 0.035 0.036 0.063  0.108 0.068 0.072 0.102 25 0.017 0.005 0.004 0.036  0.057 0.028 0.026 0.079  0.107 0.061 0.059 0.117
50  0.014 0.007 0.008 0.026  0.061 0.037 0.040 0.072  0.111 0.079 0.081 0.117 50 0.017 0.006 0.006 0.045  0.057 0.033 0.033 0.093 0.105 0.068 0.068 0.139
75 0.014 0.007 0.009 0.027  0.060 0.040 0.044 0.077 0.111 0.082 0.088 0.122 75  0.015 0.007 0.007 0.051  0.057 0.036 0.036 0.105 0.106 0.074 0.074 0.149
100  0.013 0.007 0.010 0.030  0.059 0.043 0.048 0.078  0.109 0.086 0.090 0.126 100  0.015 0.008 0.007 0.055  0.059 0.037 0.038 0.111  0.107 0.079 0.079 0.157
125 0.011 0.008 0.011 0.031  0.059 0.044 0.050 0.081  0.110 0.089 0.094 0.130 125 0.015 0.007 0.008 0.058  0.059 0.040 0.041 0.117  0.110 0.082 0.082 0.161
150  0.011 0.008 0.011 0.032  0.059 0.046 0.052 0.085 0.111 0.091 0.095 0.131 150  0.015 0.008 0.009 0.060  0.060 0.041 0.043 0.120 0.110 0.084 0.084 0.166
200  0.010 0.008 0.013 0.033  0.058 0.047 0.054 0.088 0.113 0.096 0.102 0.138 200 0.014 0.010 0.010 0.063  0.062 0.044 0.046 0.127  0.110 0.085 0.088 0.174
250  0.010 0.010 0.013 0.034  0.057 0.046 0.056 0.089  0.112 0.097 0.106 0.142 250  0.014 0.009 0.010 0.068  0.062 0.045 0.048 0.129  0.111 0.089 0.091 0.176

Right-sided tests Right-sided tests - 7' = 1000
-5 0.009 0.017 0.037 0.035  0.047 0.081 0.096 0.101  0.094 0.160 0.168 0.170 -5 0.007 0.017 0.054 0.033 0.038 0.084 0.115 0.090  0.083 0.170 0.186 0.155
-25  0.009 0.020 0.042 0.036  0.051 0.109 0.117 0.128  0.105 0.221 0.205 0.228 -25  0.007 0.020 0.051 0.040  0.038 0.110 0.141 0.130  0.083 0.223 0.234 0.231
0 0010 0.018 0.032 0.039  0.056 0.098 0.111 0.132  0.116 0.198 0.204 0.233 0  0.007 0.020 0.037 0.053  0.041 0.099 0.123 0.152  0.095 0.205 0.219 0.256
2.5  0.010 0.018 0.028 0.042  0.057 0.090 0.104 0.130 0.116 0.178 0.185 0.220 25  0.009 0.020 0.031 0.063  0.047 0.095 0.110 0.156  0.099 0.186 0.196 0.257
5 0011 0.019 0.025 0.041  0.059 0.087 0.097 0.132  0.117 0.166 0.175 0.209 5 0010 0.020 0.026 0.063  0.046 0.088 0.097 0.161  0.101 0.173 0.181 0.247
10 0.011 0.017 0.021 0.042 0.061 0.081 0.088 0.124 0.114 0.153 0.162 0.201 10 0.010 0.018 0.021  0.066 0.047 0.080 0.084 0.162 0.101 0.157 0.164 0.239
25  0.010 0.015 0.018 0.042  0.058 0.072 0.080 0.116  0.113 0.135 0.144 0.185 25 0.010 0.016 0.017 0.071  0.048 0.071 0.073 0.159  0.099 0.138 0.143 0.238
50 0.011 0.012 0.016 0.039 0.056 0.064 0.072 0.111 0.110 0.123 0.133 0.177 50 0.008 0.014 0.015 0.076 0.049 0.066 0.069 0.160 0.102 0.127 0.132  0.229
5 0.011 0.011 0.015 0.040 0.055 0.059 0.068 0.106 0.110 0.120 0.129 0.172 75 0.010 0.014 0.014 0.079 0.050 0.063 0.066 0.158 0.104 0.125 0.130 0.227
100 0.009 0.011 0.017 0.041 0.057 0.058 0.067 0.105 0.113 0.116 0.127 0.166 100 0.009 0.014 0.015 0.081 0.052 0.063 0.065 0.157 0.105 0.124 0.128 0.226
125 0.009 0.011 0.016 0.041 0.057 0.058 0.068 0.105 0.116 0.115 0.126 0.163 125 0.010 0.013 0.014 0.081 0.054 0.059 0.065 0.157 0.106 0.123 0.126  0.226
150 0.010 0.010 0.017 0.040 0.057 0.057 0.067 0.104 0.115 0.115 0.126 0.162 150 0.010 0.014 0.014 0.083 0.054 0.060 0.066 0.159 0.108 0.122 0.127 0.227
200 0.011 0.011 0.016 0.041 0.060 0.056 0.067 0.101 0.117 0.112 0.121 0.161 200 0.011 0.012 0.014 0.082 0.055 0.060 0.065 0.158 0.110 0.120 0.127 0.224
250 0.011 0.010 0.017 0.040 0.059 0.055 0.065 0.097 0.117 0.109 0.120 0.156 250 0.011 0.013 0.014 0.084 0.054 0.061 0.066 0.161 0.111 0.119 0.124  0.222
Two-sided tests Two-sided tests - 7' = 1000
-5 0.009 0.009 0.032 0.032 0.047 0.047 0.072 0.081 0.096 0.095 0.116 0.132 -5 0.006 0.009 0.047 0.029 0.038 0.046 0.090 0.077 0.083 0.095 0.132 0.117
-2.5 0.008 0.010 0.030 0.024 0.046 0.060 0.077 0.084 0.096 0.115 0.124 0.144 -25 0.005 0.008 0.039 0.028 0.031 0.055 0.090 0.082 0.071 0.113 0.146  0.142
0 0.008 0.009 0.022 0.028 0.048 0.050 0.072 0.088 0.095 0.107 0.122  0.149 0 0.006 0.010 0.026 0.040 0.031 0.051 0.077 0.103 0.070 0.103 0.129 0.165
25 0.009 0.010 0.018 0.031 0.049 0.052 0.066 0.093 0.100 0.105 0.121 0.156 25 0.007 0.012 0.020 0.050 0.037 0.053 0.066 0.117 0.078 0.106 0.121 0.181
5 0.010 0.011 0.015 0.034 0.051 0.055 0.065 0.099 0.106 0.107 0.117 0.167 5 0.008 0.013 0.016 0.056 0.039 0.053 0.060 0.129 0.083 0.105 0.113 0.198
10 0.011 0.011 0.014 0.038 0.056 0.053 0.062 0.106 0.109 0.106 0.115 0.170 10 0.011 0.012 0.014 0.063 0.043 0.052 0.055 0.141 0.090 0.102 0.105 0.218
25 0.011 0.009 0.013 0.041 0.058 0.052 0.059 0.113 0.109 0.107 0.116 0.179 25 0.011 0.010 0.011 0.080 0.047 0.052 0.053 0.165 0.096 0.098 0.099 0.239
50 0.013 0.009 0.013  0.045 0.055 0.048 0.058 0.115 0.110 0.101 0.112 0.183 50 0.012 0.009 0.010 0.092 0.052 0.049 0.051 0.181 0.101 0.098 0.102 0.253
75 0.011 0.009 0.013  0.045 0.056 0.049 0.059 0.117 0.111 0.100 0.113 0.183 75 0.013 0.010 0.011 0.099 0.053 0.049 0.052 0.193 0.104 0.098 0.102 0.263
100 0.010 0.008 0.014 0.046 0.058 0.048 0.061 0.118 0.111 0.100 0.115 0.184 100 0.012 0.010 0.011 0.104 0.054 0.050 0.053  0.200 0.107 0.098 0.103 0.268
125 0.010 0.008 0.014 0.048 0.055 0.047 0.061 0.120 0.113 0.101 0.117 0.185 125 0.013 0.010 0.013 0.109 0.056 0.050 0.053 0.203 0.110 0.099 0.106 0.273
150 0.008 0.009 0.014 0.049 0.055 0.047 0.062 0.121 0.115 0.102 0.119 0.189 150 0.013 0.011 0.013 0.111 0.056 0.050 0.053 0.205 0.110 0.101 0.109 0.279
200 0.008 0.010 0.016 0.051 0.054 0.048 0.062 0.122 0.116 0.103 0.121 0.189 200 0.013 0.011 0.013 0.115 0.056 0.051 0.055 0.210 0.115 0.104 0.110 0.284
250 0.009 0.010 0.016 0.052 0.055 0.050 0.065 0.123 0.116 0.101 0.121 0.186 250 0.014 0.010 0.013 0.118 0.055 0.051 0.054 0.213 0.114 0.107 0.113  0.290
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.31. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T' = 250 and
T = 1000. DGP10 (GoGARCH(1,1)): y: = Bxi—1 + ut,xt = pry—1 + we and wy = Ypwi—1 + vg, where 3 =0, p=1—¢/T,9p =0 and
(ut,vr) = ZHi/Qet = Zey, where e, = (e1t,e2t)', Z=1[1 —0.5,-0.5 1]1/2, H: = diag(o?;,03;), 0% are GARCH processes generated as
0% =0.05+0.1e?, |+ 0.850%,1, 1 =1,2 and & ~ iidt5(0,1I2) where t5(0,I2) defines a mean zero Student-¢ distribution with 5 degrees of
freedom and an 2 x 2 identity variance matrix.
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Left-sided tests Left-sided tests - 7" = 1000
¢ l;&mvn l;&p RWB [;:"R‘k" B 1;;;’7 RW B lemVV [ l:&R‘VR L:!‘F‘ RWB [frv" [ c [,:,’IRVVR [‘;;LF RW B IzEIVV oz 121‘]?‘1"13 L;}FRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IzEIVV Lo

-5 0.011 0.011 0.051 0.050 0.057 0.067 0.099 0.098 0.097 0.107 -5 0.010 0.010 0.023 0.022 0.047 0.050 0.050 0.055 0.097 0.098 0.083 0.096
-2.5 0.013 0.012 0.021 0.019 0.048 0.048 0.047 0.056 0.094 0.096 0.084 0.102 -2.5 0.009 0.009 0.016 0.017 0.048 0.046 0.040 0.051 0.094 0.101 0.072 0.095
0 0.012 0.012 0.022 0.018 0.047 0.049 0.056 0.057 0.093 0.095 0.093 0.104 0 0.008 0.008 0.018 0.016 0.046 0.048 0.051 0.056 0.091 0.096 0.088 0.100
25 0.013 0.012 0.019 0.021 0.053 0.049 0.057 0.062 0.098 0.096 0.103 0.111 25 0.009 0.010 0.017 0.019 0.047 0.046 0.055 0.061 0.096 0.095 0.102 0.104
5 0.013 0.012 0.016 0.021 0.053 0.050 0.057 0.066 0.100 0.099 0.105 0.114 5 0.009 0.010 0.016 0.020 0.049 0.048 0.057  0.060 0.098 0.095 0.103  0.106
10 0.013 0.012 0.013  0.021 0.055 0.051 0.055 0.068 0.103 0.101 0.106 0.115 10 0.009 0.009 0.014 0.022 0.049 0.047 0.054 0.061 0.097 0.096 0.102 0.107
25 0.013 0.012 0.014 0.023 0.052 0.052 0.057 0.067 0.107 0.103 0.107 0.117 25 0.010 0.010 0.011 0.025 0.049 0.048 0.051 0.068 0.096 0.094 0.098 0.109
50 0.011 0.010 0.013  0.021 0.053 0.050 0.055 0.069 0.107 0.101 0.107 0.117 50 0.010 0.010 0.010 0.028 0.047 0.048 0.049 0.071 0.098 0.096 0.101 0.116
75 0.010 0.008 0.012 0.020 0.054 0.050 0.055 0.068 0.109 0.102 0.109 0.120 75 0.010 0.010 0.011  0.029 0.049 0.047 0.050 0.074 0.101 0.097 0.101 0.118
100 0.009 0.009 0.012 0.020 0.054 0.050 0.055 0.068 0.108 0.101 0.107 0.120 100 0.010 0.011 0.012 0.031 0.050 0.050 0.053 0.074 0.101 0.099 0.100 0.117
125 0.008 0.009 0.013 0.019 0.052 0.047 0.055 0.067 0.106 0.100 0.106 0.119 125 0.010 0.010 0.010 0.030 0.049 0.050 0.051 0.075 0.101 0.097 0.099 0.120
150 0.009 0.009 0.013  0.020 0.050 0.048 0.055 0.068 0.105 0.096 0.105 0.117 150 0.010 0.009 0.010 0.030 0.050 0.049 0.051 0.075 0.101 0.098 0.099 0.122
200 0.009 0.010 0.013  0.021 0.050 0.047 0.053  0.069 0.105 0.098 0.105 0.120 200 0.009 0.009 0.010 0.030 0.050 0.048 0.051 0.077 0.101 0.098 0.101 0.123
250 0.009 0.010 0.014 0.022 0.050 0.047 0.054 0.070 0.107 0.100 0.108 0.120 250 0.009 0.008 0.009 0.030 0.049 0.049 0.052 0.078 0.101 0.099 0.101 0.124

Right-sided tests Right-sided tests - 7" = 1000
-5 0.010 0.011 0.022 0.026 0.055 0.054 0.057 0.068 0.104 0.103 0.095 0.113 -5 0.010 0.011 0.024 0.022 0.046 0.046 0.049 0.053 0.092 0.096 0.083 0.094
-2.5 0.010 0.009 0.021 0.017 0.053 0.052 0.049 0.061 0.101 0.102 0.086 0.109 -25 0.010 0.010 0.023 0.017 0.046 0.051 0.049 0.052 0.091 0.098 0.079 0.098
0 0.010 0.010 0.016 0.020 0.051 0.050 0.055 0.061 0.096 0.100 0.093 0.109 0 0.009 0.010 0.018 0.016 0.046 0.048 0.052 0.056 0.093 0.100 0.091 0.104
25 0.010 0.011 0.018 0.022 0.052 0.049 0.058 0.065 0.099 0.096 0.103 0.112 25 0.010 0.010 0.020 0.020 0.047 0.048 0.059 0.061 0.099 0.100 0.105 0.110
5 0.011 0.011 0.016 0.022 0.051 0.050 0.056 0.066 0.103 0.099 0.105 0.115 5 0.011 0.011 0.019 0.022 0.049 0.050 0.059 0.063 0.099 0.099 0.110 0.111
10 0.011 0.010 0.013 0.021 0.052 0.049 0.057 0.066 0.103 0.100 0.106 0.117 10 0.011 0.010 0.015 0.024 0.051 0.050 0.056 0.067 0.100 0.099 0.108 0.115
25 0.010 0.010 0.012 0.021 0.053 0.051 0.057 0.066 0.101 0.097 0.105 0.117 25 0.012 0.011 0.013  0.027 0.051 0.052 0.055 0.073 0.106 0.101 0.106 0.118
50 0.010 0.009 0.012 0.024 0.051 0.051 0.058 0.068 0.103 0.101 0.107 0.119 50 0.010 0.010 0.011  0.029 0.054 0.053 0.056 0.076 0.105 0.104 0.106 0.123
75 0.011 0.010 0.014 0.024 0.053 0.052 0.056 0.068 0.105 0.100 0.107 0.122 75 0.010 0.010 0.011 0.030 0.054 0.053 0.055 0.080 0.105 0.105 0.109 0.125
100 0.011 0.010 0.014 0.026 0.054 0.053 0.058 0.071 0.105 0.101 0.107 0.123 100 0.010 0.010 0.011 0.031 0.055 0.053 0.056 0.080 0.106 0.103 0.107 0.127
125 0.010 0.010 0.014 0.026 0.054 0.053 0.059 0.072 0.109 0.104 0.109 0.124 125 0.010 0.011 0.011 0.031 0.055 0.052 0.055 0.079 0.103 0.103 0.107 0.127
150 0.011 0.010 0.015 0.025 0.056 0.054 0.062 0.073 0.112 0.106 0.112 0.125 150 0.011 0.011 0.011 0.031 0.055 0.052 0.055 0.080 0.104 0.102 0.107 0.128
200 0.010 0.011 0.014 0.026 0.057 0.055 0.061 0.074 0.113 0.104 0.112 0.127 200 0.011 0.010 0.011 0.031 0.053 0.050 0.054 0.080 0.103 0.100 0.106 0.128
250 0.010 0.011 0.013 0.026 0.057 0.054 0.059 0.074 0.115 0.105 0.114 0.127 250 0.011 0.010 0.011 0.033 0.052 0.049 0.053 0.079 0.104 0.102 0.104 0.130

Two-sided tests Two-sided tests - 7" = 1000
-5 0.011 0.010 0.034 0.037 0.051 0.053 0.074 0.084 0.102 0.103 0.114 0.135 -5 0.008 0.010 0.037 0.030 0.047 0.048 0.070  0.069 0.093 0.097 0.100 0.108
-2.5 0.011 0.011 0.031 0.023 0.049 0.052 0.063 0.070 0.097 0.100 0.096 0.117 -25 0.010 0.010 0.030 0.023 0.045 0.046 0.061 0.061 0.092 0.097 0.089 0.103
0 0.011 0.011 0.028 0.024 0.049 0.049 0.068 0.070 0.095 0.098 0.111 0.118 0 0.007 0.009 0.028 0.019 0.044 0.046 0.061 0.063 0.089 0.096 0.103 0.112
25 0.012 0.011 0.025 0.027 0.054 0.052 0.070 0.077 0.101 0.099 0.115 0.127 25 0.010 0.009 0.026 0.027 0.045 0.047 0.066 0.073 0.094 0.094 0.114 0.122
5 0.013 0.012 0.020 0.026 0.053 0.051 0.065 0.077 0.102 0.100 0.113 0.132 5 0.011 0.009 0.025 0.030 0.047 0.047 0.067 0.076 0.097 0.097 0.116 0.123
10 0.012 0.010 0.015 0.028 0.053 0.049 0.061 0.079 0.106 0.100 0.113 0.135 10 0.011 0.010 0.016 0.032 0.049 0.047 0.061 0.079 0.099 0.097 0.110 0.127
25 0.013 0.011 0.014 0.031 0.053 0.049 0.058 0.082 0.107 0.102 0.114 0.133 25 0.010 0.011 0.013 0.037 0.050 0.048 0.054 0.088 0.099 0.099 0.105 0.141
50 0.011 0.010 0.014 0.029 0.052 0.051 0.059 0.082 0.105 0.101 0.113 0.137 50 0.011 0.010 0.011 0.039 0.051 0.049 0.054 0.097 0.101 0.100 0.105 0.147
75 0.009 0.008 0.013 0.030 0.053 0.049 0.061 0.082 0.106 0.101 0.111 0.136 75 0.009 0.009 0.010 0.040 0.052 0.050 0.056 0.099 0.102 0.101 0.105 0.154
100 0.009 0.009 0.014 0.029 0.052 0.050 0.061 0.084 0.109 0.102 0.114 0.139 100 0.008 0.010 0.010 0.042 0.050 0.049 0.054 0.099 0.105 0.100 0.109 0.153
125 0.009 0.009 0.014 0.029 0.050 0.051 0.059 0.084 0.107 0.101 0.114 0.139 125 0.009 0.009 0.010 0.043 0.052 0.050 0.054 0.099 0.105 0.102 0.106 0.155
150 0.009 0.009 0.015 0.030 0.049 0.050 0.059 0.085 0.106 0.101 0.116 0.141 150 0.008 0.010 0.010 0.044 0.051 0.049 0.054 0.099 0.103 0.101 0.106 0.155
200 0.007 0.011 0.015 0.030 0.050 0.049 0.061 0.085 0.106 0.100 0.115 0.143 200 0.010 0.008 0.010 0.044 0.050 0.049 0.054 0.101 0.103 0.098 0.105 0.157
250 0.008 0.011 0.015 0.032 0.050 0.047 0.061 0.087 0.106 0.100 0.114 0.144 250 0.009 0.008 0.010 0.044 0.048 0.047 0.052 0.103 0.102 0.098 0.105 0.157

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.32. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T = 250 and
T = 1000. DGP10 (GoGARCH(1,1)): y¢+ = Bat—1 + ut,xt = pri—1 + w and wy = Ywi—1 + ve, where 8 =0, p=1—¢/T,9p =0
and (ut,v) = ZHi/Qet = Ze;, where e; = (e1r,eat), Z =[1 0;0 1]1/2, H: = diag(c?,,03;), 02 are GARCH processes generated as
02 =0.05+0.1e?, | + 0.850%_1, 1t =1,2 and & ~ iidt5(0,1I2) where t5(0,I2) defines a mean zero Student-¢ distribution with 5 degrees of
freedom and an 2 x 2 identity variance matrix.
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Left-sided tests - 7" = 250 Left-sided tests - 7' = 1000

c t;(lll’\"” t;!‘f‘“liu’ B 'zE_p‘/V ton I;;LIU'V B ?;;},FRVVH tzE.T,VV toz t:!‘f‘“ltu' B 15}4’ tre c Y:ELRVVR Y:ELF,”/VH IZEIVV tae tzl‘!l“l’lf tzlrFl{VV B tlE;rV tew t‘;;bl“r‘lfli t;;bF,”VH tzE_T,VV toz
-5 0.009 0.000 0.002 0.002 0.050 0.005 0.009 0.010 0.099 0.018 0.024 0.022 -5 0.010 0.001 0.001 0.002 0.046 0.008 0.009 0.009 0.095 0.021 0.023 0.023
-25 0.009 0.000 0.000 0.001 0.049 0.001 0.001 0.002 0.103 0.004 0.004 0.006 -2.5 0.008 0.000 0.000 0.000 0.050 0.001 0.001 0.001 0.105 0.004 0.004 0.004
0 0.008 0.000 0.000 0.000  0.035 0.001 0.002 0.002  0.064 0.005 0.007  0.006 0 0010 0.000 0.000 0.000 0.035 0.002 0.002 0.003  0.062 0.006 0.006 0.008
25 0.016 0.001 0.002 0.001  0.055 0.007 0.009 0.009  0.095 0.019 0.020 0.021 25 0.018 0.001 0.001 0.001  0.054 0.010 0.010 0.012  0.094 0.023 0.024 0.025
5 0.019 0.002 0.002 0.003  0.061 0.014 0.014 0.016  0.107 0.032 0.032  0.032 5 0.020 0.002 0.003 0.004  0.059 0.017 0.017 0.019  0.105 0.036 0.037 0.038
10 0.017 0.004 0.003 0.005 0.062 0.021 0.021 0.023  0.109 0.046 0.047 0.048 10 0.018 0.004 0.005 0.006  0.063 0.024 0.024 0.027  0.107 0.050 0.050 0.054
25 0.014 0.005 0.006 0.008  0.060 0.031 0.034 0.034 0.111 0.062 0.064 0.066 25 0.014 0.006 0.007 0.009  0.057 0.031 0.030 0.033 0.111 0.065 0.065 0.068
50  0.013 0.007 0.007 0.009  0.061 0.038 0.040 0.038 0.112 0.075 0.078 0.076 50  0.012 0.007 0.007 0.010  0.057 0.035 0.036 0.039 0.107 0.073 0.073 0.076
75 0.013 0.008 0.009 0.010 0.062 0.039 0.043 0.042 0.112 0.082 0.085 0.082 75 0.012 0.008 0.008 0.010  0.055 0.037 0.037 0.039 0.108 0.077 0.077 0.077
100  0.013 0.008 0.010 0.011  0.058 0.041 0.044 0.043 0.115 0.086 0.091 0.084 100  0.012 0.008 0.008 0.010  0.053 0.038 0.039 0.040 0.106 0.078 0.080 0.082
125 0.013 0.009 0.010 0.011  0.056 0.042 0.046 0.045 0.113 0.088 0.093 0.084 125 0.011 0.007 0.007 0.010  0.053 0.040 0.041 0.042 0.103 0.079 0.080 0.082
150  0.013 0.009 0.011 0.011  0.057 0.045 0.048 0.045 0.113 0.090 0.095 0.088 150  0.012 0.007 0.008 0.010  0.054 0.041 0.042 0.044  0.104 0.081 0.081 0.082
200 0.011 0.010 0.011 0.011  0.056 0.047 0.051 0.047  0.111 0.094 0.100 0.091 200  0.011 0.008 0.008 0.010  0.054 0.043 0.043 0.044  0.104 0.085 0.085 0.086
250  0.012 0.010 0.013 0.011  0.057 0.049 0.053 0.047  0.115 0.100 0.105 0.094 250  0.011 0.008 0.008 0.010  0.054 0.043 0.045 0.046  0.104 0.086 0.085 0.087

Right-sided tests - T = 250 Right-sided tests - 7' = 1000
-5 0.011 0.015 0.041 0.019  0.045 0.083 0.117 0.078  0.094 0.160 0.199 0.149 -5 0.009 0.014 0.020 0.017  0.044 0.072 0.087 0.072  0.094 0.154 0.167 0.147
-2.5 0.015 0.021 0.046  0.020 0.055 0.115 0.157 0.109 0.113 0.251 0.284 0.235 -25 0.009 0.019 0.023 0.015 0.052 0.104 0.121  0.099 0.101 0.232 0.244 0.224
0 0.012 0.021 0.037 0.017 0.062 0.116 0.143 0.103 0.127 0.243 0.265 0.229 0 0.014 0.022 0.027 0.019 0.061 0.113 0.121  0.105 0.122 0.231 0.237  0.222
2.5 0.013 0.022 0.034 0.017 0.067 0.113 0.135 0.102 0.130 0.221 0.241 0.211 25 0.015 0.026 0.028 0.020 0.067 0.115 0.121 0.107 0.129 0.214 0.221  0.206
5 0014 0.021 0.031 0.018  0.064 0.106 0.121 0.096  0.125 0.200 0.216 0.190 5 0017 0.027 0.030 0.021  0.066 0.106 0.112 0.097 0.126 0.196 0.203 0.193
10 0.013 0.021 0.026 0.016  0.059 0.089 0.103 0.083 0.118 0.174 0.188 0.166 10 0.015 0.024 0.026 0.019  0.062 0.095 0.097 0.084 0.118 0.180 0.185 0.171
25  0.012 0.017 0.022 0.014  0.055 0.076 0.083 0.068  0.106 0.146 0.157 0.135 25 0.013 0.019 0.021 0.015  0.057 0.081 0.083 0.072  0.108 0.153 0.155 0.141
50  0.011 0.017 0.019 0.012  0.057 0.071 0.076 0.063  0.109 0.131 0.137 0.124 50  0.011 0.015 0.017 0.013  0.053 0.073 0.076 0.063  0.106 0.139 0.141 0.128
5 0.010 0.014 0.018 0.011 0.057 0.067 0.074 0.060 0.110 0.126 0.133 0.121 75 0.010 0.014 0.014 0.010 0.054 0.067 0.070 0.061 0.104 0.133 0.135 0.123
100 0.011 0.014 0.016 0.013 0.055 0.062 0.070 0.057 0.112 0.121 0.129 0.115 100 0.010 0.013 0.014 0.010 0.054 0.066 0.067 0.057 0.104 0.128 0.130 0.118
125 0.011 0.013 0.016 0.014 0.054 0.060 0.066 0.056 0.110 0.119 0.126 0.110 125 0.010 0.013 0.014 0.010 0.052 0.063 0.064 0.056 0.104 0.124 0.126 0.116
150 0.010 0.012 0.015 0.014 0.054 0.058 0.065 0.053 0.109 0.114 0.120 0.106 150 0.009 0.014 0.014 0.010 0.053 0.061 0.064 0.056 0.105 0.123 0.124 0.114
200 0.010 0.012 0.014 0.013 0.054 0.056 0.062 0.053 0.108 0.107 0.115 0.103 200 0.010 0.012 0.013 0.010 0.051 0.060 0.061 0.054 0.106 0.119 0.121 0.113
250 0.011 0.011 0.013 0.013 0.054 0.054 0.058 0.051 0.106 0.105 0.110 0.100 250 0.009 0.012 0.012 0.011 0.052 0.059 0.060 0.053 0.105 0.117 0.119 0.111
Two-sided tests - T' = 250 Two-sided tests - 7' = 1000
-5 0.010 0.009 0.029 0.013 0.045 0.039 0.079 0.044 0.096 0.086 0.126 0.088 -5 0.009 0.008 0.012 0.010 0.045 0.038 0.048 0.041 0.096 0.080 0.095 0.082
-2.5 0.012 0.012 0.031 0.011 0.051 0.049 0.091 0.052 0.103 0.116 0.158 0.111 -25 0.008 0.008 0.013  0.008 0.046 0.049 0.057 0.047 0.093 0.105 0.123  0.100
0 0.009 0.010 0.022 0.008 0.050 0.055 0.081 0.050 0.101 0.117 0.145 0.105 0 0.010 0.012 0.014 0.011 0.049 0.054 0.064 0.052 0.100 0.116 0.124 0.108
25 0.010 0.010 0.020 0.010 0.052 0.059 0.079 0.053 0.111 0.119 0.143 0.112 25 0.012 0.014 0.017 0.011 0.056 0.061 0.068 0.058 0.110 0.123 0.131 0.119
5 0.012 0.011 0.018 0.010 0.054 0.058 0.073 0.053 0.109 0.118 0.135 0.111 5 0.013 0.016 0.018 0.011 0.057 0.064 0.069 0.060 0.109 0.123 0.129 0.116
10 0.012 0.012 0.017 0.011 0.054 0.057 0.066 0.053 0.104 0.109 0.124 0.106 10 0.013 0.016 0.018 0.013 0.058 0.061 0.064 0.059 0.109 0.118 0.121 0.111
25 0.011 0.011 0.015 0.012 0.055 0.055 0.062 0.051 0.103 0.104 0.117 0.101 25 0.013 0.014 0.015 0.013 0.052 0.058 0.059 0.052 0.105 0.110 0.113  0.106
50 0.010 0.010 0.013 0.012 0.054 0.052 0.062 0.052 0.111 0.108 0.116 0.101 50 0.012 0.013 0.012 0.012 0.051 0.053 0.053 0.051 0.105 0.107 0.112 0.101
75 0.011 0.011 0.014 0.012 0.055 0.053 0.060 0.052 0.111 0.105 0.117 0.102 75 0.011 0.011 0.012 0.012 0.051 0.052 0.053 0.052 0.105 0.103 0.107 0.100
100 0.011 0.011 0.014 0.014 0.057 0.054 0.060 0.051 0.108 0.103 0.114 0.100 100 0.009 0.011 0.012 0.011 0.052 0.052 0.053 0.050 0.105 0.103 0.106  0.097
125 0.011 0.011 0.014 0.014 0.054 0.051 0.059 0.050 0.110 0.101 0.111 0.100 125 0.009 0.011 0.011 0.010 0.051 0.051 0.052 0.050 0.102 0.102 0.105 0.098
150 0.011 0.011 0.014 0.014 0.054 0.052 0.059 0.052 0.109 0.101 0.114 0.098 150 0.009 0.010 0.010 0.010 0.052 0.051 0.053 0.051 0.104 0.102 0.106  0.099
200 0.012 0.012 0.015 0.014 0.052 0.052 0.059 0.053 0.109 0.102 0.113  0.099 200 0.009 0.010 0.010 0.011 0.054 0.051 0.052 0.051 0.103 0.103 0.104 0.099
250 0.011 0.011 0.015 0.013 0.053 0.051 0.058 0.053 0.108 0.101 0.111 0.098 250 0.010 0.009 0.010 0.011 0.052 0.050 0.054 0.048 0.105 0.101 0.105 0.099
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main

text.

Table D.33. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T" = 250 and
T = 1000. DGP11 (Stochastic Volatility): y: = Sxt—1 + us, x¢ = pre—1 + wt and wy = Ywi—1 + v, where 5 =0, p=1—¢/T,p =0 and
(ut,vt) follow from a first-order AR stochastic volatility process as (u+ = e1rexp(hit), v+ = earexp(hat))’ with hiy = Ah; t—1 +0.5&;, i = 1,2 and
(&ir,eir) ~ NIID(O,diag(ag, 1)), independent across i = 1,2. Results are reported for (X, 0¢) = (0.951,0.314) and (e, e2:)’ ~ NIID(0,X)
with X =[1 —0.95;-0.95 1].
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Left-sided tests - 7" = 250 Left-sided tests - 7" = 1000
¢ l;&vfi”"l? l;}p RWB [;;‘RW' B I;i"" RW B leatVV [ lzl‘fﬂ'\"ﬁ‘ L:!‘F‘ RWB [frv’ [ c [,:,’IRVVR [‘;;LF RW B IzEJVV oz 12;_’?”"5‘ L;'JFRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IZE‘J‘,VV Lo

-5 0.009 0.000 0.050 0.006 0.012 0.012 0.100 0.021 0.030 0.025 -5 0.011 0.001 0.002 0.002 0.049 0.009 0.010 0.011 0.097 0.024 0.027 0.026
-2.5 0.009 0.000 0.001 0.001 0.050 0.001 0.002 0.002 0.106 0.004 0.006 0.006 -2.5 0.008 0.000 0.000 0.000 0.050 0.001 0.002 0.002 0.105 0.004 0.005 0.005
0 0.008 0.000 0.000 0.001 0.034 0.002 0.002 0.002 0.064 0.007 0.008 0.007 0 0.010 0.000 0.000 0.000 0.034 0.003 0.003 0.003 0.062 0.007 0.008 0.009
25 0.015 0.001 0.002 0.002 0.051 0.008 0.010 0.010 0.092 0.022 0.023 0.023 25 0.016 0.001 0.001 0.001 0.053 0.011 0.012 0.012 0.093 0.025 0.025 0.027
5 0.018 0.003 0.003 0.003 0.058 0.014 0.016 0.017 0.104 0.033 0.035 0.034 5 0.018 0.003 0.003 0.004 0.058 0.018 0.017  0.020 0.104 0.037 0.038 0.040
10 0.016 0.003 0.004 0.006 0.060 0.021 0.023 0.025 0.108 0.047 0.048 0.049 10 0.016 0.005 0.005 0.007 0.062 0.025 0.025 0.027 0.106 0.052 0.052 0.057
25 0.014 0.005 0.006 0.008 0.059 0.032 0.034 0.033 0.110 0.065 0.066 0.067 25 0.014 0.007 0.007 0.009 0.058 0.032 0.031 0.034 0.110 0.067 0.068 0.070
50 0.014 0.007 0.007 0.009 0.059 0.038 0.040 0.039 0.112 0.077 0.079 0.077 50 0.013 0.008 0.007 0.010 0.056 0.035 0.036 0.039 0.109 0.075 0.076 0.077
75 0.012 0.008 0.009 0.010 0.060 0.039 0.042 0.042 0.113 0.082 0.085 0.082 75 0.012 0.007 0.008 0.010 0.055 0.036 0.037 0.041 0.107 0.077 0.077 0.078
100 0.014 0.008 0.010 0.011 0.059 0.041 0.044 0.043 0.116 0.089 0.093 0.085 100 0.012 0.007 0.008 0.010 0.055 0.039 0.040 0.042 0.106 0.080 0.080 0.081
125 0.013 0.009 0.010 0.011 0.059 0.042 0.045 0.044 0.113 0.092 0.094 0.088 125 0.011 0.008 0.008 0.010 0.055 0.040 0.042 0.043 0.103 0.080 0.082 0.082
150 0.013 0.008 0.011 0.011 0.058 0.043 0.047 0.045 0.115 0.096 0.098 0.090 150 0.011 0.008 0.008 0.010 0.055 0.041 0.043 0.043 0.104 0.082 0.083 0.085
200 0.011 0.010 0.011 0.012 0.057 0.046 0.051 0.047 0.113 0.096 0.100 0.093 200 0.010 0.007 0.008 0.009 0.055 0.044 0.044 0.046 0.103 0.085 0.086 0.085
250 0.011 0.010 0.013 0.011 0.056 0.048 0.053 0.049 0.114 0.099 0.105 0.097 250 0.011 0.008 0.008 0.010 0.056 0.044 0.044 0.047 0.103 0.088 0.086 0.088

Right-sided tests - T = 250 Right-sided tests - T' = 1000
-5 0.009 0.014 0.042 0.019 0.044 0.077 0.114 0.075 0.091 0.157 0.198 0.145 -5 0.010 0.013 0.020 0.016 0.047 0.079 0.089 0.077 0.097 0.156 0.168 0.146
-2.5 0.012 0.018 0.050 0.019 0.056 0.117 0.160 0.110 0.113 0.249 0.282 0.233 -25 0.010 0.017 0.024 0.016 0.051 0.107 0.123 0.100 0.104 0.229 0.243  0.220
0 0.012 0.020 0.040 0.019 0.065 0.115 0.144 0.105 0.129 0.242 0.263 0.224 0 0.013 0.023 0.026 0.020 0.058 0.111 0.121 0.103 0.122 0.226 0.234 0.216
25 0.014 0.021 0.036 0.018 0.067 0.115 0.134 0.104 0.132 0.216 0.239 0.206 25 0.014 0.026 0.028 0.020 0.067 0.111 0.118 0.103 0.125 0.208 0.217 0.198
5 0.013 0.020 0.031 0.017 0.064 0.104 0.118 0.096 0.128 0.196 0.210 0.184 5 0.016 0.025 0.028 0.020 0.065 0.103 0.108 0.095 0.124 0.194 0.198 0.186
10 0.012 0.020 0.025 0.017 0.061 0.090 0.101 0.083 0.116 0.170 0.181 0.161 10 0.015 0.023 0.026 0.018 0.060 0.093 0.095 0.085 0.116 0.175 0.181 0.166
25 0.012 0.017 0.021 0.014 0.054 0.074 0.081 0.066 0.105 0.140 0.151 0.132 25 0.013 0.018 0.019 0.013 0.055 0.079 0.082 0.071 0.110 0.150 0.154 0.140
50 0.010 0.015 0.018 0.012 0.057 0.068 0.075 0.063 0.107 0.130 0.135 0.120 50 0.011 0.016 0.015 0.012 0.053 0.070 0.073 0.061 0.106 0.137 0.139 0.125
75 0.010 0.014 0.016 0.011 0.056 0.065 0.071 0.061 0.108 0.125 0.131 0.118 75 0.009 0.014 0.014 0.010 0.052 0.067 0.068 0.059 0.103 0.130 0.130 0.120
100 0.010 0.013 0.016 0.012 0.054 0.062 0.069 0.058 0.110 0.121 0.127 0.114 100 0.010 0.014 0.014 0.010 0.052 0.064 0.065 0.058 0.103 0.125 0.127 0.117
125 0.011 0.013 0.016 0.013 0.054 0.058 0.064 0.054 0.108 0.118 0.125 0.108 125 0.011 0.013 0.014 0.011 0.052 0.062 0.064 0.055 0.102 0.122 0.124 0.113
150 0.010 0.012 0.015 0.012 0.054 0.057 0.062 0.052 0.108 0.113 0.119 0.106 150 0.010 0.013 0.014 0.010 0.051 0.061 0.062 0.054 0.102 0.120 0.122 0.112
200 0.010 0.011 0.014 0.013 0.054 0.055 0.060 0.052 0.106 0.107 0.113 0.103 200 0.010 0.013 0.013 0.011 0.053 0.059 0.061 0.054 0.102 0.116 0.118 0.111
250 0.010 0.011 0.013 0.012 0.054 0.053 0.058 0.052 0.107 0.104 0.109 0.100 250 0.010 0.012 0.012 0.011 0.052 0.059 0.060 0.054 0.103 0.116 0.118 0.110

Two-sided tests - 7' = 250 Two-sided tests - 7" = 1000
-5 0.008 0.008 0.033 0.012 0.044 0.038 0.081 0.045 0.093 0.083 0.126  0.087 -5 0.009 0.007 0.012 0.010 0.048 0.041 0.052 0.043 0.100 0.086 0.099 0.088
-2.5 0.010 0.010 0.032 0.010 0.051 0.052 0.093 0.053 0.104 0.117 0.162 0.112 -25 0.008 0.009 0.014 0.009 0.045 0.050 0.063 0.046 0.093 0.108 0.125 0.102
0 0.009 0.010 0.024 0.009 0.053 0.058 0.083 0.054 0.104 0.117 0.146 0.107 0 0.009 0.011 0.014 0.010 0.048 0.057 0.063 0.051 0.099 0.112 0.124 0.107
25 0.010 0.010 0.022 0.010 0.056 0.059 0.080 0.056 0.111 0.121 0.143 0.113 25 0.011 0.014 0.017 0.011 0.056 0.060 0.068 0.058 0.107 0.122 0.130 0.115
5 0.011 0.011 0.019 0.010 0.055 0.058 0.071 0.055 0.109 0.117 0.135 0.113 5 0.013 0.014 0.018 0.012 0.056 0.062 0.069 0.058 0.110 0.120 0.125 0.115
10 0.012 0.012 0.017 0.011 0.052 0.055 0.066 0.052 0.105 0.110 0.124 0.107 10 0.014 0.015 0.018 0.013 0.056 0.060 0.063 0.057 0.107 0.115 0.120 0.112
25 0.011 0.012 0.015 0.012 0.053 0.054 0.061 0.053 0.102 0.106 0.115 0.099 25 0.013 0.014 0.014 0.013 0.052 0.055 0.057 0.054 0.104 0.110 0.114 0.105
50 0.011 0.011 0.013 0.012 0.054 0.055 0.061 0.050 0.110 0.106 0.115 0.101 50 0.011 0.012 0.012 0.012 0.052 0.054 0.056 0.052 0.103 0.105 0.109 0.100
75 0.011 0.010 0.013 0.012 0.053 0.053 0.059 0.051 0.110 0.103 0.114 0.103 75 0.011 0.011 0.011 0.012 0.053 0.052 0.054 0.050 0.104 0.103 0.105 0.100
100 0.010 0.011 0.014 0.014 0.052 0.050 0.057 0.051 0.109 0.102 0.112 0.101 100 0.011 0.011 0.011 0.011 0.051 0.051 0.054 0.050 0.103 0.103 0.105 0.099
125 0.011 0.012 0.015 0.014 0.053 0.051 0.058 0.051 0.106 0.100 0.109 0.098 125 0.010 0.010 0.011 0.010 0.052 0.052 0.054 0.051 0.104 0.103 0.105 0.098
150 0.011 0.010 0.015 0.014 0.053 0.051 0.058 0.052 0.107 0.100 0.109 0.097 150 0.009 0.009 0.010 0.010 0.053 0.050 0.053 0.051 0.105 0.102 0.105 0.097
200 0.011 0.012 0.015 0.013 0.052 0.051 0.056 0.053 0.108 0.101 0.112 0.100 200 0.009 0.009 0.010 0.011 0.052 0.050 0.052 0.049 0.106 0.103 0.105 0.100
250 0.011 0.012 0.015 0.014 0.053 0.050 0.057 0.053 0.109 0.101 0.111 0.100 250 0.010 0.009 0.010 0.012 0.051 0.049 0.052 0.049 0.105 0.102 0.104 0.100

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.34. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T' =
1000. DGP11 (Stochastic Volatility): v+ = Bxt—1 +ut, vt = pre—1 +w and we = Ywi—1 + v, where B=10, p=1—¢/T,7 =0 and (ut,vt)’
follow from a first-order AR stochastic volatility process as (u; = ejrexp(hit),ve = earexp(hat)) with hy = Ahit—1 +0.58;, ¢ =1,2. and
(it eit) ~ NUD(O,diag(af, 1)), independent across i = 1,2. Results are reported for (X, 0¢) = (0.951,0.314) and (e, e2:)’ ~ NIID(0,X)
withZ=[1 —0.9;-0.9 1]
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Left-sided tests - 7" = 250 Left-sided tests - 7' = 1000

c t;:ll’\"” t;!‘f‘“liu’ B 'zE_p‘/V ton I;;LIU'V B ?;;},FRVVH tzE.T,VV toz t:!‘f‘“ltu' B IEI‘/V tre c f:;bRVVR Y:ELF,”/VH IZE.T,VV tae t;}’lw” t;(Fl{VV B tlE;rV tew t;;bl“r‘lfli f;;LF,”VH tzE_T,VV toz
-5 0.225 0.003 0.015 0.005 0.235 0.020 0.037 0.026 0.247 0.051 0.067 0.053 -5 0.011 0.004 0.009 0.005 0.055 0.026 0.036 0.028 0.106 0.059 0.070 0.057
-25 0.010 0.001 0.007  0.002 0.047 0.008 0.016 0.011 0.097 0.022 0.030 0.024 -2.5 0.011 0.002 0.005 0.002 0.051 0.011 0.016 0.011 0.101 0.026 0.032 0.027
0  0.006 0.001 0.004 0.002  0.032 0.010 0.015 0.012  0.063 0.024 0.030 0.026 0 0.009 0.001 0.003 0.003  0.036 0.013 0.015 0.014  0.067 0.031 0.034 0.031
25  0.010 0.003 0.005 0.004  0.042 0.018 0.022 0.020  0.085 0.041 0.048 0.043 25 0.012 0.004 0.006 0.006  0.048 0.024 0.026 0.026  0.091 0.050 0.051 0.052
5 0011 0.004 0.006 0.005  0.049 0.024 0.028 0.026  0.094 0.054 0.057 0.057 5 0013 0.006 0.005 0.007  0.053 0.030 0.032 0.031  0.096 0.061 0.063 0.062
10 0.010 0.005 0.007 0.008  0.053 0.032 0.035 0.032  0.100 0.067 0.070 0.067 10 0.013 0.006 0.007 0.008  0.053 0.035 0.036 0.037 0.103 0.069 0.070 0.071
25  0.011 0.008 0.009 0.009 0.053 0.039 0.041 0.041  0.107 0.080 0.084 0.080 25 0.011 0.008 0.008 0.010  0.057 0.039 0.040 0.043  0.102 0.080 0.081 0.079
50  0.011 0.009 0.010 0.011  0.054 0.043 0.047 0.045  0.109 0.091 0.094 0.090 50  0.011 0.008 0.008 0.010  0.053 0.042 0.044 0.046  0.103 0.084 0.086 0.083
75 0.010 0.009 0.010 0.011  0.055 0.045 0.050 0.046  0.111 0.093 0.097 0.093 75 0.011 0.008 0.008 0.010  0.053 0.045 0.045 0.046  0.103 0.089 0.089 0.087
100  0.011 0.008 0.011 0.011  0.055 0.047 0.052 0.048  0.109 0.095 0.101 0.095 100 0.010 0.009 0.008 0.009  0.055 0.046 0.048 0.047  0.102 0.088 0.091 0.089
125 0.010 0.008 0.011 0.010  0.055 0.047 0.052 0.049  0.112 0.100 0.104 0.096 125 0.010 0.008 0.008 0.009  0.054 0.047 0.047 0.047  0.104 0.090 0.092 0.090
150  0.011 0.009 0.011 0.011  0.053 0.046 0.052 0.048 0.112 0.100 0.104 0.098 150  0.010 0.008 0.008 0.010  0.053 0.046 0.047 0.046  0.104 0.092 0.094 0.092
200  0.010 0.010 0.011 0.010  0.056 0.048 0.054 0.050 0.114 0.103 0.108 0.102 200  0.010 0.008 0.008 0.009  0.053 0.047 0.048 0.047  0.105 0.094 0.095 0.094
250  0.010 0.009 0.012 0.011  0.054 0.051 0.056 0.054 0.114 0.103 0.110 0.102 250  0.009 0.008 0.009 0.010  0.053 0.047 0.048 0.048  0.104 0.096 0.097 0.095

Right-sided tests - T = 250 Right-sided tests - 7' = 1000
-5 0.009 0.016 0.048 0.019  0.049 0.074 0.109 0.069  0.095 0.141 0.169 0.130 -5 0.008 0.014 0.029 0.016  0.046 0.067 0.088 0.067  0.095 0.136 0.157 0.127
-25  0.013 0.022 0.055 0.022  0.059 0.107 0.131 0.100 0.115 0.199 0.214 0.190 -25 0.010 0.018 0.040 0.018  0.052 0.096 0.116 0.092  0.104 0.187 0.201 0.181
0 0014 0.022 0.045 0.021  0.069 0.100 0.124 0.096  0.131 0.193 0.208 0.185 0 0013 0.019 0.029 0.017  0.059 0.095 0.109 0.089 0.124 0.181 0.193 0.178
25 0.014 0.020 0.036 0.020  0.066 0.093 0.107 0.089  0.127 0.169 0.184 0.164 25 0.013 0.019 0.024 0.018  0.062 0.087 0.093 0.082 0.114 0.158 0.165 0.152
5 0012 0.018 0.028 0.018  0.060 0.083 0.096 0.080  0.120 0.154 0.169 0.151 5 0013 0.018 0.021 0.017  0.057 0.080 0.086 0.075  0.111 0.145 0.151 0.142
10 0.011 0.015 0.020 0.016  0.058 0.073 0.083 0.071  0.111 0.141 0.148 0.136 10 0.012 0.017 0.017 0.015  0.055 0.071 0.074 0.067  0.106 0.137 0.139 0.133
25  0.010 0.013 0.017 0.012  0.050 0.061 0.066 0.058  0.101 0.118 0.128 0.117 25 0.011 0.014 0.015 0.012  0.052 0.062 0.065 0.060 0.101 0.123 0.126 0.122
50  0.010 0.012 0.015 0.013  0.052 0.058 0.062 0.054  0.098 0.108 0.114 0.106 50 0.010 0.013 0.013 0.010  0.050 0.060 0.061 0.055 0.103 0.117 0.120 0.113
5 0.011 0.013 0.015 0.013 0.051 0.054 0.060 0.052 0.098 0.106 0.112 0.102 75 0.008 0.011 0.011 0.009 0.050 0.058 0.061 0.054 0.099 0.114 0.116 0.107
100 0.011 0.012 0.014 0.012 0.051 0.056 0.061 0.052 0.099 0.107 0.112 0.103 100 0.008 0.011 0.011 0.009 0.051 0.058 0.060 0.054 0.099 0.112 0.114 0.106
125 0.010 0.010 0.013 0.012 0.050 0.053 0.060 0.052 0.102 0.109 0.112 0.103 125 0.009 0.011 0.011 0.009 0.051 0.058 0.059 0.053 0.100 0.111 0.114 0.107
150 0.009 0.011 0.013 0.011 0.050 0.052 0.059 0.053 0.104 0.107 0.113 0.102 150 0.010 0.012 0.011 0.010 0.052 0.058 0.059 0.052 0.102 0.113 0.113  0.106
200 0.008 0.009 0.011 0.011 0.053 0.054 0.060 0.052 0.106 0.105 0.111 0.101 200 0.010 0.012 0.013 0.010 0.049 0.055 0.057 0.050 0.103 0.110 0.113  0.106
250 0.009 0.010 0.012 0.011 0.051 0.051 0.056 0.050 0.107 0.103 0.110 0.100 250 0.011 0.012 0.012 0.011 0.049 0.053 0.055 0.051 0.103 0.109 0.111 0.105
Two-sided tests - T' = 250 Two-sided tests - 7' = 1000
-5 0.008 0.008 0.047 0.016 0.049 0.049 0.098 0.053 0.095 0.092 0.146  0.095 -5 0.009 0.008 0.024 0.011 0.048 0.045 0.074 0.046 0.099 0.093 0.124  0.094
-2.5 0.011 0.011 0.045 0.013 0.053 0.060 0.100 0.057 0.105 0.114 0.148 0.111 -25 0.009 0.010 0.030 0.011 0.047 0.052 0.082 0.050 0.097 0.106 0.132  0.103
0 0.011 0.012 0.033 0.012 0.054 0.056 0.087 0.056 0.106 0.111 0.139 0.108 0 0.010 0.010 0.021 0.010 0.049 0.052 0.065 0.051 0.100 0.108 0.125 0.103
25 0.010 0.011 0.027 0.013 0.054 0.055 0.076  0.057 0.108 0.111 0.129 0.109 25 0.012 0.011 0.018 0.012 0.053 0.056 0.062 0.055 0.105 0.111 0.118 0.108
5 0.011 0.011 0.020 0.012 0.053 0.053 0.069 0.057 0.106 0.108 0.124 0.107 5 0.010 0.012 0.015 0.012 0.055 0.054 0.059 0.055 0.105 0.109 0.118 0.106
10 0.009 0.009 0.014 0.011 0.053 0.050 0.061 0.055 0.106 0.104 0.118 0.103 10 0.012 0.012 0.013 0.013 0.055 0.054 0.056 0.056 0.104 0.107 0.110 0.104
25 0.010 0.011 0.014 0.012 0.052 0.049 0.055 0.051 0.100 0.097 0.107 0.099 25 0.011 0.011 0.011 0.012 0.052 0.051 0.054 0.053 0.104 0.103 0.105 0.102
50 0.011 0.011 0.014 0.012 0.049 0.048 0.054 0.051 0.102 0.100 0.109 0.099 50 0.011 0.010 0.010 0.011 0.052 0.050 0.052 0.050 0.101 0.102 0.105 0.100
75 0.011 0.011 0.013 0.013 0.052 0.049 0.056 0.052 0.104 0.100 0.110 0.098 75 0.010 0.010 0.009 0.011 0.051 0.050 0.052 0.049 0.103 0.103 0.106 0.100
100 0.010 0.010 0.013 0.013 0.052 0.048 0.056 0.052 0.104 0.101 0.112 0.100 100 0.009 0.009 0.010 0.010 0.049 0.048 0.051 0.050 0.105 0.105 0.107 0.101
125 0.008 0.009 0.013 0.013 0.051 0.049 0.056 0.052 0.104 0.100 0.112 0.101 125 0.009 0.009 0.010 0.010 0.050 0.049 0.051 0.050 0.105 0.104 0.107 0.100
150 0.007 0.009 0.011 0.011 0.049 0.049 0.056 0.053 0.104 0.098 0.111 0.101 150 0.010 0.009 0.010 0.010 0.050 0.049 0.049 0.049 0.104 0.102 0.105 0.098
200 0.007 0.008 0.012 0.012 0.047 0.048 0.056 0.052 0.105 0.101 0.115 0.102 200 0.010 0.010 0.010 0.010 0.049 0.049 0.051 0.050 0.102 0.100 0.105 0.097
250 0.008 0.009 0.013 0.013 0.051 0.051 0.059 0.051 0.105 0.101 0.112 0.104 250 0.010 0.010 0.011 0.011 0.050 0.048 0.050 0.050 0.102 0.099 0.103  0.099
Note: ¢, and tZW correspond to the statistics presented in (9) and (13) of the main text, and t:f,’mRWB and t:;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.35. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T' =
1000. DGP11 (Stochastic Volatility): y: = xi—1 + ut, vt = pri—1 +we and wi = Ywi—1 + v, where 3=0, p=1—c/T,vp =0 and (u¢, v¢)’
follow from a first-order AR stochastic volatility process as (u; = e1rexp(hit),ve = earexp(hat))’ with hy = Ahit—1+0.58;, ¢ =1,2. and
(&ir,eir) ~ NIID(O,diag(ag, 1)), independent across i = 1,2. Results are reported for (X, 0¢) = (0.951,0.314) and (e, e2:)’ ~ NIID(0,X)
with S =[1 —05;-05 1I].

a8'S



Left-sided tests - 7" = 250 Left-sided tests - 7" = 1000
¢ l;&vfi”"l? l;}p RWB [;;‘RW' B I;i"" RW B leatVV [ lzl‘fﬂ'\"ﬁ‘ L:!‘F‘ RWB [frv’ [ c [,:,’IRVVR [‘;;LF RW B IzEJVV oz 12;_’?”"5‘ L;'JFRVVR [A!E]y‘/’ [ [:;LRVVR [;;LF RWB IZE‘J‘,VV Lo

-5 0.011 0.010 0.052 0.050 0.080 0.051 0.103 0.103 0.124 0.098 -5 0.010 0.011 0.025 0.012 0.053 0.055 0.071 0.052 0.105 0.104 0.122 0.103
-2.5 0.011 0.011 0.028 0.012 0.051 0.050 0.063 0.051 0.100 0.100 0.103 0.097 -2.5 0.010 0.012 0.028 0.012 0.051 0.052 0.066 0.050 0.102 0.104 0.111 0.101
0 0.011 0.011 0.024 0.011 0.051 0.051 0.061 0.050 0.099 0.097 0.101 0.096 0 0.012 0.012 0.022 0.013 0.053 0.053 0.063 0.051 0.104 0.105 0.107 0.101
25 0.010 0.009 0.017 0.010 0.050 0.047 0.058 0.049 0.099 0.097 0.106 0.095 25 0.013 0.013 0.016 0.013 0.054 0.052 0.058 0.053 0.100 0.101 0.105 0.099
5 0.009 0.009 0.014 0.010 0.051 0.048 0.057 0.049 0.099 0.096 0.108 0.094 5 0.012 0.012 0.015 0.012 0.052 0.052 0.055 0.051 0.099 0.097 0.102  0.096
10 0.010 0.010 0.012 0.011 0.051 0.049 0.055 0.049 0.098 0.099 0.106 0.096 10 0.012 0.012 0.012 0.013 0.053 0.053 0.054 0.051 0.099 0.100 0.102  0.096
25 0.011 0.010 0.012 0.011 0.051 0.051 0.055 0.052 0.102 0.102 0.110 0.099 25 0.012 0.012 0.012 0.013 0.051 0.053 0.055 0.051 0.101 0.099 0.100 0.097
50 0.011 0.010 0.012 0.011 0.052 0.049 0.055 0.051 0.106 0.104 0.111 0.101 50 0.012 0.011 0.012 0.013 0.050 0.051 0.051 0.049 0.099 0.099 0.099 0.095
75 0.009 0.009 0.011 0.011 0.053 0.052 0.057 0.052 0.108 0.105 0.110 0.104 75 0.012 0.010 0.011 0.012 0.051 0.051 0.052 0.050 0.100 0.100 0.102 0.095
100 0.009 0.009 0.011 0.011 0.054 0.052 0.058 0.053 0.108 0.104 0.109 0.103 100 0.011 0.011 0.011 0.012 0.053 0.053 0.052 0.051 0.102 0.100 0.101 0.097
125 0.009 0.009 0.012 0.011 0.053 0.052 0.058 0.054 0.110 0.105 0.113 0.104 125 0.012 0.010 0.010 0.012 0.054 0.051 0.053 0.052 0.102 0.101 0.102 0.097
150 0.009 0.010 0.013 0.012 0.054 0.051 0.058 0.052 0.112 0.106 0.111 0.105 150 0.011 0.011 0.010 0.012 0.052 0.052 0.052 0.051 0.103 0.101 0.103 0.098
200 0.009 0.011 0.013 0.012 0.052 0.051 0.057 0.051 0.112 0.106 0.112 0.107 200 0.011 0.010 0.011 0.011 0.051 0.051 0.052 0.051 0.101 0.102 0.103 0.097
250 0.009 0.010 0.013 0.012 0.055 0.052 0.057 0.054 0.111 0.105 0.110 0.106 250 0.010 0.010 0.011 0.010 0.051 0.051 0.052 0.050 0.100 0.100 0.102 0.098

Right-sided tests - T = 250 Right-sided tests - T' = 1000
-5 0.010 0.010 0.035 0.014 0.051 0.051 0.074 0.051 0.100 0.101 0.116 0.097 -5 0.009 0.009 0.025 0.012 0.050 0.049 0.070  0.050 0.099 0.099 0.117  0.094
-2.5 0.010 0.010 0.027 0.012 0.052 0.051 0.061 0.050 0.104 0.102 0.098 0.101 -25 0.011 0.011 0.026 0.012 0.050 0.050 0.063 0.050 0.097 0.096 0.109 0.095
0 0.011 0.011 0.023 0.011 0.056 0.054 0.062 0.053 0.107 0.104 0.107 0.102 0 0.010 0.010 0.019 0.010 0.047 0.047 0.056 0.046 0.097 0.100 0.101 0.095
25 0.012 0.012 0.020 0.012 0.055 0.055 0.065 0.055 0.110 0.105 0.114 0.106 25 0.011 0.011 0.014 0.011 0.050 0.049 0.056 0.048 0.099 0.099 0.104 0.097
5 0.011 0.012 0.016 0.013 0.058 0.056 0.062 0.054 0.107 0.103 0.112 0.106 5 0.010 0.010 0.013 0.011 0.049 0.050 0.052 0.049 0.100 0.098 0.104 0.097
10 0.011 0.010 0.014 0.012 0.056 0.054 0.060 0.053 0.107 0.105 0.111 0.104 10 0.010 0.010 0.011 0.011 0.049 0.050 0.050 0.048 0.100 0.101 0.102 0.099
25 0.010 0.009 0.011 0.010 0.053 0.052 0.056 0.053 0.106 0.105 0.111 0.102 25 0.010 0.009 0.010 0.011 0.049 0.048 0.049 0.047 0.102 0.100 0.100 0.097
50 0.010 0.010 0.011 0.010 0.051 0.051 0.055 0.053 0.103 0.101 0.106 0.099 50 0.010 0.010 0.009 0.010 0.050 0.049 0.050 0.048 0.098 0.098 0.100 0.096
5 0.010 0.008 0.011 0.010 0.051 0.050 0.056 0.052 0.103 0.100 0.105 0.097 75 0.010 0.010 0.011 0.010 0.050 0.049 0.049 0.048 0.099 0.098 0.099 0.097
100 0.010 0.009 0.012 0.010 0.051 0.050 0.054 0.054 0.101 0.098 0.104 0.097 100 0.010 0.010 0.010 0.010 0.049 0.048 0.049 0.046 0.099 0.098 0.100 0.099
125 0.009 0.010 0.012 0.011 0.051 0.048 0.054 0.050 0.103 0.098 0.105 0.096 125 0.009 0.009 0.011 0.011 0.050 0.047 0.050 0.049 0.099 0.099 0.099 0.096
150 0.009 0.009 0.012 0.011 0.051 0.048 0.054 0.051 0.103 0.099 0.106 0.097 150 0.010 0.009 0.010 0.011 0.050 0.049 0.050 0.049 0.098 0.098 0.098 0.095
200 0.008 0.009 0.012 0.010 0.051 0.051 0.055 0.053 0.105 0.099 0.104 0.098 200 0.009 0.010 0.011 0.010 0.049 0.050 0.051 0.049 0.099 0.098 0.100 0.096
250 0.008 0.010 0.013 0.011 0.050 0.050 0.054 0.050 0.103 0.099 0.106 0.099 250 0.010 0.011 0.011 0.011 0.050 0.050 0.051 0.048 0.100 0.096 0.099 0.098

Two-sided tests - 7' = 250 Two-sided tests - 7" = 1000
-5 0.009 0.009 0.057 0.017 0.051 0.051 0.106 0.060 0.101 0.100 0.154 0.103 -5 0.009 0.010 0.034 0.013 0.051 0.052 0.089 0.055 0.102 0.105 0.141 0.102
-2.5 0.009 0.010 0.043 0.013 0.051 0.053 0.087 0.055 0.102 0.101 0.124 0.101 -25 0.011 0.012 0.039 0.013 0.051 0.051 0.082 0.051 0.101 0.102 0.129 0.100
0 0.011 0.011 0.035 0.013 0.053 0.052 0.077 0.054 0.104 0.105 0.123 0.103 0 0.012 0.013 0.029 0.013 0.053 0.053 0.071 0.052 0.099 0.100 0.119 0.097
25 0.010 0.011 0.023 0.012 0.054 0.053 0.071 0.055 0.105 0.103 0.123 0.104 25 0.012 0.012 0.020 0.013 0.052 0.050 0.063 0.052 0.102 0.101 0.113 0.101
5 0.010 0.010 0.017 0.013 0.054 0.053 0.066 0.055 0.107 0.104 0.119 0.103 5 0.012 0.013 0.016 0.014 0.052 0.051 0.057 0.053 0.100 0.101 0.108 0.099
10 0.010 0.009 0.014 0.013 0.053 0.050 0.058 0.056 0.104 0.103 0.115 0.102 10 0.012 0.013 0.013 0.014 0.052 0.051 0.053 0.052 0.101 0.100 0.104 0.099
25 0.010 0.009 0.012 0.012 0.051 0.048 0.058 0.053 0.103 0.103 0.112 0.104 25 0.011 0.010 0.011 0.012 0.049 0.051 0.052 0.051 0.102 0.100 0.104 0.098
50 0.010 0.010 0.013 0.012 0.050 0.048 0.055 0.053 0.102 0.101 0.110 0.104 50 0.011 0.011 0.011 0.014 0.050 0.052 0.053 0.050 0.099 0.099 0.101  0.097
75 0.009 0.010 0.012 0.011 0.048 0.049 0.056 0.053 0.104 0.101 0.113 0.104 75 0.010 0.010 0.011 0.012 0.051 0.052 0.051 0.052 0.101 0.100 0.101  0.097
100 0.009 0.009 0.012 0.011 0.048 0.049 0.058 0.054 0.105 0.102 0.112 0.107 100 0.010 0.009 0.011 0.013 0.050 0.049 0.053 0.051 0.100 0.099 0.101  0.097
125 0.008 0.008 0.012 0.011 0.050 0.047 0.056 0.054 0.103 0.100 0.111 0.104 125 0.010 0.009 0.011 0.012 0.051 0.050 0.051 0.050 0.102 0.100 0.103 0.100
150 0.007 0.009 0.013 0.012 0.048 0.048 0.057 0.053 0.103 0.099 0.112 0.102 150 0.010 0.010 0.011 0.012 0.050 0.050 0.052 0.049 0.101 0.100 0.102 0.100
200 0.008 0.009 0.013 0.013 0.049 0.049 0.058 0.054 0.104 0.100 0.112 0.104 200 0.010 0.010 0.011 0.012 0.050 0.050 0.050 0.050 0.099 0.102 0.103 0.100
250 0.007 0.009 0.013 0.014 0.049 0.051 0.060 0.053 0.104 0.100 0.112 0.103 250 0.010 0.010 0.011 0.012 0.052 0.051 0.052 0.053 0.102 0.099 0.103 0.098

Note: t., and tZW correspond to the statistics presented in (9) and (13) of the main text, and tﬁ;ERWB and t’;;cFRWB are the corresponding residual wild
bootstrap (RWB) and fixed regressor wild bootstrap (FRWB) implementations of (9) computed as described in Algorithms 4 and 4 of Section 4 in the main
text.

Table D.36. Empirical rejection frequencies of one-sided (left and right tail) and two-sided predictability tests, for sample sizes T'= 250 and T' =
1000. DGP11 (Stochastic Volatility): v+ = Bxt—1 +ut, vt = pre—1 +w and we = Ywi—1 + v, where B=10, p=1—¢/T,7 =0 and (ut,vt)’
follow from a first-order AR stochastic volatility process as (u; = ejrexp(hit),ve = earexp(hat)) with hy = Ahit—1 +0.58;, ¢ =1,2. and
(it eit) ~ NUD(O,diag(af, 1)), independent across i = 1,2. Results are reported for (X, 0¢) = (0.951,0.314) and (e, e2:)’ ~ NIID(0,X)
with ¥ =1 0;0 1].
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