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Abstract

This article presents a detailed description of PESSOA—Portuguese Economy Structural
Small Open Analytical model. PESSOA is a dynamic general equilibrium model that can
be applied to any small economy integrated in a monetary union. The main theoretical
reference behind its structure is Kumhof, Muir, Mursula, and Laxton (2010). The model
features non-Ricardian characteristics, a multi-sectoral production structure, imperfect mar-
ket competition, and a number of nominal, real, and financial rigidities. PESSOA has been
calibrated to match Portuguese and euro area data and used to illustrate a number of key
macroeconomic issues, ranging from the effects of structural reforms to alternative fiscal

policy options.
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Be complete in everything, for to be complete in anything is to be right.

Fernando Pessoa

1 Introduction

Macroeconomics is nowadays inseparable from the formal rigor of analytical models, since they
allow for the analysis of the fundamental driving forces behind aggregate economic phenom-
ena and for well-grounded diagnosis of economic performances. It is therefore natural that
an increasing number of organizations and policy-making institutions are using well-founded
macroeconomic models to aid policy recommendations and decision making.

A myriad of macroeconomic models emerged over the past 30 years, both in academia and
policy-making institutions, and a vast literature has been devoted to the development of richer
and more realistic frameworks to study a different number of issues. Some consensus has emerged
recently around New Keynesian general equilibrium models as a reference tool. These models rely
on strong theoretical microeconomic foundations—in the spirit of the seminal real business cycle
model pioneered by Kydland and Prescott (1977, 1982)—and comprise market imperfections as
well as a large number of nominal and real rigidities (Calvo, 1983; Rotemberg, 1982; King, 1991;
Rotemberg and Woodford, 1995; Erceg, Henderson, and Levin, 2000; Abel, 1990; Christiano,
Eichenbaum, and Evans, 2005) that mimic important evidence on macroeconomic dynamics.

New Keynesian general equilibrium models are able to replicate a satisfactory number of
stylized facts, and real rigidities and imperfect market competition create a role for economic
stabilization policies. Macro-financial linkages stemming from liquidity channels or from balance
sheet channels of borrowers or lenders—an operational constraint that can embed a financial
accelerator effect—are also a growing field in macroeconomics. Asymmetric information, as in
Bernanke, Gertler, and Gilchrist (1999b), and limited commitment problems, as in Kiyotaki and
Moore (1997), are two typical theoretical origins behind the modelling of credit frictions.

General equilibrium models are currently the most appealing tool for structural macroeco-
nomic policy analysis, being widely used in policy-making institutions. Examples include the
IMF’s Global Integrated Monetary and Fiscal model to assess the impact of fiscal stimulus
in the context of the ongoing global crisis (Freedman et al., 2009a,b), the Bank of Sweden’s
RAMSES model to evaluate policy options and perform forecasting exercises (Adolfson et al.,
2007b), the Bank of Finland’s AINO model to analyze the macroeconomic impacts of aging
and aid in regular projection exercises (Kilponen and Ripatti, 2006), and the ECB’s New Area
Wide model used for a wide range of purposes within the Eurosystem (Christoffel, Coenen, and

Warne, 2008). The relative performance of seven widely used structural models to alternative



fiscal policies can be found in Coenen et al. (2010).

DSGE models are not free from caveats, facing a challenging trade-off between parsimony,
that allows for analytical and computational tractability, and complexity, required to capture
realistic macroeconomic dynamics. Parsimony is often achieved through a number of simplifying
assumptions. For instance, replacing rational expectations—a somewhat strong assumption—
by bounded rationality has led to a series of models that lack the ability to deal with policy
issues, due to their parsimoniousness in many other dimensions. Regardless of how the model
matches the data facts, one must be aware, when evaluating policy options or making policy
recommendations, that DSGE models are stylized representations of reality, and do not embrace
all the complex and relevant economic features.

This article contains a detailed description of a large-scale dynamic general equilibrium
model for a small economy integrated in a monetary union, developed at Banco de Portugal.
The structure of the domestic economy draws fundamentally from Kumhof and Laxton (2007,
2009a,b), Kumbhof et al. (2009) and Kumhof et al. (2010). The model is calibrated to match
Portuguese and euro area data, and is termed PESSOA—Portuguese Economy Structural Small
Open Analytical model. It can however be applied to any small economy integrated in a
monetary union. PESSOA has been used in several policy evaluation and simulation exercises,
ranging from the effects of structural reforms to fiscal stimulus and consolidation (Almeida,
Castro, and Félix, 2009, 2010; Almeida et al., 2010a,b, 2013). The current version of PESSOA
contemplates financial frictions, which are increasingly important since the triggering of the
2008 financial crisis, along the lines of Bernanke, Gertler, and Gilchrist (1999b). The research
agenda includes plans to augment the model in several dimensions, for instance to have a more
prominent banking sector and a richer labor market.

This article has the following structure. Section 2 provides an overview of PESSOA and
its transmission mechanisms. Section 3 presents a complete description of the model with
financial frictions, alongside with a brief motivation of the framework. We derive the optimality
conditions for each type of agent, the dynamic equations describing the behavior of economic
aggregates, and the corresponding stationary and steady-state formulations. The key equations
that characterize the model’s solution are clearly identified throughout the text, and listed in the
appendix for convenience. Section 4 briefly outlines the version of the model without financial
frictions. Section 5 explains how shocks are introduced, turning the model into a powerful tool
for policy analysis and simulation. Section 6 presents the calibration. Finally, Section 7 provides

a brief overview of the major simulation exercises performed with PESSOA.

2 Overview of PESSOA

PESSOA is a New-Keynesian DSGE model for a small-open economy integrated in a monetary
union. Its basic structure builds mainly on the IMF’s large scale multi-country model, the Global
Integrated Monetary and Fiscal model (GIMF) Kumhof and Laxton (2007, 2009a,b); Kumhof
et al. (2009, 2010). PESSOA features non-Ricardian characteristics, a multi-sectoral production
structure, imperfect market competition, and a number of nominal, financial and real rigidities
that allow for realistic short-run dynamics and create room for welfare improving stabilization

policy. Figure 1 depicts the flows of goods between agents in PESSOA.



Figure 1: Flows of goods between agents in PESSOA
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In PESSOA, monetary policy is set by a monetary authority, viz the European Central Bank
(ECB). Since the domestic economy is small, domestic idiosyncratic shocks have no effect on
the monetary union’s aggregates, and thus on monetary policy decisions. This constitutes an
important simplification, since the foreign economy does not need to be modeled explicitly. In
addition, the nominal exchange rate vis-a-vis the rest of the monetary union is irrevocably set to
unity. For tractability, trade and financial flows are restricted to euro area countries, and thus
competitiveness gains or losses are confined to price changes against the rest of the monetary
union. PESSOA also includes an exogenous risk-premium on the euro area interest rate, allowing
the assessment of imperfect risk-sharing in case of tense financing conditions.

The economy is composed by nine types of agents: households, labor unions, capital goods
producers, entrepreneurial firms, banks, intermediate goods producers, final goods producers,
the Government, and the foreign economy (the rest of the euro area). Intermediate goods
producers are hereinafter termed as manufacturers, and final goods producers as distributors.
We use the terms “entrepreneurial firms” and “entrepreneurs” interchangeably throughout the
article.

Households follow the Blanchard-Yaari-Buiter-Weill overlapping generations framework (Blan-
chard, 1985; Yaari, 1965; Buiter, 1988; Weil, 1989), wherein they live a finite number of periods
and the number of newborns equals that of dying agents in every period. The overlapping

generations framework is coupled to a life insurance scheme along the lines in Yaari (1965),



which enforces net wealth transfers from succumbing households to those that survive. This
setup generates a strong non-Ricardian outcome whereby households prefer debt financing to
tax financing of public expenditures, since future generations will bear some fraction of the
tax burden (Buiter, 1988). Households also face a declining lifetime productivity of labor which
adds to the non-Ricardian properties of the model, shifting their proneness towards paying taxes
latter, when labor income is lower, rather then sooner.

We consider two types of households: those who perform inter-temporal optimization by
accessing asset markets to smooth consumption, and those who do not have access to asset
markets and therefore can only optimize intra-temporally. These latter agents, termed hand-
to-mouth households, further enhance the non-Ricardian features of the model, since they are
unable to shift consumption over time. Hence, any shock that impacts their budget constraint
or changes their share on total population has an immediate, direct, impact on macroeconomic
aggregates. Both household types derive utility from consumption and leisure, and are subject
to external habit formation.

Households rent labor services to heterogeneous labor unions, receiving a given wage and
paying the corresponding labor income taxes. Furthermore, the typical household receives its fair
share of labor union’s dividends, as well as lump-sum transfers from the government and from
abroad. In addition, financially unconstrained agents receive dividends from firms and earn/pay
interest on asset/debt holdings. They are also remunerated for services in the bankruptcy mon-
itoring of firms, which they perform at no cost and with no effort whenever an entrepreneurial
firm goes bankrupt.

Labor unions rent labor services from households and sell them to manufacturers, charging a
markup over the wage paid to households. Market power arises from the fact that labor unions
supply differentiated, imperfectly substitutable labor services. Dividends are fully transferred to
households. This modeling strategy—widely used in DSGE models—implies that households are
rewarded for labor services in excess of their marginal rate of substitution between consumption
and leisure. Unions face adjustment costs on wage changes in order to mimic the dynamics of
sticky wage growth.

Manufacturers—the intermediate goods producer—combine capital, rented from entrepre-
neurs, and labor services, rented from labor unions, to produce two types of differentiated
goods, tradable and non-tradable. These are used by distributors as inputs in different stages of
their production process. We obtain staggered price adjustment by imposing adjustment costs
on price changes. Adjusting the fraction of time worked by households is also costly, so that
hours worked adjust sluggishly. Manufacturers pay social security taxes on their payroll and
capital income taxes on profits. After-tax profits are distributed to financially unconstrained
households as dividends.

Distributors—the final goods producer—produce four types of differentiated goods, each ac-
quired by a unique type of costumer: consumption goods are acquired by households, investment
goods by capital goods producers, government consumption goods by the public sector, and ex-
port goods by foreign distributors. Final goods are produced in a two-stage process. In the
first stage, the distributor obtains assembled goods by combining domestic tradable goods with

imported goods. This stage determines also the imports of the domestic economy. In the second



stage, the distributor combines assembled goods with domestic non-tradable goods, obtaining
the final good. Analogously to manufacturers, price adjustment costs lead to price stagger-
ing. Distributors pay capital income taxes on profits, and distribute dividends to financially
unconstrained households.

The baseline model includes a financial transmission mechanism along the lines of Bernanke,
Gertler, and Gilchrist (1999a), Christiano, Motto, and Rostagno (2010), and Kumhof et al.
(2010), whereby financial frictions affect the after tax return on capital and therefore capital
demand. Before each production cycle, capital goods producers buy the undepreciated capital
stock from entrepreneurs, combining it with investment goods bought from distributors to pro-
duce new installed capital. New capital is then sold to entrepreneurs, which will own it during
the next production cycle.

Entrepreneurs do not have access to sufficient internal resources to finance desired capital
purchases, but can borrow the difference from banks at a cost. Entrepreneurs are however risky:
each faces an idiosyncratic shock that changes the value of the firm after decisions have been
made. All entrepreneurs have the same a priori expectation about the shock, but the posterior
distribution may be quite different. If hit by a severe shock, the value of assets collapse, and
the entrepreneur may be forced to declare bankruptcy, handing over the value of the firm to the
bank. Contrarily, if hit by a propitious shock, the value of entrepreneur’s assets rise, and net
worth increases as a result.

Banks operate in a perfectly competitive environment, making zero-profits at all times.
They are pure financial intermediaries, with the sole mission of borrowing funds from financially
unconstrained households, lending them to entrepreneurs. When lending to an entrepreneur
that goes bankrupt, the bank must pay monitoring costs to be able to recover the value of the
firm. Since entrepreneurs are risky, so are the loans of banks, who therefore charge a spread
over the risk free interest rate to cover for the losses incurred in the mass of entrepreneurs that
declares bankruptcy. The existence of identical a priori expectations on the idiosyncratic shock
implies that the credit spread is identical to all entrepreneurs. Albeit the riskness of individual
loans, the aggregate portfolio of banks is risk free, since each bank recovers through the credit
spread what is lost to the bankrupt entrepreneurs. Households loans are therefore risk free, and
thus they lend to banks at the risk free interest rate.

The financial accelerator mechanism magnifies economic fluctuations, by creating an extra
channel through which shocks are transmitted and propagated to the real economy. Any shock
decreasing aggregate demand also negatively impacts the price of capital, therefore increasing
the number of entrepreneurs in financial distress and reducing the value of net worth for those
that survive. As risk increases, so does the credit spread. With lower internal resources and
more expensive credit, entrepreneurs acquire less physical capital. Investment is reduced and
credit slumps, magnifying the fall in output and employment. Therefore, the model implies,
realistically, a countercyclical credit spread, and procyclical investment and stock market value,
in addition to procyclical consumption, inflation, and employment already featuring the model
without a financial sector. In the model version with no financial accelerator, capital goods
producers sell capital directly to manufacturers.

The government buys from distributors government consumption goods, and performs in-



come transfers across households. These activities are financed through direct and indirect
taxation—namely labor income, capital income, and consumption taxes—and also through
transfers from the monetary union. The government issues one-period bonds to finance ex-
cess expenditures, paying an interest rate on public debt that is assumed in general to be equal
to the monetary union’s financing cost. However, a differential is allowed to exist if an exogenous
risk premium on domestic bonds emerges in financial markets, for instance due to credibility
issues or to a financial turbulence. To ensure that debt follows an non-explosive path, we impose
a fiscal rule linking the government-debt-to-GDP ratio to a pre-determined target. Hence, devi-
ations from that target are followed by tax adjustments or changes in public expenditures, that
restore the long-run government debt to a sustainable path. Government consumption goods
have no particular use, nor they provide any direct welfare benefit.

The foreign economy in PESSOA corresponds to the rest of the monetary union. The do-
mestic economy interacts with the foreign economy wvia goods and financial markets. In the
goods market, domestic distributors buy imported goods from abroad to be used in the assem-
blage stage. Likewise for foreign distributors, who buy export goods to domestic distributors
for the same purpose. In the financial market, financially unconstrained domestic households
can trade assets with the foreign economy to smooth out consumption over time. Contrary to
most DSGE models that feature infinitely lived households, the Blanchard-Yaari framework of
PESSOA allows to pin down the net foreign asset position endogenously (refer to Frenkel and
Razin, 1996 and Harrison et al., 2005 for additional details).

Some parameters in PESSOA—mostly related with key economic outcomes such as labor
and capital shares or the labor allocation between the tradables and the non-tradables—are
calibrated to match Portuguese data from the national accounts, while others rely on the liter-
ature mainstream and on estimates for Portugal whenever available. Adding financial frictions
to the model does not change the model’s parameters or key ratios, with some notable excep-
tions. In particular, the net foreign position of the economy deteriorates when financial frictions
are incorporated. As households desire to hold exactly the same amount of assets (relative to
GDP) in both versions of the model, corporate bonds—which are introduced along with finan-
cial frictions—draw funds from abroad on a one-to one basis. Finally, physical capital stock is
also lower when financial frictions are incorporated, motivated by the existence of a steady-state

external finance premium.

3 The model

The model is set in discrete time. The domestic and the foreign economy experience both a
constant technological growth rate of g = T;/T;—1 Vt, where T} is the level of labor augmenting
technology. We follow the convention of representing time as subscripts, and any other identifier,
such as sector identifiers, as superscripts. Time subscripts refer to the period when the quantity
is used, and may differ from the period when production or consumption decisions take place.
The model’s real variables, say X;, endowed with a steady-state growth rate of g, are converted
to stationary form after dividing by 7;. We denote these new variables by X; = X; /T;i. The
real counterpart of nominal variables, say Z;, are given by z; = Z;/P;, and their stationary form

by 2 = Z;/(P,T};), where P; is the after tax price level of the consumption good, selected as



the numéraire of the economy. We use the notation p;* = PX /P, to refer to X’s relative price

vis-a-vis the consumption good.

3.1 Households: general features

This section clarifies the overlapping generations scheme, the utility function, and the labor

productivity profile of households.

3.1.1 Overlapping generations scheme

All households evolve according to the overlapping generations scheme a la Blanchard (1985).
They are subject to stochastic finite lifetimes and face an instant probability of death of 1 —6 €
[0,1], independent of age. The overall size of the population N is constant, implying that
N (1 — 0) households die in each period t and that the same number are born.

The household’s probability of dying at period ¢ equals the probability of staying alive until
t — 1 times the probability of dying at ¢, #~(1 — #). The average life expectancy at any time

is constant at (1 —@)~!

11— 0)0° +2(1—0)0" +3(1-60)6 +...=(1—-6)> to" ' =(1-0)> 61> ¢!
t=1 t t=1

=1

=(1-0)@1-0"t1-0"

=(1-0""

Instead of biological death, 1 — 6 can also be interpreted as the relevant economic horizon
behind agents’ decisions, i.e. the probability of “economic death” or an indicator of the degree
of “myopia” (Blanchard, 1985; Frenkel and Razin, 1996; Harrison et al., 2005; Bayoumi and
Sgherri, 2006). In other words, the future can be seen as a period of lower economic relevance.
In this case, (1 — 0)~! is interpreted as the “average planning horizon.”

Two types of households coexist in each and every period: asset holders, identified as type-A
households and assumed to represent N (1 — 1)) of total population; and “hand-to-mouth house-
holds,” termed type-B households and assumed to represent N of total population. Type-A
households smooth out their lifetime consumption by trading assets, whilst type-B households
do not have access to financial markets and therefore consume all their income in each and every
period (they are hand-to-mouth households a la Gali, Lopez-Salido, and Vallés, 2007).

At time t, the new cohorts being born and the existing cohorts that die are consistent with
total population N. Thus, the size of a new generation of type-.A households is N (1 —1)(1—6),
and of type-B households is N¢)(1 — ). At age a, the size of these cohorts is N(1 —)(1 — 6)0°
in the case of type-A households and N (1 — 6)6* in the case of type-B households, implying
an aggregate figure of N(1 — 0)0®. At period t, total population is given by all those that were

born at ¢, ¢t — 1, ¢t — 2, ... and are still alive

N1 -0)0°+N1-0)0' + N1-0)0+...=N(1-0)> 6°=N
s=0



Each cohort is assumed to be large enough so that 1 — @ is also the rate at which the generation
size decreases through time. Thus, although each individual is uncertain about the time of

death, the size of a cohort declines deterministically through time.

3.1.2 Utility function

A representative household of type H € {A, B} with age a derives utility from consumption,
CH

o> and leisure, 1 — LI

at- The term Lg{t stands for hours worked as a fraction of total time

endowment. The expected lifetime utility function is
o0
Et Z(ﬁe)sUtﬁ-s,t—l—s (1)
s=0

where E; is the expectation operator and 0 < # < 1 stands for the standard discount fac-
tor. Instantaneous utility is given by the following Constant Relative Risk Aversion (CRRA)

specification

7\

1 Ciy H

UH — a, 1 —LH 1—n
a,t 1— y <Hab{{> ( a,t)

1=y

where v > 0 is the risk aversion coefficient, n'l € [0,1] is a distribution parameter, and Habf[
stands for type-H households external habits. Aggregation across generations is feasible under
multiplicative habits; however, these generate lower consumption persistence as compared to
additive habits.

In equation (1), households attach an extra value to the present and over-discount the future,
as they account for the probability 6 of being dead (Harrison et al., 2005), in addition to
the standard discount factor 5. Households do not draw utility from holding money, which
is consistent with a cashless limit (Woodford, 2003). Moreover, they ignore intergenerational
transfers that could change utility levels of not-yet-born cohorts, ¢.e. there is no bequest motive.

Households aggregate consumption, Cft is a bundle of different varieties of consumption
goods c, C’ft(c), obtained according to the following Constant Elasticity of Substitution (CES)

aggregator

1 a1 o¢—1
0

where 0¢ > 0 stands for the elasticity of substitution between different varieties of the con-

sumption good. Consumption goods are bought from the final goods producers of consumption
goods—the distributors. The demand for each variety, C’ft(c), is obtained by minimizing con-

sumption expenditure subject to the definition of C’ft

o€

1 1 o1 o1
min / PE(e)CH (¢)de s.t. CcH — </ CH (¢) o° dc)
Cft(c) 0 7 7 0 7




where Ptc(c) is the price of variety c¢. The solution steps are presented in Box 1. This problem
implies that the aggregate price level before consumption taxes PS is a combination of individual

prices

1
! ot
Pf = </0 Ptc(c)l_acdc>

In addition, the demand for variety c is

C
PC(e)\ 7
Cft(C) = ( ;353 )> Cft
t

Consumption habits are a function of lagged type-H households aggregate consumption, CH
and thus are not affected by current decisions or by the age of each cohort. In addition, they

are measured relative to the respective population size. More specifically

A _ thh ’
Haby* = (N(1—¢)>

B\’
Hab? = ( A’Z/j)

where v € [0, 1] parameterizes the degree of habit persistence.

3.1.3 Labor productivity

According to the life-cycle theory, households labor income increases throughout adulthood and
decreases at the retirement age. However, modeling such a profile makes aggregation unfeasible.
The life-cycle income profile used herein is based on a simpler pattern according to which labor
productivity declines over lifetime at a constant rate x (Blanchard, 1985). More precisely, labor

productivity of a type-H household with age a is
D, = kx®, Vt

where x € [0, 1] is the rate of decay. This function is depicted in Figure 2.

Population average productivity is normalized to one, implying

_1—-0x
C1-46

1=0)) 0"d=11-0k(1-0x) =1k
a=0

Since the productivity profile is the same for both household types within the same cohort and
the population structure is constant through time, the average productivity of type-A and of
type-B households must also equal one. Recall that, at each period ¢, N(1 —)(1 — 0) type-A
households are born and N (1 — ¢)(1 — 0)0® households of the same type with age a still live.
For the case of type-B households, the equivalent expressions are N¢(1 — ) and N (1 — 0)0°,



Box 1: The standard cost minimization problem.

A common problem in PESSOA is a minimization problem with the following structure

C

! ! of-1 \ o1
min / PE(c)Cyt(c)de s.t. Coyr = (/ Ca(c) o° dc)
0 0

Ca,t(c)

where Pf(c) is the price of variety c and is taken as given by households. Superscript H € {A, B} has
been omitted for simplicity, as the problem is identical for both household types. Parameter o€ > 0 is
the elasticity of substitution between varieties. The Lagrangian for this problem is

C

L(:) = /01 Ptc(c)Cayt(c)dc — A\t [ (/01 Ca,t(c)gicldc> 1 — a,tl

where )\; is the Lagrange multiplier, which equals the marginal cost of acquiring one extra unit of Cj 4,
i.e. Ay = PC. The following steps solve the problem in the context of households, but generalizing to
other agents is straightforward. Making 9L(-)/0C, +(c) = 0 yields

o€ —1 ’ oC
c 1
1 o1 -1 o€ 1
& Pf(c) = Pf ( Cat(c) @ dc) Cas(c) o =0 &
0
1 _ 1
& PE(c) = P - (Co) o Cay(c) o =0 &
Pe\
C
© Cop(c) = (}D(C)> Cat (1.1)
t

Cap = [/01 ((chc))gc Ca,t> o ac|”

& Pf= (/01 Pf(c)lacdc) o (1.2)

Equations (1.1) and (1.2) will be recalled throughout this technical appendix whenever a particular
agent—household, firm or union—faces an equivalent cost minimization problem.

respectively. The average productivity of type-A households is therefore

NI =) =0)> 020" Pa
N(1—=1)

e N1 0)> 0 B, = N1 ) (2)
a=0
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Figure 2: Labor productivity of age group a
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Equations (2) and (3) imply that labor productivity of type-A and type-B households equals
the total number of individuals, respectively N(1 — ) and N.

3.2 Households with access to financial markets (type-.4 households)
This section presents and solves the maximization problem of Overlapping Generation (type-.A)
households, i.e. those with access to financial markets.

3.2.1 Budget constraint and maximization problem

On the expenditure side, a type-A household with age a buys a consumption bundle worth
PtC’,f}t, where P, = (1 + th )Ptc is the after-tax price of the consumption bundle, Ptc is the price
paid to distributors, and 7¢ is an ad-valorem consumption tax. The after tax price, P, is taken

as numeéraire, and thus the relative price of final consumption goods is

1
B 1+th

(4)

v

where p¢ = P€/P,. This equation establishes the link between the price paid by households for
t t Yy

the final good and the price received by consumption goods distributors. In the steady state

o= (5)

Type-A households may buy domestic and foreign financial assets. There are two types of

11



domestic bonds: those issued by the national Government, B,;, and those issued by Banks,
which act as financial intermediaries by lending to entrepreneurs operating in the tradable
sector, BZ;, and in the nontradable sector, Bé\,/t- For brevity, let B\a’t = Bu: + BaﬂgT + Bé\,/t
denote all domestically issued bonds held by type-A households with age a at time ¢. Foreign
bonds are denoted by B; ;. Domestic government bonds cannot be held by foreigners, i.e. there
is a complete home bias in domestic government debt. Thus, markets are incomplete in this
model.

All bonds are denominated in local currency, implying that Ea,t and By, could in principle
be denominated in distinct domestic and foreign currency, respectively. In this case, foreign
assets could be converted into domestic currency through the indirect quotation of the nominal
exchange rate vis-d-vis the rest of the world, €; (and foreign assets would worth ;B ; in domestic
currency). In the special case of a Monetary Union, however, the nominal exchange rate equals
one, and there is no difference in the unit of account of Ea,t and Bj ;. Domestic bonds and
foreign bonds held between period ¢ and period ¢+ 1 pay a gross nominal interest rate of iy and
i}, respectively, at the beginning of period ¢ + 1. The interest rate ¢ is allowed to differ from
i* given that type-A households demand a risk premium ¥ for holding domestic assets. It is
common to set a steady-state value of ¥ = 1 in the case of a Monetary Union, which implies no
deviation between domestic and foreign interest rates.

A type-A household with age a has three sources of income: labor, capital, and interest.
The latter is associated with financial wealth derived from bond holdings.

Households supply labor services to labor unions, paying taxes to the government on their
labor income, and receiving an after-tax amount of (1 — Tf)WtCDaLét, where W;®, is the
productivity-adjusted wage rate and 7/ is the employees labor income tax. The wage rate
Wy is taken as given.

There exists a competitive life insurance company which guarantees that households do not
implement intergenerational wealth transfers. Given that there is individual uncertainty about
the time of death, in the absence of this insurance company households could die leaving either
unintended positive bequests, if they die as creditors, or unintended negative bequests, if they
die indebted. The gap between individual uncertainty and no aggregate uncertainty is filled by
the insurance company, who collects the wealth of 1 — 8 agents who did not survive between
two consecutive periods, and distributes it to the 6 agents who survived. More precisely, each
household with age a receives an additional (1 — )/ for each unit of financial wealth. Thus,
financial wealth is multiplied by a factor 1 + (1 —6)/6 = 1/6 > 1, becoming

1/, =~ % "
] (Zt—1Ba—1,t—1 + ’Lt_l‘If6tBa_17t_1>

The assumption of a large population turnover ensures that income receipts and the payout of
the insurance company match in every period.

Another source of revenue of type-A households is the remuneration for services in the
bankruptcy monitoring of firms. In real terms this equals rbr,; = pév rbr{l\(t + pz—rbrlt, where
rbr(/l\{t and rbrzt are the remuneration for services in the nontradable and tradable sectors,
respectively, and pfé\f and ptT are the relative prices, measured against the numérarie of the

economy, P;.
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Type-A households also receive dividends from firm/union i operating in sector x, denoted as
Dﬁf(i), e {T,N,U,C,G,Z,X,K,EP}. In the intermediate goods sector, dividends originate
from tradable (7) and nontradable (N') manufacturers. In the final goods sector, dividends
originate from distributors of private consumption (C), government consumption (G), investment
(Z) and export (X') goods. The remaining dividends originate from capital producers (K), unions
(U) and, in the financial accelerator context, from entrepreneurs (€P). Finally, households
receive lump-sum transfers from the government, T RGét, and from abroad, TRX f’t. The latter
is measured in local currency, implying that the amount effectively received is e; TRX ;fft.

The nominal budget constraint embodying that expenditures cannot exceed revenues is

N * Ir. N - *
Ptcff}t + Batt+eB;; < ) |:'Lt—lBa—1,t—1 +i Ve B, g4

+ (1= TEYWe@a L7, + Pirbray
! A
+ > D" (i)di + TRG, + &, TRX 7, (6)
se{TNUCG”’°
X K.EP}
The optimization problem of a type-A household consists in maximizing expected lifetime utility
(1) with respect to {C;‘+s’t+s,Lf+s7t+s, Baysitts, Batsitss BL&HS, Bé\is’tJrs}gO:O, subject to (6).
The problem and the first-order conditions are presented in detail in Box 2.
Combining equations (2.2) and (2.3) from Box 2, we obtain the consumption/labor supply

choice

A
=12 (1= (1 - LA e
1A Cat
A (1= 7E)w,

& 1-L =

where w; = Wy /P, is the real wage.

Aggregate consumption of type-A households at time ¢ is
o
Clt=N1-9)(1-0)) 6Cy, (8)
a=0
and effective labor supply is
o
LA=NA-9)1-0)) 0°®.L7, 9)
a=0

Aggregation takes into account the size of each cohort at the time of birth, N(1 — ¢)(1 — 0),
and the size of the remaining generations, N (1 —)(1 — 6)8*. In equation (9), individual labor
supply is weighted by labor productivity to obtain the effective labor supply. Using (7) in (8)

17A

A (1 — 7 w®q (1 — L)

CA=N1—-¥)(1 - 9)%9(1 [
a=0
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Box 2: Type-A households maximization problem.

Type-A households maximize expected lifetime utility (1) with respect to

A A * T N €®
{Ca+s,t+s’ La+s7t+s7 Ba+5,t+87 Ba+s,t+s’ Ba+s7t+s7 Ba+5,t+s }s:()

subject to (6). The Lagrangian for the maximization problem is

1—
7IA Y

L() = E i(ﬂms : Cotours (1= L ers) "
- t 1—~ CA._, v a+s,t+s
=0 (N(l—w)

A

A 1

+s,t+s . T N

Pt+ 5 [Zt+8*1(Ba+S*1,t+S*1 + Ba+sfl,t+sfl + Ba+sfl,t+sfl)
s

e * L A
+ Zt+sflq/€t+SBa+sfl,t+sfl] + (1 - Tt+s)Wt+Sq)a+SLa+s7t+s

1

A, A A A
+  Pyerbraysiys + E Da-‘ra;,t-i-s(z)dz + TRGY ;11 s+t TRXG o116
we{T.Nu,c,G"°
I,X,K,EP}

A T N *
- Pt-‘rSCa-i-s,t—i-s - (BCH‘SJH‘S + Ba+s,t+s + Ba+s,t+s) - 6t+sBa+s,t+s

where /\34+s,t s = Aﬁﬂ,t 1 sPtys is the marginal utility of an extra unit of the consumption bundle and

Aa‘&rs,t 1 the original lagrange multiplier.
Let

n

cA,
cty \"
(w=5)

and notice that the first derivatives with respect to C’;‘}t and Lﬁt are

A
uf,t (CﬁtvLét) = (1- Lf,t)l " (2.1)

A —ont
8ua7t _ (1 _ L'A )1777A thil T]‘A(C'A )TIAfl _ uA 77.A
acailt a,t N(]. _ w) a,t a,t Cét
A
n
ouzt cA 1—nA
B L T " A e e b
aLﬁt ( Cﬂl >U a,t a,tl_LaAt
' N(1-v) '

The first-order conditions are as follows.

1. Optimal consumption

0L(:) A at ;A N— A nA(uft):FV
=0& M\, = TN = ; 2.2
acg:\t a,t 80{_;4)t (uﬂ.,t) a,t Cét ( )
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2. Labor supply

OL(") /\aAt C auaAt A\
= = (1 — b, = —~ v
aLét 0 A Pt ( Ty )Wt aLﬁt (ua,t) g
(ugt )™
& X1 = et = A=) T &

= 77A (UAt)kV

a

s = ’ 2.3
@ (1—1F)w®, 1— LA, 23)
where wy; = W,/ P; is the real wage.
3. Optimal domestic government bond holdings
OL(") Aot A1 o1 G A A it
=0& — =00E,————— & X\, = BE\) — 2.4
OBt P POE: Py 6 + = PB A 41 @4

where w41 = Piy1/P; corresponds to the (gross) inflation rate between period ¢ and period ¢ + 1.

4. Optimal foreign bond holdings

OL(") A2 A 41 4" Ueygq
=0& —¢;, = POE : =0¢&
0B:, p, ot~ PO 9
A A i Egl
S A =BEA i1 ——— (2.5)

Tt4+1

5. Optimal private domestic bond holdings

The optimal conditions associated with 8£(~)/3BL = 8£(')/8B{LV¢ = 0 are identical to
0L(+)/0B,,: = 0 and are therefore omitted.

A o .
"1 . A= 7w N1 —)(1-6) (Z 0°®, — ZG%QL;&)
a=0 a=0
T e N A
- 1_77,4( 7 )we[N(1 =) — LY

The simplification in the last step is due to (2) and (9). The above equation can be rewritten as

SN aSvip (10)
NU-¢)-Lf  T-pA0

which clarifies how changes in real wages w; or in the labor income tax 7/ affect the consump-
tion/labor supply choice and confirms the distortionary nature of labor taxes. In stationary

form (i.e. after rescaling trend variables by technology) this equation becomes

ey A e A ()
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In the steady state

CA 77A

N1-v¢)—LA 1-79

< (1—75)w (12)

Combining equations (2.4) and (2.5) results in the no-arbitrage condition in financial markets—

the uncovered interest rate parity

iy = i W= (13)
t

where we ignored the expected value operator. This equation is already in stationary form, since

none of the variables has a deterministic trend. In the steady state

i =0 (14)

3.2.2 Aggregate consumption and aggregate wealth

A key behavioral equation of type-A households is the aggregate consumption equation, linking
optimal aggregate consumption to wealth. To obtain this equation, one needs to establish
the optimal link between consumption and wealth for each generation a, and then aggregate
across generations. It is useful to break this exercise in five steps: (I) Euler equations for
each generation a; (II) the no-Ponzi game condition and the subjective discount factor; (III)
human wealth, stemming from labor-based and from capital-based income; (IV) financial wealth,

associated with bond holdings; and (V) marginal propensity to consume out of wealth.

(I) Euler equations for each generation a. An Euler equation for each generation a is

obtained by replacing (2.3) in (2.4) (we ignore the expected value operator for simplicity)

L=t (uge)™
(1 — 75w ®, 1 — Lét

1—pA (Uas1,41)' ™7 0y
C
(1 =14 )wer1Parr 1 - Lfﬁruﬂ T41

=p

(15)

where w41 = Pi11/P; stands for the gross inflation rate of final consumer goods and wug is

defined in (2.1). This equation can be expressed as
Cé4+1,t+1 = th;}t (16)

where the new object

DTS S ) PR |
jt=<0t ) (1 thlth) <5 i >Vx(1_’7A)(1_~/) (17)
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is introduced to simplify notation. The derivation is presented in Box 3. Notice that equation
(17) is not generation specific, a fact that allows aggregation across generations. In stationary

form j; becomes

Jt = (?"749)”# (-4) (1 — T thg) (1=04) (1=2) <5 it >w X(lfn“‘) (1-2) (18)

1 —TtL ’th Tt41

where g is the deterministic growth rate of the (labor-augmenting) technological progress. In

the steady state

j =gl 02) (52) )0 19)

(IT) The no-Ponzi game condition and the subjective discount factor. The following

no-Ponzi game condition is assumed to hold
Jim E¢ Ry s[Bats,tts + €ttsBatsirs) = 0, Va

where Rts is the nominal subjective discount factor
Ris= =1t (20)

This condition states that households cannot engage in Ponzi schemes, which would allow them
to attained infinite consumption by rolling-over debt over lifetime (recall that the no-Ponzi game
condition is a constraint that prevents overaccumulation of debt, whereas the transversality

condition is an optimality condition that rules out overaccumulation of wealth). Let

ry = it (21)
Tt41
denote the (gross) real interest rate. In the steady state
i (22)
™

Equation (20) for s > 0 can thus be rewritten as

aﬁzf[[

=1

S

(7Tt+l)_1] =Tt H(Trt+l)_1 (23)

=1

Tt41-1
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Box 3: Generation a Euler equation.

To derive Cy, , ., = jiCs,, notice that equation (15) can be rewritten as

(1- Tﬁ1)wt+1¢a+1 1 1 _ (ua+17t+l > S Lét (3.1)
(1 = th)wt@a it 5 Ua,t 1-— LaA—l-l,t—Q—l
Using (2.1) and (7), the right-hand side simplifies to
3 A =y
Ca+1,t+1 ) 1— LA 1717““
((C}A/N(lw)) ( a+1,t+1) 1 _ Lét
cg, @ 1 — [A \1—n4 1- LaA+1,t+1
GEmmamny) -1l
7 (1—7) (1-n")(1-y)-1
_ Cf+1,t+1/cét L= LaA+1,t+1
(054/0{5—1)“ 1 - szA,t
(1—n*)(1-y)—1
77A(1—’Y) 1—17“4 Cf+1,t+1
_ <C¢;4+17t+1/cét> % (1=7f ) wit1®ata
\ (cA/cA ) 1pA _ Cf
( ¢ / t_l) nA (l—Tf)wtq)a
A(1=7) (1-n*)(1-y)-1
_ 034+17t+1/0£t ! ! C<§4+1,t+1 (1 —7F)w @, ! !
(Cfl/c{il)v C(f}t (1 — Tiﬁ-l)wt-i-l(pa-i-l
Using this result, equation (3.1) can be expanded to
A
cA n”(1—v) CAv
)(1— at1,t4+1 (I=n")(1-v)-1
((1 — 75, wt+1<1>a+1> - T4l _ Ciy Ciin -
(1 —7F)w® B iy ((%{L)v Cf;}t
t—1
(1- —onA(1— el
o Q-5 wt+1‘1’a+1 - 7Tt+1 _ cy i C141 N
(1 — 75)w; @ B iy C’g‘ll C’;}t

- o (1— 1-n")(1—
- 054+17t+1 _ OZ4 n7(1-7) (1 —Tt£+1)wt+1q’a+1 (1=n")(1—v) Ter1 N
Cily cA, (1 — 7F)w®q B iy

opA(1—1 1-pa-1 . L
o A cA N\ =) ra — 151 W1 Pat1 (== gt TOA o
atl, t+1 Cﬁl (1 — Tf)wttl)a 7Tt+1 By

oA (1-1 1-n)(a-2) ) 1
CA " 7) (1—7'[: )wt+1 (=n v 2 v AV 1
s (gh) (Fhe)  (mn) e
t—1

(1 —7f)wy Tit1

The last step follows from ®, = kx®. Letting

. < A )“"A(l—i) <(1Ttﬁ+1)wt+1>(1‘”’4)( i) (6 i >7X(177A)(1‘1y)

A
Ct—l

equation (16) follows immediately.
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where 7 ¢ is the real subjective discount factor

Tts = (24)
1 for s =
For future reference, notice that, for s > 0
_ 0t 0
Tts+1 = 7 rf
¢y Tt
and
N )
Tt41,s = 7“7
=1 t+l1
implying that
_ 0 _
Tts+1 = —Tt41,s (25)
Tt

(IIT) Human wealth. Human wealth stems from labor and capital. Generation a’s contem-

poraneous nominal income at t is

Incay = (1 — Tf)Wt@a+{ / D% (i)di + TRG, + &, TRX 7Y, + Pirbra,
ze{T NULC,
G,T,X,K,.EP}
The labor-based income is the value of households entire time endowment. Notice that house-
holds use a fraction 1 — LAt of labor-based income to buy leisure, and the remaining to buy
consumption goods. Capital-based income comprises dividends, transfers, and the remuneration

from services in the bankruptcy monitoring of firms.
Lifetime human wealth of a household with age a in period ¢, HW , 4, is the present discounted
value of all future incomes. This can be split in a labor component and a capital component

00
HWa,t = E Rt,slnca+s,t+s E Rté Tt+5 Wt-i—s a+s
s=0

HWf,

+Y Rio| Y [ / DA% ()i + TRG, oo+ ers TRX D o 1yo + Prystbros, HS]

HWE,

Aggregating across generations yields
HW,=HWE + HW¥ :[ (1- ZG“HWL ] [ —P)(1—0)) oanﬁt] (26)

Equation (26) can be expressed in real terms by dividing both sides by P;, yielding hw; =

hwf + hwic. Further dividing by technological progress T; one obtains aggregate lifetime human
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wealth in stationary form

hivy = hivy + hivy (27)

In the steady state

hw = hw” + hw' (28)

. . . - L - K .
It remains to determine the complete expressions for hw, and hw,. Nominal labor-based

aggregate lifetime human wealth simplifies to

HW§=N1-¢)(1-6)> "HW,

( 1—9 ZQGZRtS Tt+s Wt+s a+s

N1 —v)(1—6) Z 0° Z R s(1 — 75 ) Wigshkx T
— N(1-)(1-9) ( )3 e%v) > Fll Wi
a=0
Z Tt-i—s Wt-‘rsX
s=0
= N(1 —¢)Z(1 — TE O WirsX T H(WHZ)_I (29)
s=0 =1

Equation (29) incorporates the relationship in (2), according to which (1 —60) > >  0%kx* = 1,
and the link between nominal and real subjective discount factors in (23). Dividing by P; and

letting hwf denote real labor-based aggregate human wealth yields

(o] ~ 1 S B
hwf Z e s X" ( Ttﬁs)WtJrsFt H(WtJrl)
s=0 =1
(1 Ttl-:i- Wiis
=N(1- Fp gt s
( 1/1)823 t,s X Pres
Z Tt sX Tt+3)wt+s (30)

since Piys [} (mt+1) " = Pi. Equation (30) can be further decomposed as follows

o
hwf = N(1 —¥)(1 — 75w, + N(1 — thsx — T Wi
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o0
= N1 =) (1= 75w+ N1 =) > Fr X (1 = i) wipsn

s=0

o0
= N(1 - ¢)(1 = 7f)w; + N(1 - Z Fea1,sX° (1= T4 s Wit 14s
5=0

0 -
= V(=)= Y+ Ko,

where we used the result in (25) stating that 7¢s41 = (6/7¢)741,s. This equation has the

following stationary form

Sy 0-x,- ¢
vy = N(U—)(1 =7 b + 9= X hivg (31)

In the steady state
.r -
hw™ = N1 —)(1—7F )w+gih

and therefore

- N1—¢)(1—15w
hw™ = 1_99% (32)

According to these equations, agents discount future labor-based income streams at a higher

rate when the probability of death or the productivity decay rate are higher.
Nominal capital-based aggregate lifetime human wealth is

HWX =N( )(1—6) Zeanftf 1—¢)(1—60)> 6"

X Z Ry, ( / DN (i)di+ TRG, oo+ ers TRX D o 1ho + Prystbross, Hs)

All firms within a given sector are identical and thus all pay equal dividends in equilibrium,
implying that fo DAx (i)di = Dﬁf. Assuming that dividends, remuneration payments for the
bankruptcy monitoring of firms, and net transfers received by each type-A household are the
same for all cohorts, irrespective of their age, and letting D , Tbry, TRG;4 and TRX 24 denote

aggregate figures at time ¢, the previous expression simplifies to

HWK = Z Ry (Z DAY+ TRGA, + e s TRXA  + Pt+srb7"t+s>
H o)t (Z DAY 4+ TRGA  + 1y s TRXT, + Pt+srbrt+s>
=1 xT

where we used the result in (23). Dividing by P, and letting hw’ denote real capital-based
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aggregate human wealth yields

7T
hwf = Z P H m <Z Dyt + TRGA  + e s TRX{  + Pt+srbrt+s>
s=0 =1

T

o
- Z S p <Z Dt + TRGA +evss TRXE  + Pt+s7’b7“t+s>
— t+s =

> t+sF)t*
- Z <Z dise + trgfh Piﬂtmf}rs + Tb?”t+s)
5—0 = t+s

since Pits [[}—;(mt+1) "t = P;. Following our convention, dfl’x, trg{*, and trzy' represent respec-
tively the real value of dividends, net transfers from the government, and net transfers from
abroad for type-A households. Net transfers from abroad at ¢ are deflated by the foreign price
Pr. Let

5tPt*

€t =
P,

(33)

denote the period t real exchange rate (thus, an increase in €; represents a real depreciation).
Real capital-based aggregate lifetime human wealth can be further decomposed as

hwt _ Z dA Ty trgt + € tmt + rbry + Z Tt (Z dtJrS + trgHs + €tts tmt+s + rbrt+5>

—Z di* + trgf + extra + rbry + er s+1 <Z Ao+ g o + erpoptro g + Tth+e+1)
s=0

0
= Z d;“’x + trgt + e trzt + rbry + r—hwﬁ_l
t

since, from equation (25), 7 s4+1 = (0/7¢)7¢+1,s. The previous equation has the following station-

ary form
K . . . . 0 -x
hwt = Z df"m + trg;4 + € tmf‘ + rbry + gr— hw, 4 (34)
ze{T,N,U,C,G t
7,X,K,EP}

In the steady state,

. . . . . 0 -
hw'™ = g d + trgA + etra™ + rbr + gfhw’C
ze{T NULC,G "
T.X.KC.EP}

and therefore

. 1 . . . .
hw' = 7 < Z dAe + trgA +etrz + rbr) (35)
1-g7 € {T.NUC,G
I,X,K.EP}
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Equations (34) and (35) were derived under the deliberate omission of the exact functional forms
for dividends and transfers. In practice they can take several forms. A useful possibility that

can be used is to allow for income transfers from type-A to type-B households.

(IV) Financial wealth. Financial wealth of a type-A household with age a at time ¢ is

1

FWai = ] {itflgafl,tfl + if_1‘1’5t32—1,t—1}

Summing up across all type-A households yields nominal aggregate financial wealth

> 1 . B % *
FWy=N1-¢)(1-0)) 0" [ZHBQLH + zt_llllstBa_Lt_l]
a=0

=N(1—)(1-06) (it_l D 0" Baren+ip Ve Y ea—lB;_Lt_l)
a=0

a=0

= Z't_lgt—l + Z';fk_l\I/&'tB;(_l (36)

where ét,l and Bj | are nominal aggregate values of domestic and foreign bond holdings,
respectively. Aggregation takes into account that the wealth of 1 — 6 agents that did not survive
is distributed to the 6 agents that did survive. Furthermore, with no heirs and no bequests,

E_Lt_l = 0. In real terms equation (36) becomes

1 -~ Pt*—l 1 -~ &t
= — |ig_1bp1 + 15 Ver—=b] | = — |ir_1bs_1 + iy V——€1b;]
fw, o it—1bi—1 + iy Etpt_l t_l} o [lt 1bi—1 +ip 4 . €t—10p_1
where ?)\t = Et /P, and bf = Bj/P;. The above equation uses the fact P, = mP,—; and the
definition of real exchange rate in (33). Employing the equivalence by = by + b + by, its

stationary form is

- 1 - 7 7 7 <k € 7%
fw, = —— lir_a (b + b + 0 )) + iy U ——e_1b]_, (37)
g- T Et—1
In the steady state
. 1 . . .
fo=_—— [i (b+ 07 + V) +i*Web] (38)

(V) Marginal propensity to consume out of wealth. The condition that associates con-
sumption with wealth is derived from the nominal budget constraint of a representative OLG

household with age a, given in (6). Rewrite the after-tax wage income of a type-.4 household as

(1 - tEYW DL, = (1 — 7F)Wi®q0 — (1 — TE)WiDy (1 — L2Y,)
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1—nA

The simplification in the last step is due to (7). The type-A household budget constraint can
thus be restated as

(1—n"

Ir. n -k *
P,CA + Buy+eBL, < — PO+ [zt,lBa,u,l + zt_llllstBa_Lt_l]

FWa,t

+ (1= f) W@, + Z /D“ )di + TRG;, + ey TRX )\, + Pyrbray

ze{T NU,C,G
I,X K,EP}
Inca,t
or equivalently
_ 77A
P,CY + Bay + 1By, PO+ FWay + Incoy <
PCy | .
& A’ + Ba,t + EtBaﬂ: = FWa,t + Incm (39)

We now need to rewrite (39) in terms of human and financial wealth. This requires successive

forward substitution of this equation and the use of the no-arbitrage condition, yielding

o0

~ PtJrSC(f-‘,-s,t—&—s
> Rt,sT = HW s+ FWay (40)

The detailed derivation is presented in Box 4. Using the definition of 7 s in (24), the relationship
in (16) according to which Cyt1,441 = jiCay, and the fact Ppys [[}_;(7t41) "' = P, the left-hand

side of equation (40) can be expressed as

o0

ZR 7]3”80&“”8 = atZH]t—H 1Rts Hs =CY tZH]t—H 1 s Pt+s
s=0

77 s=01=1 s=01=1

) T
= PCYy Z H]Hl—lﬁ = ©,PCy,
s=0[=1

where the new variable ©; is defined as

ZHJW 1A A

s=01=1

Equation (40) thus becomes
O PCL, = HW oy + FW oy (41)

The expression for aggregate consumption at time ¢ as a function of lifetime human wealth and

24



Box 4: Type-A household budget constraint: successive forward substitution.

Let us omit the expected value operator. Writing equation (39) for period ¢t + 1 yields

B O N 17, »
a+1,t+1 . .
A + Bat1,t41 +€t41Bo1 1 441 = Incag1p41 + 3 14 Bq ¢ + Zf‘I’€t+1BZ,t} &

A
Pt+1ca+1,t+1

~ 1.
A + Batit+1 +e1Bag e — InCariers — 56 Ve Ba (4.1)

Replacing (4.1) in (39) and re-arranging

P.CA 6 Py, CA 0 s
t at | t+1% 041,41 +f[Ba+1’t+1 +€t+lB:+17t+1:|

— - =0 B B
77'A i 77“4 i €t4+1Dq ¢ +é a,t
¢
= Inca t + ITLCa+1 t+1 + FWa t (42)

The no-arbitrage condition in (13) implies that —(iy /i;)Wery1 By, + ¢ B; , = 0. Writing (39) for ¢ + 2
and inserting into (4.2) yields

P y2C
a-+2,t+2
T + Ba+2 tr2 +€raBhia 10 — INCayairo

Ptca t 0 Pt+1054+1,t+1 0 0
T

it T Tyl

1. 0 0
_5Z:+1\I/€t+232+17t+1 + ?5t+1B;+1,t+1 = Incq .t + ;I”Ca+17t+1 + FWay
t t

This simplifies to

A A
Ptcat 0 Pt+1Ca+1,t+1 6> Pt+2Ca+2,t+2 6> § B*
z t- v + = v + = at+2,t4+2 t Et42D04 2449
n 27 Ui Ul41 n Lele4
2

0
—Inca t + [nCa+1 t+1 + Inca+27t+2 + FWa,t (43)

T4le41
where we used the fact
6 R4 B* o B =0
—o g Ye2Bayiin t —€tr1bgq1 401 =
Ltlt4-1 123

due to the no-arbitrage condition ¢;y1 = ;1 Wesyo /et+1. Using successive forward substitution, one
can express equation (4.3) as

PO & ( 0 ) PrtsCaiotrs K 0 ) -
LA i 2 -+ lim - (Ba + € B; ) :|
77A Sz_; lli[l Geqi—1 17,4 T o0 11;11 Bei—1 +Tt+T t+T a4+ T, t+T
= Incq: + g (H . ) Incoysits + FWay (4.4)

Using the definition of the nominal subjective discount factor in (20) and the no-Ponzi game condition

lim Rt 5[ atstts T 5t+sBZ+s,t+s] =0

5§— 00

equation (4.4) reduces to

X PO -
SR S N Ry Incassprs + FWay
s=0 N s=0

=HWoi+ FWoy,
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financial wealth can be obtained by aggregating (41) over different age groups
O,P,C/A = HW, + FW,

In real terms, this equation has the following stationary form

CtA = (@t)il(hiﬂt +f{Ut) (42)

In the steady state

CA =0 hw + fw) (43)

The key behavioral equation of type-A households linking optimal aggregate consumption to

aggregate wealth is therefore
<A . . - L - K -
CY* = mpe, (hwy + fw,) = mpe,(hwy + hw, + fw,)

where mpc, = (©;)~! is the time-varying marginal propensity to consume of out of wealth.

Finally, one can write ©; recursively as

1 = r. Ty 1 =TT Tt 541
O = A + ZH]t—i—l—lTj = A +]tZH]t+l+l—l o

s=11=1 s=0[1=1 N
1 0 =g 7
s Jt . t+1,s
=—+ Jt+1+1—1 ’
yielding
1 0 ji

0, = — (S} 44
t A — (44)

In the steady state ©; = ©;11 = O and therefore

_ At
MO )

Using (11), aggregate effective labor supply for type-.A households is

_ ~ - - 1_ A 1
L = N1 =) = (@) (o + i -+ in) ()
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3.3 Households with no access to financial markets (type-B households)

This section presents and solves the maximization problem of hand-to-mouth (type-B) house-

holds, i.e. those with no access to financial markets.

3.3.1 Budget constraint and maximization problem

On the expenditure side, a type-B household with age a buys a consumption bundle worth

BCﬁt. These households are hired by labor unions, receiving an after-tax labor income of
B

at, and from abroad,

(1— Tf)Wt(I)aLﬁt. They also receive transfers from the government, TRG
TRX aB,t, and dividends from unions, thu(z) The nominal budget constraint is

1
PCP, < (L—1f )Wy @ L2, + / DZH(i)di + TRGE
0

a,

,+eTRXZ, (46)

The optimization problem of a type-B household consists in maximizing expected lifetime utility
(1) with respect to {C’EJFS’HS, LaB+s,t+s}§iO7 subject to (46). The first-order conditions are similar
to those from a type-A household and are therefore omitted. The consumption/labor supply

choice is similar to (7), with B replacing A

B
CB =1 T (1= )wda (1 LB,) &

778
1—-n%  CF
’ (1 —T; )wtfba
Aggregation is also immediate. The counterpart of equation (10) for type-B households is
CB B
t =1 (1 — 7F)w;
Ny—LB  1-—nB
In stationary form this equation becomes
CP n® L,
NT/) — LtB = 11— 'r]B (1 — Ty )wt (48)
In the steady state
B B
A SR (49)

Ny —LB ~ 1—qB

3.3.2 Aggregate consumption

Type-B households aggregate consumption is solely a function of contemporaneous aggregate

income, since they are unable to undertake any type of intertemporal smoothing. Using the
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budget constraint in (46), real aggregate consumption of type-B households is

CP=Ny(1-0)) 0°CE,

a=0

o o
= Ny(1—6) Z 0%(1 — Ttﬁ)wtCI)aLaB,t + Z 0 (di’tu + trgﬁt + ettmgt>]
a=0 a=0
= (1 — 7£)w, LB + dPY + trgB + eytra? (50)
The term LP corresponds to the effective labor supply
(o9}
LP = N¢(1-0)>_ 6°0,LE,
a=0

As for type-A, we assume that dividends and net transfers received by each type-B household

are the same for all cohorts, irrespective of age. Equation (50) has the following stationary form

OB = (1 — 7£)we LB + d¥ + trg® + e tra® (51)

In the steady state

CB = (1 — 75)ywLB + dPY + trg® + etra® (52)

As in the cases of (34) and (35), equations (51) and (52) were obtained under the deliberate
omission of exact functional forms for dividends and transfers. In a more general setup, type-B
households could receive income transfers from type-.A households.

Equations (51) and (52) can be further detailed by using the consumption/labor supply
choice. ~ Plugging equation (47) in the budget constraint, and simplifying (note that
(1-— Tf)Wt¢aLﬁt = (1 —1F)W®, — (1 — THYW; @, (1 — LaByt)), one obtains

1
CaBﬂt = 775(1 — Tf)wt + 778 (/ df”tu(i)di + trgf’t + ettmaBﬂf)
0
Aggregating across a and dividing by technological progress yields
CP =B Ny(1 — 7F)w; + 1P (df’u + trgl + eﬂfxf)

The term 7® captures the fact that type-B households use the extra dividends and transfers to
increase consumption by a fraction n%. The remaining fraction 1 —n? is spent on leisure. Using

(48), aggregate effective labor supply for type-B households follows immediately

g (1—nP 1
Lf =Ny - CF
o= (S )
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3.4 Labor unions

Labor unions hire labor services from households and sell them to manufacturers operating in
the intermediate goods market. Labor unions are perfectly competitive in the input market and
monopolistically competitive in the output market—they charge a markup to manufacturers,
therefore creating a wedge between the wage paid by these firms and the wage received by
households. Unions’ profits are distributed to households in the form of dividends.

More specifically, there exists a continuum h € [0, 1] of labor unions supplying labor to a
continuum j € [0, 1] of manufacturers operating in the tradable sector (7) and to an identical
continuum of manufacturers operating in the nontradable sector (N). Intermediate goods sec-
tors are indexed by J € {T,N}. Each labor union supplies a specific variety of labor. Each
manufacturer j operating in sector J demands some quantity of each labor variety from union
h, U/ (h,j), and aggregate varieties to form an homogeneous labor input, U/ (j), according to

the following CES specification

U

g
1 U1 g7 g
o) = ([ 009 an)”
0
where o > 0 is the elasticity of substitution between labor varieties.
Manufacturers select the demand for each labor variety h by minimizing the cost of acquiring
each one of them, subject to the fact that they must attain an overall labor quantity of U/ (7).

Letting V;(h) denote the wage charged by union h, each manufacturer solves

o

1 M1 N ST
/ U (h, ) o dh)

min /IVt(h)UtJ(h,j)dh s.t. Ut‘](j):<
0 0

U/ (h.j)

The Lagrange multiplier of this problem corresponds to the manufacturer marginal cost of
acquiring an extra unit of the labor input, i.e. the Lagrange multiplier equals V;. The solution

steps are similar to those presented in Box 1, yielding

U? (h ) = (V(h)) U7 () (53)

1
1 =7
vV, = (/ w(h)l—"”dh>
0

The demand for labor variety h, Uy(h), is obtained by integrating (53) over j and then summing

across J, yielding

i) = () o (54)

where U, is aggregate labor demand.

We obtain a sluggish wage adjustment capturing the short-run dynamics present in the data
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by imposing quadratic adjustment costs with the form

) V‘/t(h;z i
TV (h) = 7”TtUt AR (55)
Vi

where ¢y, is a sector specific scaling factor. The level of technology T; enters as an economy-wide
scaling factor so that costs do not become insignificant over time. Since all labor unions are
identical, they solve the same optimization problem and set the same pricing rule in equilibrium
(see Box 5). Hence Vi(h) = V;, Vh. Letting 7} = V;/V;_1 denote the (gross) rate of wage

inflation, equation (55) becomes in stationary form

2
. du )
Y =2y, -1 56
t 2 t WKl ( )

In the steady state wage inflation is constant and therefore

V=0 (57)

Let ©; denote the relative price charged by labor unions scaled by productivity, o, = V;/(P/1}).
Scaling by productivity is necessary—which was already the case with w;—since the relative
price of labor grows at rate g in the steady state. This contrasts with the remaining relative
prices, namely those charged by intermediate and final goods producers, which are stationary
and not scaled by productivity. Wage inflation can thus be written as

% Ut BT Uy

== —7
t - t < tg
V1 P1Ti 4 Vp—1

or equivalently

T (58)
Vt—1 g

In the steady-state ¥y = ¥;—1 and hence
™ =r.g (59)

Equation (59) shows that the steady-state wage inflation 7" is determined by the final consumer
price inflation 7 and by the technological growth rate g. This contrasts with inflation rates of

intermediate and final goods, which are solely a function of the final consumer price inflation.
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The dividends of labor union h are
DY (h) = (1= 7£)[(Va(h) = Wi)Us(h) — BTy (h)] (60)

Notice that nominal adjustment costs are measured in terms of the numéraire. In equilibrium
the indexer h can be dropped, since all unions behave identically. Dividing (60) by P71} yields

real dividends in stationary form

d = (1—-71f) (0, — ) Uy — f‘ﬂ (61)

In the steady state

d“=1-750-uw)U (62)

Labor unions select the wage profile {Vi45(h)}32,, that maximizes the present discounted value
of the dividends stream, subject to the constraints imposed by demand and adjustment costs.
This problem is presented and solved in Box 5.

Equation (5.1), which defines unions optimal pricing rule, mapping wages paid to households

wy to wages charged by unions vy, has the following stationary form

U . du e 1 g 7177’5_19.9(],54_1 WXHfl 71'2:_1 (63)
oU—1 " P g1 o o 1—75 rn U e e
In the steady state wage inflation is constant and thus
u
- o .

This equation makes clear that, in the steady state where adjustment costs are zero, the wage
charged by unions is simply a markup ¢ /(" — 1) over the marginal cost. Outside the steady

state one must add adjustment costs to the pricing rule.

3.5 Firms

This section describes capital goods producers, entrepreneurial firms (also denominated as en-
trepreneurs), banks, manufacturers, and distributors.

The intermediate good sector is composed by tradable goods and non-tradable goods man-
ufacturers. Each manufacturer combines labor services, rented from labor unions, with capital,
rented from entrepreneurs. Intermediate goods are sold to distributors to be combined with
imported goods, yielding four types of differentiated final goods: private consumption (C), in-

vestment goods (Z), government consumption (G) and export goods (X).
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Box 5: Unions maximization problem.

The labor union selects the wage profile {Vi14(h)}52, that maximizes the present discounted value of
the dividends stream, subject to the constraints imposed by demand in (54) and adjustment costs in
(55). The objective function for the union problem is

L()=Ey Y Res(1-75,)
s=0

Vt+s (h)

V s h 7 Vies—1(h
x $ (Vigs(h) = Wes) <t+t+()) Ty, — By g D 2 || L=y
s Vits—2

Dropping the expected value operator, the first-order condition yields

u u

9L() 2 o [ ()7 u Vi)™ T U

= 1 —_ — —_— — —_—

8‘/;5(]7,) 0 <:>Rt,0( Ty ) ‘/t Ut o (‘/t(h) Wt) ‘/t V}

VVt(f(Li)o VVtU(L;L) 1
— PTyU ¢y SE=INY) g oAl -
= v ) v
~ ) ()
+ Rt,l(l - Ttﬂ_,_l)Pt+1Tt+1Ut+1¢u th -1 tVit W =0
Viea Vi1

This equation can be simplified by recalling that Rt,o =1 and Rt,l = 0/i;. Moreover, all labor unions
solve the same problem in equilibrium, and so V;(h) = V4, Vh. The previous equation thus collapses to

P |4 1%
(1—1F) U = o™ (V, = W) o TyUs < W‘ﬁ B 1> fo'

Vi Vi \ 74 M1

0 du Pry1 (TrLYl*l _1) T —0
1y

V; |4 14

+(1 — 751) T 1Uea
Ty T

Multiplying by V;/(U:P;) we obtain

_ 14
(1- Tf) [‘/;5 _ JMM*TM?M (Wt — 1) 7:; }

P P T W=
(1 — L )9'¢u Py To1Uppr (7 a0 Ty 0
)5 P, 7, v e

Using the definitions 7y = P;/P;_1 and i; = 1y - m41, the previous expression simplifies to

v 4 1—7510 ¢y ToaU 0 04
o= (o)~ T (S —1) S Lo o Tl (T ) T g
Ty q w1 1—7F n U s ;
Rearranging
Uu W — vy — QSZ/{ T 7'['2/ _ 1 77;/ _ ]. — Tt{:‘rl ﬁTt+1Ut+1 Wt‘itl _ 1 ﬂ-t‘{kl (5 1)
o —1 " U 1| \aV ay, l—-1Fr U ny 04 '
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Capital is produced by capital goods producers and acquired by entrepreneurial firms, who
are the owners of the capital stock during each production cycle. Entrepreneurial firms have
insufficient internal resources to finance capital acquisitions, but are allowed to borrow additional
funds from banks at a given cost. In each period, entrepreneurial firms face an idiosyncratic risk
shock changing the value of the capital stock (or equivalently the return on the capital stock)
and making their activity risky. Banks operate in a perfectly competitive environment. Each
bank borrows resources from households, lending them to many entrepreneurs, implying a zero
ez-post profit at all times. They charge to entrepreneurs a spread over the risk free rate—which
depends on the entrepreneurs’ probability of default, leverage, return on assets, and monitoring
costs incurred by banks—on the funds borrowed, to compensate for the losses incurred on those
entrepreneurs who default on their debt.

Banks and capital goods producers are perfectly competitive in both input and output mar-
kets. All remaining firms operate in a monopolistically competition environment in the output
market—therefore charging a markup over the marginal cost—and are perfectly competitive in

the input market.

3.5.1 Capital goods producers

Capital is exclusively produced by capital goods producers. It is thereafter bought by en-
trepreneurs and rented afterwards to manufacturers for usage in the production process. Box 6
summarizes the relevant framework and notation used to characterize the capital goods sector.
Capital goods producers are price takers in input and output markets.

More specifically, there is a continuum of capital goods producers indexed by i € [0, 1], for
each manufacturing sector J € {T, N}, where T stands for the Tradable sector and N stands for
the Non-tradable sector. In each period, capital goods producers supplying sector J purchase
previously installed capital from entrepreneurs f(tJ (i) and investment goods from investment
goods producers I/ (i) to produce new installed capital I?t‘] t1(1), according to the following law

of motion
Ky (6) = K (i) + 1/ (i) (65)

where ¢ is an investment efficiency shock. We impose a sluggish pattern for investment, con-

sistent with the data, by assuming quadratic adjustment costs with the form

N 17 (i)/g ’
- () ’

where I/ is sector J’s overall investment at period ¢. Since the problem faced by each cap-
ital goods producer is identical, the indexer ¢ can be dropped when referring to equilibrium

conditions. Thus, in stationary form (66) becomes

-~ 2
- 77 5 I/
7 =22 |+t -1 (67)
2 ItJ—l
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Box 6: Framework and notation related with capital utilization and accumulation.

K,g]H — Represents the total stock of physical capital that can be used at period ¢ + 1. This
quantity is produced by capital goods producers and bought by entrepreneurs at the end
of period t. It respects the standard law of motion Kt+1 = (1 - 0")K/ + I/, where
57 is the depreciation rate, ¢(Z is an investment efficiency shock, and I; represents the
investment level, which is set by capital goods producers.

K/ ~  Represents the stock of capital that is actually used by sector J’s manufacturers in period
t, K = u/ K/. This quantity is influenced by capital utilization u;, which is optimally
selected by entrepreneurs.

f(tJH — Represents “new installed capital” at period ¢. This quantity is set by capital goods
producers, and evolves according to the following law of motion: K}, =K + .

The quantity K 7,1 is sold to entrepreneurs at the end of period ¢, and thus KtJrl K.

I?,g] — Represents “previously installed capital” at period t. This quantity is bought by capital
goods producers from entrepreneurs at the end of period t. Since capital depreciates
during the production cycle, K/ = (1 — 6”)K;/. The quantity K J can be seen as the
“undepreciated fraction of physical capital that has been used in the period t production
cycle” (Christiano, Motto, and Rostagno, 2010).

According to these conventions, at the end of period ¢ entrepreneurs receive back from manufacturers
utilized capital ng = utJ I_(t‘] . During period ¢, the existing stock of capital, [_(,;] , faces a depreciation
of §;, regardless of whether it has been used in the production cycle. Therefore, physical capital
at the end of period t is K;/ = (1 — 7)K;. This amount, termed “previously installed capital,” is
sold to capital goods producers, who combine them with investment goods to produce “new installed
capital,” K,g’H = K/ +(Z1/. At the end of period t, entrepreneurs buy at price P the new installed

capital, K, = K{,;, and rent it, partially or entirely, to manufacturers, receiving an unitary rent
of R,

In the steady state investment in stationary form is constant and therefore

' =0 (68)

Dividends of capital goods producer ¢ supplying sector J are

DI (i) = PM K, (i) — PR K] (i) — PE[IY (i) + TF ()]
= PM K (i) + 1 (i) — PN K (i) — PE[I] (6) + TF (3)]
= P T (i) — PFI (i) + T (4)] (69)

The second step uses the law of motion of capital in (65). The term Pt’CJ is simultaneously
the price of previously and newly installed capital at the end of period ¢, since the marginal
rate of transformation between the two is assumed to be one. From equation (69) follows that
capital goods producers select the investment level Ig] , which adds to the existing capital stock
I~(57 to yield new installed capital f(l;] 1. In the process they pay for investment goods plus the
adjustment cost. Taxes on capital are paid by entrepreneurs, since they are the capital holders

in this economy. The stationary specification of (69) is obtained after dropping the indexer i
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and dividing by P,T}

B = G — (1 + T (70)

where pi/ = P/ /P, is the relative price of sector J’s capital goods and pf = PF/P; is the
relative price of investment goods. In the steady state adjustment costs are zero and shocks are
absent. Thus

A&7 = (p7 — pT) I (71)

Capital goods producers select the intertemporal profile {I/ (i)}22, that maximizes the net
present value of the dividends stream, subject to adjustment costs in (66), and taking Pt’CJ and

P! as given. The problem is

N 10 ’
max E Ry PRICE I (i) — PR [[J i +@]J <t+8_1> }
]tJ+S(i) t; t,S{ t+sCt+s t+s( ) t+s t+s( ) 9 t+s qg- I£]+S_1(Z.)

Using the fact Rt,l = 0/iy, the first-order condition defining optimal investment demand is (we

drop the expected value operator)

I/ (i I/ 6 - PZ I/ (i I/ (i
Pt)CJ<1tz _ PtI 1 + (bIJ ( tJ( ) - 1) }5 - .(bIJ t;l I£]+1 ( t+1J( ) _ 1) t+;(') .
gL, (9) gLy (9) i By g-Ii (i) g- (17 (1))

Dropping the indexer i, using the definition of real interest rate r, = i;/m;, and dividing by P,

we obtain

2
p/CJcl — pI 1 + ¢IJ ItJ -1 IL:] _ 9 : ¢IJ ptI+1 I£]+1 1 Ii]+1 (72)
b ' g-17, g-I7, g-re pf \g-If

In stationary form condition (72) becomes

KJ T T I/ I g0 -9r5pf (10 I ’
= 14+ - -1 = - = —1 - 73
@ o bz Iilfl I£]71 ™ p,{ ItJ ItJ ( )

In the steady state shocks and adjustment costs are absent, and therefore

- (74)

Hence, the price of capital equals the marginal cost (there is no markup) and dividends equal

zero in equilibrium. This result follows directly from the fact that capital goods producers are
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perfectly competitive in input and output markets. Outside the steady state there is a wedge
between the price of capital and the price of investment goods, induced by investment efficiency

shocks and adjustment costs.

3.5.2 Entrepreneurs and banks

There is a continuum of infinitely lived entrepreneurial firms [ € [0,1] for each manufactur-
ing sector J € {T,N}. At the beginning of period ¢ 4+ 1 entrepreneurs have an aggregate
physical capital stock of (we use the expressions “entrepreneurs” and “entrepreneurial firms”

interchangeably)
Kiy = (1= 0K + I (75)

where §/ is sector J’s capital depreciation rate (which may also be subject to a capital destroying
shock), K’t‘] represents the total stock of physical capital at ¢, and Ctz is the time ¢ investment
efficiency shock previously introduced. Dividing (75) by T} yields the stationary specification

for capital accumulation

- 1 ~ .
kio=Sla- ok + i | (1)

In the steady state this equation simplifies to

k=1 [(1 _§NE + iJ]
g

which can be written as

IVJ

EJ:gMJ—l (77)

Thus, in the steady-state the investment to capital ratio equals the net growth rate plus the
depreciation rate. Below, we clarify the idiosyncratic risky environment in which entrepreneurs
select capital purchases and characterize the renting activity. For convenience, we solve the
model backwards, i.e. we first present the renting activity and only thereafter characterize

capital purchases. However, the ordering is irrelevant since these two stages are independent.

Capital renting

The entrepreneurial firm [ operating in sector .J selects the capital utilization rate, uj (1), after
observing the idiosyncratic shock w(l). To ease the exposition, we drop the indexer [ from the
idiosyncratic shock variable w;. We adopt the following functional form for the costs of capital

utilization

O'J
ot ) = 5ot (ul 0) + 21~ o)l ) + 62 (% - 1) (78)
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Box 7: The adjustment cost function a(uf).

Let us drop the indexer I. As in Christiano, Motto, and Rostagno (2010), the adjustment cost function
a(uf) takes the form

J
o(uf) = yodol () + 0] (1=l uf + 02 (% 1)

where ¢ and o are parameters that govern the behavior of a(uj). In partlcular, @7 > 0 is selected to

ensure that capltal utilization costs equal one in the steady state, whereas o/ > 0 controls the degree

of convexity. The first and second order derivatives with respect to uj are

da I J J J (1 _
dug_ a%ati + (1 U)
d2

= ¢lo
d(uf)’

The sign of the first derivative depends on the magnitude of ¢/. In the steady-state uf = 1 implying
that adjustment costs are zero

J
olt) = 620! + 61— o)+ 0] (% —1) = ¢do + 7 - 6l — 61 =

With financial frictions, capital utilization rate uj is selected by entrepreneurs, whereas without finan-
cial frictions it is selected by capital goods producers. In both cases, the first-order condition of the
optimization problem is the same, determining the real rental rate of capital paid by manufacturers in
equilibrium

TFJ d ¢a aut+¢ (1_0)

In the steady state with uf =1

T = glol + ¢i(1—03) = 6]

Hence, ¢ pins down 7 uniquely in the steady state. Finally, notice that
d%a/duf Jat J
— =] = Ua

dafduf |,y_, ~ o307 +oi(1—ad)

t

Thus, o establishes the curvature of a(ujf). An increase in the curvature of the adjustment cost
functlon (an increase in o) implies higher costs for a given change in the capital utilization rate.

where ¢ > 0 is calibrated to ensure that the capital utilization rate equals one in the steady
state and a > 0 is a parameter that controls the curvature of a(ut) The parameter gb‘] plays
a key role in (78), since it pins down the real rental rate of capital in the steady state. The
function a(uj) is analyzed in detail in Box 7. In equilibrium all entrepreneurs set the same

utilization rate and thus adjustment costs are

ofut) = ool + 62— od)ut + ol (% 1) (70
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In the steady state uf = 1 (since ¢ > 0 is calibrated accordingly), and

a(1) =0 (80)

The capital stock effectively used in production is, in stationary form

K/ =u/K/ (81)

In the steady state

K’ =K’ (82)

The after-tax profits of entrepreneur [ operating in sector J arising from the rental activity are
EPJ,RA -
11, (1) =1 — )[R (1) — Pea(u (1) ]w! K7 (1) (83)

where Tt’C is the capital income tax rate and R,{CJ is the nominal rental rate of capital charged to
intermediate goods producers. Entrepreneurs are price takers, and thus R is taken as given.
The component w; is the time ¢ idiosyncratic shock that changed physical capital from K} into
wi K. Entrepreneurs select the capital utilization rate profile {uf, ;(1)}%, that maximizes the
present discounted value of after-tax profits related with the rental activity. Since there are no
intertemporal interactions (contrary to other firms), this is equivalent to maximize (83) in each

period. The first-order condition yields

da
duf (1

_ da
}w,}]K,;](l) = 0<:>R,15CJ = Ptm
i

du;f](l)

:0@(1—75)[R5J—Pt

The idiosyncratic shock plays no role in the entrepreneur decision. Moreover, the utilization rate
of capital is independent of the capital stock. In stationary form and using the result presented

in Box 7, the first-order condition can be restated as

il = dhoqu + (1 o) (84)

a

Thus, the real rental rate of capital equals the cost of using one additional unit of installed

capital. In the steady state the parameter qﬁg pins down uniquely the real rental rate of capital

= ] (85)
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The resource cost associated with capital utilization—a key element of the intermediate goods

market clearing condition as it measures real resources that were not used in production—is
J _ N7
RCU; = Pia(uj ) K;

It is useful to evaluate this resource cost in terms of P/ and in stationary form

réuy = ————— (86)

Dividing by P/ is crucial for the market clearing condition, as the resource cost becomes mea-

sured in the same unit of intermediate goods. In the steady state a(1) = 0 and thus

réu’ =0 (87)

Idiosyncratic risky environment and optimal capital purchases

At the end of period t each entrepreneur buys a nominal amount of capital P/ K/ (1) from
capital goods producers. The element I_(tJH(l) represents the total quantity of capital that can
be used in the period t + 1 production cycle. To purchase the new amount of capital, the

entrepreneur has to respect the following balance sheet
PR (1) = B () + N (1)

where B/ (1) is an external finance component (bank loans) and N/(I) is an internal finance
component (net worth), both evaluated at the end of period ¢.

Bank loans represent an important liability with potentially large macroeconomic effects,
since the entrepreneur is forced to declare bankruptcy if he is unable to paid them back. The

balance sheet equation can be rearranged to focus on external finance needs
B (1) = P K, (1) = N (D) (83)

This equation can be expressed in terms of the leverage ratio B/ (1)/N{ (1)

B/(l) _ PMEYL ()
N/ N

Aggregating the balance sheet equation across all entrepreneurs and dividing by P,T; yields

b =pf' Ky g -0 (89)
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The steady-state version is

b7 :p’c']f(]~g—ﬁ] (90)

After purchasing new capital from capital goods producers (but before selecting the utilization
rate), entrepreneurs experience an idiosyncratic shock wy ,1 that changes the capital stock from
K/ (1) to wf 1K/ ;(1). This shock takes place at the beginning of period t + 1, creating
a risky environment. In the extreme case of a severe shock, the entrepreneur experiences a
loss that makes impossible to meet his debt obligations, forcing him to declare bankruptcy.
More specifically, there exists an endogenous threshold level for the idiosyncratic shock, thJ 1
separating two distinct outcomes: if w; 1> w] 't1 the entrepreneur is able to payoff his debts and
is therefore solvent, whereas if wy,; < @/ ; the entrepreneur cannot meet his debt obligations
and is forced to declare bankruptcy. The value for the threshold (I),g] ,1 1s optimally set by the
entrepreneur when selecting optimal capital purchases.

The idiosyncratic shock is directly observed by the entrepreneur at no cost. On the contrary,
banks can only observe the shock if they pay a unitary monitoring cost py41 over the firm value.
This asymmetric information setup is in line with the “costly state verification” literature,
pioneered by Townsend (1979). Monitoring costs include all bankruptcy costs (auditing costs,
accounting and legal costs, asset liquidation, business interruption effects, among others). The
monitoring activity is undertaken by type-.A households at no cost and with no effort, and thus
the remuneration for monitoring work performance paid by banks corresponds to a pure income
effect.

The random variable w; 1 follows a log-normal distribution with a mean of unity,

1

s~ (5 ()", (0F)°)

distributed independently over time and across entrepreneurs. Let §/ (z) = Prlw; 't1 < x| denote
the cumulative distribution function and f;(x) the corresponding probability density function of

wi,;. The standard deviation of”’

is itself a stochastic process, known to entrepreneurs when
deciding on capital purchases (contrary to wj, which is only observed afterwards). Figure 3
depicts the unit mean cumulative log-normal distribution §(w).

Entrepreneurs ex-ante after-tax return to capital, Retf‘] , is

(1- Tt’i-l) [R&]luijﬂ - Pt+1a(u;]+1)] (1 5t+1) +1 + Tt+15t+1 t+1

Ret}’ =By o
t
_E (1-— Tt’il) [rt’&ﬁuifﬂ - a(“ijﬂﬂ (1 5t+1)Pt+1 + Tt+15t+1pt+1
— bt PKT p
t t
P Piy1

(1- Tt’il) [7“7&]1“%]“ - a(“%]+1)] ( 5t+1)pt+1 + T£1557+1pﬁ]1
pt

= Eymi1

This element is identical for all entrepreneurs, since in equilibrium u/ ;(I) = u/,;, VI. The
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Figure 3: The cdf of a lognormal distribution
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return to capital is an expected value, reflecting ¢ + 1 events conditional on the information
set at £. More specifically, it reflects £ + 1 after-tax profits per unit of capital arising from the
renting activity—see equation (83)—evaluated at E;(w;, 1) = 1, plus the ¢ + 1 unitary value
of the undepreciated fraction of capital and the tax deduction on capital depreciation. The
expected value of entrepreneur I’s assets at t (the expected value of the entrepreneurial firm) is
therefore Rety”’ PI K (1).

The return to capital can be alternatively expressed as
Ret!™ = m,, ret’’

where 7,1 = P;11/P; is the numéraire inflation and

1
Tet,CJ (Pt ) [(1 - Ttﬁ—l)("ﬁ’l“tﬂ a(ut+1)) +(1- t+1)Pt+1 + Tt+15t+11’t+1] (91)

The steady-state version of equation (91) is

retkd — (pr)—l [(1 —K)KT 4 (1= §7)pkY +th51an] (92)

After setting I_(tJH (1), the entrepreneur faces an idiosyncratic shock th +1 that changes the value
of capital from P}*/K}, (1) into w{ {P*/ K}, ;(1). Therefore, the value of the entrepreneurial
firm also changes to th +1Retf" Pt’c‘] h +1(l ). This amount is comprised between zero and infinity,
since wy,; € [0, 00).

Net worth is insufficient to finance all capital purchases at the end of period ¢t and thus
entrepreneurs are forced to borrow from banks. Otherwise, leverage would be zero and the
model would collapse to the benchmark case with no financial frictions (latter we impose a set
of aggregate shocks on net worth and dividends to ensure that P/ K/ i1 N/ > 0 holds in every
period). Each entrepreneur [ signs a standard one-period debt contract with the bank in each
period t, defining the total amount borrowed B (I) and the gross interest rate 27 (1). At period

t + 1 the entrepreneur has to pay to the bank a nominal amount of ; +1(l)BJ (1), otherwise he
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Box 8: The consequences of the idiosyncratic shock wyy1.

The cut-off level &}, ; must satisfy the following condition
o1 Rety? P KL (1) = i (0B (1)

which states that, if wy 1= @ " 1, the value of the firm is just enough to keep up with financial
obligations, implying a net worth value of zero. For a given draw wyy1, this condition bears the
following consequences

the bank pays monitoring cost ut+1wg]+1RethPt’wKtJ+l(l)
_ and receives (1 — pg11)wi Retc I PRIKT (1
Wt < Dol = ( Jwi'y1 Rety Py it (0)
the entrepreneur receives 0 and goes bankrupt

If

the bank receives i/ (1) B/ () from the entrepreneur

Wil = Wiyl =
oHb = e the entrepreneur receives wy,; Rety” P K/, (1) — i/ (1) B{ (1) > 0,

which is the quantity to be subject to a maximization procedure

goes bankrupt. The key point of this framework is that, if the idiosyncratic shock is above the
threshold value (I)zj 1, the entrepreneur is able to honor the debt contract paying to the bank
iy +1(l)BJ (1), whereas in the opposite case he is forced to declare bankruptcy. The cut-off level

@], 1 has to satisfy the following condition
QEIHRetiCJPt’CJKi]H(Z) =i A (DB (1) (93)

which states that, if w,;] = (D;j "1, the value of the entrepreneurial firm is just enough to keep
up with financial obligations, implying an ex-post net worth value of zero. Given the decision
to buy capital worth Pt’CJ R’gﬂrl(l) at the end of period ¢, equation (93) sets liquidity needs, and

2fICJ

establishes a critical link between &}, Ret}” and i2/ (1).

If the entrepreneur goes bankrupt, the bank keeps only a fraction 1 — u;yq of the value of

the entrepreneurial firm (the recovery rate)
(1= pes1)wi iy Rett? P K (1)

The remaining fraction p;41 represent monitoring costs paid to type-.4 households for monitoring
services. If the entrepreneur is able to satisfy the debt contract, the bank receives the borrowed

amount 7, +1(Z)BJ (1), while the entrepreneur, as the residual claimant, obtains

wi Ret P K (1) — i () BY (1)
=wiy Rety? P KL (D) — @y Rett P KL (1)
=(wiyy — @) Rett PM K] (1)

where we used equation (93). All these possible outcomes are summarized in Box 8.
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Each entrepreneur [ maximizes
* NEPJ J J
| R it st
where

J o] KJ pKJ joJ e 7 y

ATEPJ l . (wt_;’_l - Wt+1)Rett Pt Kt+1(l) s lf wt+1 Z wt+1

70 |
0 , otherwise

is the t + 1 net worth before dividends are paid out and prior to aggregate shocks. This is

naturally equivalent to maximize ]\thgfl‘] (1) over the non-default region wy,; > @/, ,
> NEPJ J J
Ny (Df(wiy ) dwiyy (94)

We now turn to the restrictions faced by entrepreneurs, which include the terms of the debt
contract and account for the environment where banks operate.

Banks are assumed to make zero ex-ante and ex-post profits at all times. Their sole activity
is to borrow resources from households in order to finance entrepreneurs capital acquisitions. We
make the simplifying assumption that households are exclusively involved in risk-free activities,
and thus they only lend to banks if they are indifferent against receiving the non-state contingent
rate of return ;. That is, the terms of the contract must state that households receive a non-
contingent gross amount of ;1 1B/ (1) at t + 1, given a loan of By (l) at t, regardless of the shock
w{ 't 1- Hence, entrepreneurial activity and bank loans are risky, but household loans are not—the
major role of banks is to transform risky borrowing from entrepreneurs into riskless lending from
households. To guarantee that households contractual interest rate is effectively verified, the
debt contract has to be state contingent to account for all unexpected perturbations, implying
that both @/ ; and 2’ (I) have to be functions of time ¢ + 1 idiosyncratic shocks wy, ;. The

debt contract has therefore to satisfy the following participation constraint

—J
Wit

_ . . KcJ = .
[1- 3(“21-5-1)]25-‘]1 (l)Bij(l) + (1 — pre41) / wt]-&-lRett PtKJKt]-H(l)f(Wi]H)dWi]H = ltBil(l) (95)
0 ——
No default Bank revenues Recovery Average value of capital risk-free
probability in case of rate amount

no default in case of default wi]Jrl <LZI£]+1

This condition implies that households always receive a gross amount of i; By (1) for lending to
entrepreneur [, regardless of the shock wy, ;. Banks, in turn, receive i/ (1)B{ (1) if no default
occurs, and the value of the firm—which depends on wg’ ' 1—if a default occurs. Hence, the bank
demands a risk premium to the entrepreneur whenever the probability of default is positive, i.e.
zthl (I) > i;. Moreover, a bank can make a profit or loss for a given entrepreneur (for a given
realization of ng 't1), even though on expectation profits are zero. In addition, we assume that
each bank lends to many entrepreneurs (each facing a different idiosyncratic shock w,;] /1), so that
ex-post profits are also zero by the law of large numbers.

As discussed by Levin, Natalucci, and Zakrajsek (2004), RetN’ = i; if yz11 = 0 (the fric-
tionless case), but fol —4; > 0 as long as the above probability of default is positive. In any

case, the degree of financial frictions is always conditional on p;y;. Bernanke, Gertler, and
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Gilchrist (1999b) defined the ratio of default costs to quantity borrowed, reflecting the premium

for external finance, as

GJJ
_ M fo Hl W£]+1R€thRtKJKET+1(l)f(wijﬂ)dwifﬂ

EFP,
' B/ ()

(96)

This quantity EF P, will be our measure of the “External Finance Premium”. Plugging equation
(93) into (95) yields

7
_ “it1 _
(1= §(@f)] [0l Retyt P KL (D] + (1= Ut+1)/0 wli Rety " P KL (Df(w])dwlyy =i BY (1)

Notice that the interest rate required by the bank increases to compensate for the higher
probability of default following an increase in the threshold @/, ;. Using equation (88) and

rearranging

Retl PRI R0 (1)

—J
Wit
[1- 3(@£]+1)]@i]+1 + (1= pre41) /0 wi]ﬂf(wijﬂ)dwi]ﬂ
=1 [Pt)CJI_(tJH(l) - NtJ(l)] (97)
In each period, entrepreneurs select {&;, 1, K/, ; (1)} that maximizes the period ¢+ 1 net worth in

(94), subject to the terms of the debt contract summarized in the banks participation constraint.

This problem can be restated as (see Box 9)

max [1 - F(‘Dij—i—l)} REthPZCJKi]H(l) (98)
Wit1
KL

s.t. [F(‘Dijﬂ) — Mt+1G(°_J£]+1)] RethPtKJKtJH(Z) =1 [PtICJKtJH(Z) - th(l)]

where

=
£
T~
X
Il
\8
T
£
g
=
=
£
T~
=
o
=
T
=
+
+
=
=
£
T~
-
o
£
T
=

i J —J
Banks capital If wf <ol
earnings gross share

0o
—J — J —J J J
1—T(wiyy) = 0 + [J (Wit — @) f(wig ) dwi’,
N , Wit1
Entrepreneurs capital 7 _7 J g
earnings net share If wiyy <@iyy Ifw/ 207,

and

—J P J J J
G(Wt+1) E/o Wt+1f(wt+1)dwt+1

Banks capital earnings net share is T'(@;, ) — pu41G (@], 1)
The entrepreneur problem has been reduced so far to selecting K;11(l) and a schedule & 1
(as a function of the realized values of Retf‘] ). The distribution of aggregate and idiosyncratic

risks, the price of capital Pt’CJ , and net worth N/(I), are taken as given. The solution to the
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Box 9: Banks and entrepreneurs capital earnings share.

The entrepreneurs maximization problem

g _
ol Jaor,,
K 4()

max / (wiyr — @p1) Rety” P KL (Df(wi1)dwdy s.t. (97)

can be simplified by noticing that capital earnings are shared between banks and entrepreneurs. Ignor-
ing time subscripts and the superscript J, total density can be decomposed as

w [e’e}
1 = / wi(w)dw + / wf(w)dw (9.1)
0 @
Region associated with Region associated with
the default area the non-default area

Equation (9.1) can be manipulated to account for alternative outcomes

= [ttt + [ et + 0 [ ieno - 0 [ o)

/Owwf(w)dw o w/oof(w)dw + /:o(w_@)f(w)dw

w

The entrepreneur The entrepreneur The entrepreneur
goes bankrupt does not go bankrupt does not go bankrupt
Gross share of banks Share of entrepreneurs

(before paying monit. costs)

= (@) + 1-T'(w) (9.2)

Equation (9.2) splits total density fooo wf(w)dw = 1 in banks gross share, I'(@), and entrepreneurs gross
share, 1 — I'(w). Entrepreneurs gross share equals their net share, since they observe w at no cost. On
the contrary, banks have to pay monitoring costs uG (@) if the entrepreneur goes bankrupt, where

6(@) = [ wf)s

Hence, the banks net share is I'(@) — uG(@).
The entrepreneurs maximization problem can therefore be restated as

max [1 - T(@{1)] Rety” P KL (D)
Wit
Ricrl(l)

s.t. [F(‘D;ﬁ]-i-l) - Ht—s—lG(‘Di]-H)} REtn]sCJPtKJKi]-H(l) =1 [Pt]c']f(t{s-l(l) - th(l)]

entrepreneur problem is presented in Box 10. Notice that, in the current setup, entrepreneurs
face an additional balance sheet effect taht is absent from models without financial frictions: a
marginal increase in capital raises the entrepreneur leverage, and therefore the costs of external
finance. Thus, ceteris paribus, entrepreneurs set a relatively lower level of physical capital.
Even though all entrepreneurs face the same decision rule, they may have different net worth

levels and set distinct capital purchases. Dropping the indexer I when aggregating for the overall
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Box 10: Entrepreneurs maximization problem.

The entrepreneur selects the profile {&;, |, K;,;(1)} that solves problem (98). The Lagrangian is
L() = [1 - F(@ZI+1)] RethPt’CJK,5J+1(l)
T {(F(@ijﬂ) — 1e+1G(@]41)) Rett P K,

@ = (PR () - N )]
where ); is the Lagrange multiplier. Let

J (] . g v Al
i1 =T(@54) with (T{,,) = =

dGy
Gl =GWw,,) with (G )/ =it

I S
—. = Wt+1f(wt+1)
w4

The first-order conditions are as follows.

1. The optimal cutoff &/, ,

oL(: _ _
it =0 () Bt B R0 = 0 (V) = s (@) ) et PR 1)
rs.,)
Xy = ,( 1) . (10.1)
(FE]H) — Mt (Gil+1)

2. Optimal capital purchases
oL(") J KJ pKJ J J KJ pKJ _ ; pKJ
m =0« (1_Ft+1)Rett P +)\t (Ft+l _Mt+1Gt+1)Rett P _ZtPt =0
t+1

Dividing by i; P’ and noting that

Retf‘] - Retf‘l - et/
it TtTt4+1 Tt
yields
KJ
g et 7 g N Tet
(1-Ti}4) ri + A | (T — e Gilyy ) —— — 1| =0

(10.2)
which implies that all entrepreneurs set the same cutoff @, ;

Finally, notice that nominal capital purchases can be expressed as

- 1 N{ (1)
PICJKJ = L iV
! Hl( ) Z't - (F(@ngl) - Mt+1G(@£]+1))R6tiCJ

and therefore each entrepreneur sets capital purchases according to his net worth. Nevertheless, all
entrepreneurs select the same leverage ratio

B/ (/N (1)
1+ B/ (1)/N/ (D)

_ (@) - pe41G (@], 1)) Ret”

123

economy and pugging (10.1) into (10.2) yields

ret’<d INARY
(1) +< (1)

> [(FJ 1e41Gi) et ] o
- Mt41 - - =
(FEIH)/ — 1 (Gi]+1)/ " T
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This equation—which is already in stationary form—establishes the link between retf”/ and

@], 1. The steady-state version is

retkd AL retkd
(1-17) A ((PJ)/(E: GJ),) [(FJ—MG']) i —1|=0 (100)

r

The constraint in problem (98) defining the zero-profit condition can be written in terms of
the assets-to-net worth ratio P/ K/ 't1/N¢ and of the corporate risk spread Ret’’ /i;. Dropping
the indexer [ and dividing by i;/V; yields

T/ . — Vell Retf‘] Pt’CJI_{ilH _Pt’cjkijﬂ
[ t+1 — Ht+1 t+1} i N, - N,

In stationary form

oy B PFIK]
[FJ . GJ ]Rett PTiyn Pl 1e
t+1 — Mt+1Geq N, - N,
TiT+1 PiTrg PiTrg
KJ K K
J rely p t+19 _ i+19
&[T — pen Gl v P ey -1 (101)

This equation states that ex-ante bank profits are zero, but is silent about ez-post events.
However, given that each bank lends to many entrepreneurs, ex-post profits are also zero. Banks
will thus make positive profits on some entrepreneurs and negative profits on others, but on

average profits are zero. Following Kumhof et al. (2010), the period ¢ ez-post version of (101)

becomes
ret<d K KJ KJ f(J
[F%] . ,utGij] m1,t Pt= - _ ptil t9 1 (102)
T'm1,t nt—1 nt—1

where 7,1+ is the ez-post real interest rate

s = 2 103
t

and ret’] + is the ez-post after-tax return on capital

retid s = () T (= ) (il = o) + (1= 6P + 6! pE (104)

Notice that, even though retmlt has the same formulation as T’€tt 1, they are conceptually

different. The former is the ez-post return on capital at ¢, after the shock w; is known. The
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latter is the ez-ante return on capital at t — 1, before the shock wy is known. For latter reference,

notice that Retf{{,t = Wtretfit. The steady-state version of (102) is

T KJgd KJ g
[F‘]—,uGJ]re m1 P ! g_p»r 9 _4 (105)

Tm1 n n

and of (103) and (104) are respectively

.

ml = — 106
_ (106)

and

retd = (p,cJ)—1 {(1 — ) (KT — a(u?)) + (1= 67 )p< + TIC(SJp)CJ} (107)

Since w; follows a unit mean log-normal distribution, the terms '/, G/, (I'/)’, and (G{)’ can
be computed by resorting to the following auxiliary variable

g @) 1 ¢

Zy = g
t O_th 2t

Solving for w; yields

_ _ 1 2
@ = exp {zg’of“’ ~3 (of7) ] (108)

In the steady state

1
o’ =exp {z‘]ag‘] — 2(U£J)2] (109)

Let ®(z) denote the cumulative distribution function of the standard normal distribution. The

following results hold in stationary form

Iy =@(z] —of’) + @] [1 - @(2)] (110)

6/ = (s —of) (111)
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r)) =1-a(z)) (112)

(G]) = H@)) (113)
where
f(w!) = \/ﬁji,gtgj exp{ - ;(#)2} (114)

The derivation is clarified in Box 11. The steady-state versions are respectively

I =&z —o®’) + 0’/ [1 — @(27)] (115)

G =o(z) - o) (116)

(1) =1-a(z) (117)

(G7) = &’§(@”) (118)
where

TR

To close the entrepreneurial sector one needs to describe in more precise terms how aggregate net
worth evolves over time. Ez-post aggregate returns to capital are Retﬁ{tPt’E{f(g] . The difference
between this amount net of bankruptcy costs GtRetﬁ{,tﬂ’i{[_(g’ and the gross amount i%” B/
paid for bank loans goes entirely to entrepreneurs, accumulating over time possibly up to the
point where external finance is no longer needed. If this is the case, leverage converges to
zero, and the financial accelerator setup collapses to the benchmark case with no financial

frictions. To prevent this, we impose some restrictions on the time path of aggregate net worth.
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Box 11: Using the lognormal distribution in the financial accelerator set up.

The random variable w; follows a lognormal distribution
Inwi’ ~ N(=1/2(0f7)%, (077)?)
Consequently
Ew!)=1
Var(wy) = (of‘])Q

The density function of wy is

1 1/In(w/) 1 2
Jy _ t EJ
f(wt ) - /727'('(/.)%]0'7:8‘] exp{—2< O'th + Eo—t

Let us omit the time subscript and the sector superscript. Furthermore, consider the following auxiliary
variables and results

= o€ +2
2 2
w = exp {yae — %(05) } = dw = o exp {yag — %(05) }dy
g2 1e
ot 2 £_Inw _1_¢ £y2 _ () 1_£)2
y—0° =" —30 = (y—0°)° = (¢ —1n(w)+(§a)

We first show that [ ° f(w)dw = 1 — ®(Z), where ®(-) is the cumulative distribution function of the
standard normal distribution

[ o= [ {422+ 1o
A e e R e R L
- [7 e { - + () fay
- [T een (- ne}eo{ -0
[ el (L)
[ oL (Y 4 2y + () ] e
[ el () o= el i)

1 1
=1— ——expd —=y? pdy =1 — B(Z
/_mmXp{ 2y}y &
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Consider now the following auxiliary variables and results

In(w)

2 _15 s _ 5_ &

Z=—% 5 =>Z=Z—0

~_1n(w)_lag:> wfexp{ya ( ) }édw*o exp{ya ( ) }d~
YT R 2 = & _ Inw)

2
g+o° =2 4+ 10 :>(:t]+a‘9)2=<1na(—f)> —Hn(w)—&-(%a‘g)z

We show that [ wf(w)dw =1 — ®(z — o%)

| efno= [T 1(n() L A",
wilw)dw = ————exps —= e w
@ o V2rwot P12\t 2
_ = 1 L. E2 | &€ _ e 1, g2 ~
_/2 SR exp{—Q(y+a ) }0’ exp{ya +§(0') dy
=/w1exp{—1@2+2zjog+ (0’5)2)+§0£+1(05)2}dz}
: V2r 2 2

| 1.,) - /5 1 {14}~
= expy —=y~ pdg=1— expy —=y~ pd
jé or p{ 59 } y v~ Rt O

=1-3(32)=1-3(z-0%

Replacing these results in the definitions of T'Y, &/, (T'/)’, and (&)’ yields

ry = / W)l + a7 [ §(d)dwd = B(z — 0f) + & [1 - 3(z)]

@]

—J

Gl = /0 wi f(w])dwi = @ (5 - af)

&5@l) + [ fwi)dwi — of§(@)) =1 - @(z)

5J
Wi

(r?)

(GY) =& 1(@])

More specifically, we assume that entrepreneurs pay out dividends to households on a regular
basis, worth Dy = P/div{ (sector J’s dividends are measured in real units of output of the
respective sector). Additionally, aggregate net worth accumulation may also be hindered by
output—destroying shocks, valued at Pt‘] Sij Y. Sector J’s entrepreneurial firms net worth therefore

evolves according to
NtJ = (RetKl tPtK{Kt MZ]GtRetKl tPtK{Kt it—lBijfl) - PtJdiUZ] - PtJSg’y
(Ret T PRIR] (1 — ] Gy) — it,lBg_l) — P/ (div] + )
(Retmlt TR (1 =yl Gy) — iy 1 (PR — Ng’_l)> — P/ (div] + S)
(zt N/ + PRIRY (RetS] (1wl Gy) —it_1)> — P/ (div] + S
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where we used the aggregate version of (88), B ; = P K/ — N/ . In stationary form this

equation becomes

Tt . > - J =
ﬁg = ( gl,t n;],1 _~_p£J1KtJ(retﬁ‘{,t(1 — utJGt) — Tm1,t)> —p;](dwt =+ 5’;“/) (120)

The steady-state version is

07 = I (IR (et 1 G) ) = (i 4 5)) 12y

Dividends d%v,{ evolve according to a structure present in Kumhof et al. (2010). First, let

s - .
entrepreneurial income pfinc; be defined as a fraction S,;J @ of net worth gross return

o~ J . ~ J ~
p;]mct = S,;J’d [n;] +p;] (dwt + Sg’y)}

Jd [ Tmlt =
= 571 R (et 1= 1 G — ) )

The element StJ 4 is a dividend related net worth shock (with Etsgj d typically in a range between
0 and 0.05) affecting the share of gross returns on net worth that is distributed to households.
Hence, a shock to St‘] a originates a pure redistribution effect between entrepreneurs and house-
holds, without direct resource implications. Moreover, let iﬁc;] M and ﬁ;] " denote moving
averages of inc/ and nj, respectively (moving averages are assumed to contain only lagged

terms). Dividends div;] evolve according to

~ J .~ Jma J
div, = inc; +0:.,(

0 —nl ™) (122)

where 67 is a parameter measuring the change in dividends if net worth raises or decreases
against its long-run value. This parameter is typically set between 0 and 0.05 (Kumhof et al.,

2010). In the steady state nj = ﬁtj’ma, and the above equation becomes

div” = ine™™ (123)

This setup deserves some clarification. To prevent aggregate net worth from increasing indefi-
nitely over time, we assume that entrepreneurs face output destroying shocks and pay regular
dividends to households. The remaining amount are simply retained earnings, used to finance
entrepreneurs activity in the following period (in complement with external finance). Dividends,
in turn, are a function of current and past income of entrepreneurs, but also depend on the de-
viation of current and past net worth value from the long-run value. Therefore, dividends are

lower if net worth is below the steady-state value and vice-versa. Moving averages enhance the
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dynamic properties of the model, allowing adjustments to occur smoothly through time.

In each period ¢, a fraction &(th 't1) of entrepreneurs declares bankruptcy and goes out of
business. To ensure that entrepreneurial firms have a mass of one at all times, we assume that
the same fraction of new businesses starts in every period, viz the most successful entrepreneurs
use a portion of their net worth to set a new business. This setup implies that aggregate net
worth is not affected by new entrants, thus ensuring consistency between the path for aggregate
net worth and individual decisions. Moreover, given that the decision rule is the same for
all entrepreneurs, they all set the same leverage ratio in equilibrium, even though they have
different net worth values and therefore purchase different amounts of capital. Thus, aggregate
figures evolve according to a pre-determined path, even though in equilibrium entrepreneurs face
distinct outcomes.

Finally, sector J’s real bankruptcy monitoring costs paid by banks are

- g 1 =
rbr, = EKilf’etnK@itpf—JlMZ]GtJ (124)
t

This is not a physical resource cost but a remuneration for monitoring work performance, paid

to type-A households in a lump-sum fashion. In the steady state

. 1 -
rbr’ = }?K']Tet,’,gb'{p’c‘]u‘]GJ (125)

3.5.3 Manufacturers

Manufacturers combine labor services (hired from unions) with capital goods (rented from en-
trepreneurs) to produce an intermediate good, which is then sold to distributors. They are
perfectly competitive in the input market and monopolistically competitive in the output mar-
ket, charging a markup to distributors. Profits are distributed to households in the form of
dividends.

More specifically, there is a continuum of manufacturing firms j € [0,1] in each sector
J € {T,N}, where T stands for the Tradable sector and N stands for the Non-tradable sector.
Each firm produces a specific variety of the intermediate good, which is bought by a continuum of
distributor firms f € [0, 1] operating in sectors ' € {C,G,Z, X}. Let Z/¥ (j, f) stand for the time
t quantity of variety j produced by firm j operating in sector J and purchased by distributor f
operating in sector F'. Distributors buy intermediate goods from many manufacturers, bundling
them together in a homogeneous intermediate good of type J, Z/¥(f), to be used in the final
goods production. The bundling technology is given by the familiar CES aggregator

J
fo
c’—1 o’/ -1

ZiF(f) = ( / P f)w’dj)

where 0/ > 0 is the elasticity of substitution between varieties of sector .J intermediate good.
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The demand for intermediate goods faced by firm j results from the standard cost mini-
mization problem of distributers, in which they select Z;/¥(j, f) so as to minimize the costs of
acquiring intermediate goods, given that the bundle Z/¥'(f) must be achieved. The problem is

J
1 1 /-1 ﬁ
min / Pz G.Hdj st ZT(f) = ( / Z G o dj)
0 0

Z{E(5,1)

where P/ (j) is the price charged by the intermediate goods producer j operating in sector .J.
Since distributors are perfectly competitive in the input market, they take the price P/(j) as
given. As usual, the Lagrange multiplier corresponds to the buyers’ marginal cost of acquiring
an extra unit of input, i.e., it equals the aggregate input price, in this case P/. Following the

same steps as in Box 1 we obtain

J . _O'J
26 = () zr (126)

J LT e 1—1"J
Pt :</0 Pt(j)fo dj)

Integrating equation (126) over all distributors f and summing across F' yields the demand for

variety 7

Jr N —o
71 (j) = (Ept9)> 7! (127)

where Z/ is the aggregate demand for sector J intermediate good.
Each manufacturing firm j operating in sector .J combines labor services U/ (j) with capital

K/ (j) according to the following production function

z!(j) = 7 (K (), U] (5)) =

- ((1 — )T (K G) T + (o) (TtA;’Uﬂj))”le) o (128)

where &7 > 0 is the elasticity of substitution between capital an labor for a firm operating
in sector J and 0 < aé < 1 is a distribution parameter. The element A7 is a temporary
labor-augmenting technology shock specific to sector J. The marginal productivity of labor and

capital are respectively

a]:tJ - A o g a, Zgj j &
i = (@) (20N (afv! () miaf = miaf (7T
1
oF/ = N e 1—aof) Z/ ()&
8K£](]) - (1 - aé) & (Zij(])) & (Kij(])) & L <( K?EJ) (']))

Since all manufacturing firms in sector J solve the same optimization problem, the equilibrium
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is symmetric and one can drop the indexer j when solving for the equilibrium. Equation (128)

in stationary form boils down to

5J — £ (e 77T NS oy S & JJE‘é;lg‘fil
V=F (K U)) = (1—-of)¥ (K]) & + (af) ™ (A/U) & (129)
In the steady state
&y
. . . 1 . gl 1 g-171e,-1
2= 5 (R0 = (0= ad) T (1) 1 (@) S (a70) ] (130

Moreover, in a symmetric equilibrium, the stationary form of labor and capital marginal pro-
ductivities are

1
y oF/ al ZI\ &
UJ\ _ t J U“t
— -4 131
F) = o =4 () (181)
N I\ &
§ 7 1—al)Z7\ ¢
(FEY = 077 _ (Lzau)Z (132)
oK} K

The steady-state versions are

1
. OF,  _(afZI\E
(Fory =20 (A{;UJ) (133)
1
° aj—J (1 _ aJ) ZJ £y
KJ\ — _ U
(F&Y = T ( =5 (134)

where A7 is the steady-state value of the labor-augmenting technology shock. Following Ire-
land (2001) and Laxton and Pesenti (2003), price inflation of intermediate goods is subject to

Rotemberg-type quadratic adjustment costs, which generate inflation persistence

) P/ G) 2
) PJ Py 1 ()
VO N 7 tPJl1 -1 (135)
BT
t—2

where ¢py is a sector specific scaling factor determining the magnitude of price adjustment costs
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for firms operating in sector J. In stationary form equation (135) becomes

J 2
P = %Zg ( T 1) (136)
Ti—1

where 7/ = P//P/ | is sector J (gross) inflation rate. In the steady state prices are constant

and therefore

r?7 =0 (137)

On the real side, a sluggish adjustment of hours worked is also ensured through quadratic

adjustment costs

Lo HONERY
() = = Uf (w - 1) (138)

where ¢ is a sector specific scaling factor determining the magnitude of adjustment costs. In

stationary form and after dropping the indexer j equation (138) collapses to

U/ ?
ot - QU ( L 1) (139)
t 2 t UtJ_l

In the steady state hours worked are constant and therefore

rv’ =o (140)

Capital is accumulated by entrepreneurs and rented to manufacturers at a unitary nominal
rental rate of R,{CJ . Thus, taxes on capital holdings are paid by entrepreneurs. Manufacturers
pay a profit tax Tt’C, identical to the one faced by entrepreneurs, and a social security tax, TtSP .

Dividends of manufacturer j operating in sector J are therefore
D} (j) =(1 =) | P/ (1) 2] (j) — R K (5)
—(+ "W (U7 () + 17 (5) = B (TP () + Thw”) (141)

where P/T,w’ is a quasi-fixed cost paid by manufacturers that counteracts the steady-state
economic profits arising from monopolistic competition and faciliates the calibration of the
model (particularly the depreciation rate and the ratio of investment to GDP).

Let p/ = P//P; denote the relative price of sector .J intermediate good and r/ denote

the real rental rate of capital. The stationary form of equation (141) in real terms (i.e. after
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dropping the indexer j and dividing by P,T}) is

8 = (1= ) [p 2] P RY = ()0 (07 4T = (B +) (122

In the steady state adjustment costs are zero and thus

@’ = (1-7F) [pJZJ MK — (1475 U7~ pl ! (143)

The manufacturer operating in sector J and producing variety j sets labor demand U/ (j),
capital demand K +1(J), and the price P/(j) in each period in order to maximize the present
discounted value of the dividends stream, subject to variety j demand in (127), to the production
technology in (128), and to adjustment costs in (135) and (138) (notice that at date ¢ capital
K/ (j) is already installed and cannot be changed). The problem is presented and solved in Box
12.

A useful relationship in what follows is the ratio of sector J’s inflation to final consumer

goods’ inflation

J J
b (144)
Tt Pia

In the steady state relative prices are constant and the relationship becomes
nl =x (145)

Dividing equation (13.1) by (1 - Tt’C) (1 — o’ ) 7/ and using the definition of real interest rate

7t = it/741 one obtains the optimal pricing rule

a’ sz_l_ opy [( s _1> i _1—T£1ﬁ77i]+12£]+1 <7T£]+1_1> 7T£]+1]

ol —1p/ ol =1 |\ 7/, o, 1=t rme 2\ nf ued

The term )/ captures the real cost of producing one additional unit of the intermediate good.

Using (144), the stationary form of this equation becomes

ol —1p/ ol —1 Lo ) 1—7F e pe z7 vd vd

ol N | _%ps l( m 1) 1151090l 2l (WEIH _ 1) 7T2]+1] (146)
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Box 12: Manufacturer maximization problem

The manufacturer selects the triplet {Py, [ (j), U, ;(j), K/ 411(j)}32 that maximizes the present dis-
counted value of the dividends stream, subject to variety j demand in (127), to the production tech-
nology in (128), and to adjustment costs in (135) and (138). The Lagrangian is

J
o - PJs(j) - .
£O) =B Y Ru (1- 75, {Pgism( el)) 2, - REKELG)
: t+s

Ul (i :
—(1+ Tt+s)v;f+3 (UtJ*S( )+ @Ug@s (Ut{:—% B 1> )

2
brJ g BIL() P, 4 7
o % s o = ) e
e ( 2 e Pt{rs 1(]) Pt{ksf2 * e

T (5 *"J

where P,y )/, (j) reflects the (nominal) marginal cost of producing an additional unit of the inter-
mediate good and Fy, , (K{,(j),U/,,(j)) is the production function defined in (128). The first-order
conditions are as follows (we drop the expected value operator).

_Pt-‘rs)‘;f]«ks (.7)

1. Optimal pricing rule

oc() Y6\~ i )
: P/ (5 Py, () PL.0)
=0e(1-7°) |(1-0/) (= Z] —opsZ] | == -1
8Pt‘](j) ( Ty ) ( o ) ( PtJ t QSPJ t ?;1 ?j*l
t—2 t—2

S(@G)

+Pt)‘2](j) (1 - Tt’C) g (PtJ)_o-J ZtJ
P{{H(J') Pt{*'l(J)
12400 P/ (j)°
+? (1- Ttlcﬂ) t+1¢PJ t+1 P.zj -1 ( B ) =0

t—1

where we used the fact Rt,l = 6/i;. As the equilibrium is symmetric the indexer j can be dropped and
the previous expression collapses to

K J\ 7 J g 7 s A K\ J o7 J
(1—7) |(1=0) Z]—¢ps Z; <7rg : —1) - —|—E(1—Tt )0’ Z;
0 ol o4
+- (1—7851) 7l 1dpsZ]s < bl 1) HL =0 (13.1)
t Ty >

where we used the facts p/ = P/ /P, and 7/ = P/ /P/ ;.
2. Labor demand

‘(M('?):o@ (1—rt){(1+ )Vt[1+¢UJ(UtJ(j)'_1> Utj'}_PtAtJ(j) 8?{}

Uy (j UL1() UL1() U (j)
0 Ui () Ui ()
gy (B () Vet (550 1) (5t =0
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since Rt,l = 6/i;. In equilibrium the above expression can be rearranged to yield

U/ U/ oF!
(1= (1+7f )Vt{l—ﬂbw (Ut}_l—1> Utj_J +(1—¢{C)PtA,{aUt

0 U U ’
+i— (1- rt+1) (14 720) Visrdus Uy 1 U7 =0 (13.2)
t

t

3. Capital demand

oL(+) < P 6]—"t+1 )
— Y —0e-(1-75) (R, - P ~ | =0
5K,§]+1(j) ( t+1) t+1 t+1 t+1( )8 t+1( )
) 8]—'
And Rﬁjl = Pt+1)\tJ+1( )m

given that 7%, < 1. In equilibrium

B
RN =P, )] 13.3
t+1 — Fi+1Mt41 aKt—H ( )
In the steady state adjustment costs are zero and thus
J
J g J
= A 147
PE (147)

These equations stress that sector J prices are a markup over the marginal cost. Outside the
steady state, the markup is influenced by price adjustment costs.
Dividing (13.2) by (1 — T ) (1 + T )V}, and using the facts r, = i;/m41, vy = Vi/ Py, and

P;+1 = 741 P, one obtains the equatlon defining labor demand

A U U/ U/
SR — —1= -1
(1 + TtSP) Ut (]:t ) ous UtJ—1 UtJ—I

2
bl LA e (U 1 Ui
Tt 1—7}’C l—i—TtSP UVt UJ UtJ

where (FU7) = 0F//0U/. Using (58) leaded one period we obtain the following stationary
t ¢ ¢

form for labor demand

N (F)

arene 0

2
vl 1 Ul 01-1f 1+ Tt+1 M (U 1 Uity (148)
U/, U/, e 1—f T+ 757 may \ U/ U/

In the steady state adjustment costs are zero and the previous equation collapses to

(1+75) o =M (F) (149)
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This equation states that labor demand is a function of its price, (1 + 5P ) ¥, the intermediate
goods marginal cost, A’, and the intermediate goods demand, captured implicitly by (FUY7).
An increase in the relative price of labor wvis-d-vis the marginal cost must be compensated by
an increase in labor marginal productivity, which is achieved by substituting capital for labor.
Outside the steady state one must also take into account quantity adjustment costs. Finally,

the stationary form of equation (13.3) defining manufacturers capital demand is

il = N () (150)

The steady-state version is

KT )\J(]:-KJ)/ (151)

The interpretation of these two equations are analogous to that of (148) and (149), except that

outside the steady state manufacturers do not face capital adjustment costs.

3.5.4 Distributors

Distributors produce four types of final goods: Consumption goods (C), Investment goods (Z),
Government consumption goods (G), and Export goods (X). For each type of final good F €
{C,G,Z, X} there is a continuum of distributors f € [0, 1], each producing a specific variety of
the good. Distributors use the same technology irrespective of the sector where they operate.
Production is divided into a two stage process. In the first stage, a distributor producing variety
f of the final good F combines domestic tradable goods Z] ¥'(f) with a bundle of differentiated
imported goods M/ (f), through a CES technology. This stage yields a differentiated tradable
good Y AT (f), henceforth termed assembled good. In the second stage, the same distributor
combines the assembled good with domestic nontradable goods Z{v F(f) to obtain the variety
f of type-F final good, Y,/ (f). Distributors are perfectly competitive in the input market and
monopolistic competitive in the output market, charging a markup to final costumers. Profits
are distributed to households in the form of dividends.

Each type of final good is demanded by a unique type of costumer: private consumption goods
are demanded by households, government consumption goods by the government, investment
goods by capital goods producers, and export goods by foreign agents. For each costumer type
E € {C,G,Z,X} there is a continuum of agents e € [0, 1], demanding many varieties of the
good. Let Y;F'(f,e) stand for the time ¢ quantity of variety f from the final good F purchased
by costumer e. Each agent bundles the different varieties of the final good together to form an

homogeneous consumption good Y;'(e) according to the CES specification

F

1 o1\ oFoq
/ Y (fe) o df) (152)

0

v = (
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F

where % > 0 is the elasticity of substitution between varieties of type-F final good. The

demand for each variety by a particular costumer, Y,'(f, e), is obtained by minimizing the costs

of acquiring final goods, subject to the fact that the bundle in (152) must be achieved
O'F

! 1 o1 NoFo1
win [ PF(OYE(Rar st Yf«a)—( RS df>

Y (f.e) Jo

The element Pf'(f) is the price charged by the distributer of variety f operating in sector F.

Following the same steps as in Box 1 yields

P _oF
YF(f.e) = <P3D}f )) Y/ (e) (153)

T

This same optimization problem was already solved for households, although with a different

notation. Therein, C’,ft(c) corresponds to the consumption of variety ¢ by a type-H household
with age a at time ¢, which is exactly equivalent to EQC( f,ye). In this case, f = ¢, and e indexes
the household.

Integrating (153) over e yields the demand for variety f faced by a distributor operating in

sector F'

F —at
v = () v (154

where Y, is the aggregate demand for sector F final good.

The production process is divided in two interdependent stages: the assemblage stage and
the distribution stage. In the assemblage stage, domestic tradable goods are combined with
imported goods, yielding a bundle of assembled goods. In the second stage, assembled goods

are combined with domestic nontradable goods to obtain the final good.

The assemblage stage. In this stage, the distributor uses a CES technology to combine
domestic tradable goods Z/ ¥'(f) with differentiated imported goods M/"(f). This process yields
a composite differentiated good—the assembled good.

We obtain a realistic pattern for the import content by imposing quadratic adjustment costs

with the following specification

AF, o AR («‘ttAF(f)—l)2
LR (f) = 9 1—|—(.A,‘54F(f)—1)2

(155)

where ¢4 is a sector specific scaling factor and

M)/ YAT(S)
ML /YA

AM(f) =
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Given that all distributors in sector F' are identical and face the same decision problem (see Box
13), the equilibrium is symmetric. Dropping the indexer f and dividing trend variables by the

level of technology yields adjustment costs in stationary form

. 2
SAF _ QAF (AfF — 1)
[AF = _ . (156)
2 14 (AM 1)
with .,thAF given by
AN = M (157)
M /YA

These equations state that adjustment costs at ¢ increase with the change in the share of the

import content in the assembled good. In the steady state the import share is constant and

therefore
M=o (158)
AN =0 (159)

Each distributor f operating in sector F' combines domestic tradable goods with imported goods

according to the following production function

eap—1

YAL(F) =FA(2]F (), ME(F), T () = ((agF)st(Z;r Fp) s +

AR
éar—1 ) Eap—1

1
+ (1= az") o [MI(f) (=T ()] (160)
where &4 > 0 is the elasticity of substitution between domestic tradable goods and imported
good for a distributor operating in sector F' and 0 < ozéF < 1 is the home bias parameter. In

stationary form this equation boils down to

AR
- 1 fap—1 1. . gap—1 -1
7o = (ag") ¥ (27 + (- agh) e (- ppr)) )
In the steady state
1 tap—1 1 gap—1 gAF1
- 4 — S - -« AF — AR —
vAr = () S (27) 5 41— agn) o 71— 0oy (162)
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Each distributor selects the quantities {Z7 7 (f), M (f)} in each period so as to minimize the
cost of producing the assembled good, subject to adjustment costs in (155) and to the production
technology in (160). The problem is presented and solved in Box 13.

Dividing equation (14.1) by T} and dropping the indexer f we obtain the demand for domestic

tradable goods in stationary form

—éar
FTF _ AF ( p > yAF (163)
t — Yz /\?F t

where p/ = P/ /P; is the relative price of the tradable good and A stands for the real
marginal cost. This equation states that the demand for tradable domestic goods is a function

of the relative price of this input vis-d-vis the marginal cost. The steady-state version is

—&ar
STF _ _AF pT AR
Z'" =ay AT Y (164)

A similar procedure for equation (14.2) yields the demand for imported goods in stationary form

—éar

where the element 74 r is

(AR — 1) ARF
- 272
1+ (A7 - 1)7]

M =1-TM — pap (166)

The interpretation of (165) is analogous to that of (163), except that one must also take into

account the costs of adjusting the import content of the assembled good. In the steady state

. —8ar .
MF = (1 - agF) (AA%) yAF (167)

and

AP =1 (168)

The distribution stage. In the second stage, the distributor combines assembled goods

YAF(f) with nontradable goods ZNF(f) bought from manufacturers to produce a final good
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Box 13: The distributor assemblage stage

The distributor selects the quantities {Z7 ¥ (f), M (f)} in each period that minimize the cost of pro-
ducing a given amount of the assembled good, subject to adjustment costs in (155) and to the production
technology in (160). Let

AP (f) = T (AR (MF (), YAR())  and ARF(f) = AN (ME (), YA7())

The Lagrangian is

L() =P Z]7(f) + PreeM{ (f) — P (f) K(aéF)ﬁjF (27" () &

1 eap—1 \ éar-T1
+(1—az™) @ [MI(f)(1=TE()] ) —Y{“F(f)]

where P} is the price of the imported good in foreign currency and A*'(f) stands for the real cost of
producing an extra unit of type-F assembled good. In what follows, we treat I'2¥ (f) separately.
For later reference we compute the marginal product of domestic tradable goods and imported goods

o tAF 1 1 5AF’1_1 1 tAF Ear
i - ()
a]:tAF AF % AF % F AF E"gFi_l—l AF
aagrc =T )P (1= o) B (M (1)(1 = TAT ()] ()
1
_ = YAR(f) e
_(1_043}7) <M,5F(f)[1F{54F(f)]> L?F(f)
where
JAF __ 1 _ DAF a2 gF 8FtAF
47 =1 =127 - M5 (50877 )

Noticing that dAM JOME (f) = AP (f) - (MF (f))_l7 the derivative of adjustment costs with respect
to imported goods is

orar (AR = D)ARF() - (ME() T 1+ (ARF(F) - 1))
OM{(f) —oar [1 L (ADF () - 1)2}2
(APF () = 1)° (AT () = ) AAF(F) - (ME ()
[1+ (487 (f) - 1)2}2
_ dar (AMT(H) - 1)ALE()
M{(f) {1 + (AAF(f) - 1)2}2
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The first-order conditions of the optimization problem are as follows.

1. Domestic tradable goods demand

azrr(p) ~ "o B BN Dgzmry =0 azrr < MR ©
AF%F YtAF(f)>5AF_ i TF(p\y _ AF( pl )_&F AF
iV (Grry) =~ A0 =oF () e

where p/ = PJ /P, is the relative price of the tradable good.

2. Imported goods demand

8’6() _ x A
W—O@ﬁtpt Pt)\tF(f)

OF/T

_0<:> 3}_{4F o €t
OME(f) T OME(f) M)
1

=

AF YtAF(f) AF €t

©(1 —az )@ (MtF(f) [1 — FtAF(f)]> v (f) = ‘/\?F(f)

We used the definition of real exchange rate e; = ;P;/P;. The first-order condition can be further
simplified to

MED( TR DN = Lo (1 o) (7))
€t —&ar
& MIARL-TH D] = (1-az") (WM) YAR() (14.2)

Y,F'(f), according to the following CES technology
Y/ () =FE (AT (), 2 ()
1 g1 1 N
= ((1 —al)w (YAT() F + (o) (2T () ) (169)

where £r > 0 is the elasticity of substitution between assembled goods and nontradable goods
and 0 < af < 1 is the nontradable goods bias parameter. The final good Y,'(f) is thereafter
sold at the price Pf'(f). In stationary form this production technology boils down to

50
1 =1 1

. § &l God
7= (-af) ¥ (0% (@) F (@) )] (170)

The steady-state version is

‘ —

0y

F(YAR)E 4 (a) T (2N) (171)

7o = ((1-af)

-1 1 €F1>£F—1

Distributors must pay adjustment costs when updating prices, according to the following quadratic
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specification

) P () 2

PF P ()

R (172)
Ptl‘:
t—2

where ¢ pr is a sector specific scaling factor determining the magnitude of price adjustment costs
for firms operating in sector F'. These adjustment costs create a nominal rigidity that leads to

price stickiness in final goods. In stationary form adjustment costs are

F 2
IPF = %yﬁ ( A 1) (173)
Ti—1

where nf = PF'/P} | is sector F (gross) inflation rate. In the steady state final goods inflation

is constant and therefore

P =0 (174)

Analogously to manufacturers, distributors pay a quasi-fixed cost totaling P Tyw!", which en-
sures that economic profits arising from monopolistic competition are zero in the steady state.

Dividends of distributor f operating in sector F' are

DE(f) = (1= P) [ PEOYE (=P (YA ()

~PNZYT ()~ PE (PR () + i) | (175)

Notice that distributors pay for the assembled good that they produced in the assemblage stage
and for the nontradable good bought from manufacturers—in addition to adjustment and quasi-
fixed costs. The real marginal cost of the assembled good corresponds to )\fF . Let pf' = PF' /P,
denote the relative price of sector F' final good and recall that the element pé\/ = PtN /P,
introduced in Section 3.5.3, is the relative price of the nontradable good. The stationary form

of (175) in real terms (i.e. after dropping the indexer f and dividing by P;T}) thus becomes

df = (1 =7P) [pF Y = NEYAT = pN 2N = (7 + ") (176)

In the steady state adjustment costs are zero and hence

dF = (1 . TD) [pF}V/F _)\AFyAF _ pNZNF _ pFwF} (177)

Distributor f operating in sector F' sets assembled goods utilization Y;AF'(f), nontradable goods

demand Z{\/ F(f), and final goods price Pf'(f) in each period in order to maximize the present
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discounted value of the dividends stream, subject to the constraints imposed by variety f demand
in (154), by the production technology in (169), and by adjustment costs in (172). The problem
is presented and solved in Box 14.

A useful relationship in what follows is the ratio of sector F' inflation to final consumer goods

inflation
F F
' _ o (178)
Tt P

af =1 (179)

Dividing equation (15.1) by (1 —7) (1 — o) ¥;¥ and using the definition of real interest rate

rt = i¢/Tey1 one obtains the optimal pricing rule

o A 1= I3 [(%F _1> il 1‘%319771{113@5?1 (thjrl_1> WEH]

ol —1pF o —1 oA i 1—7P rgmg YVE \ of el

The term A/ captures the real cost of producing one additional unit of the final good. Using

(178), the stationary form of this equation becomes

a” E 1 I3 i 1 T 1= 510 gpf—&-l Ytlil 7"55—1 1 T (180)
of —1pF of —1 |\l nf 1—7P r po YF \ nf nf
In the steady state adjustment costs are zero and thus
F
F g F
= —A 181
p oF —1 (181)

These equations stress that sector F' prices are a markup over the marginal cost. Outside the
steady state, the markup is influenced by price adjustment costs.

Equation (15.2) in stationary form becomes

AF F )‘fF e - F
VAP —(1-af) () W (182)
t

This equation states that the assembled good utilization is a function of the relative (marginal)
cost of the assembled good wvis-a-vis the final good, )\fF /AF, and the final goods demand YtF .

An increase in the relative cost of the assembled good leads to a substitution effect towards
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Box 14: Distributor maximization problem

The distributor selects the triplet {PL  (f), VAL (f), ZNE(f)}32, that maximizes the present dis-
counted value of the dividends stream, subject to variety h demand in (154), to technology in (169),
and to adjustment costs in (172). The Lagrangian can be written as

L _ — = D F Ptlj-s(f) - F AF AF
() =E; Z Rt,s (1 - Tt+s) Pt+s(f) Ptﬂ Yi+g - PtJrs)‘tJrs(f)Y;+s (f)

2

PE(f) | Ph
_PNSZNf(f) - PFS ¢PF YFs ( it -~ Zre=l 1) + T; st
e " 2 PE,1(f) ~ P, "

PE “’F
PO ( t*é(f)) nis—fﬁs(n¢§<f>,2ﬁ§<f>)]}

F
PtJrs

where P, Af,  (f) reflects the (nominal) marginal cost of producing an additional unit of the final
good and Ffy (VAL (f), ZNE(f)) is the production function defined in (169). For latter reference we
compute the marginal product of assembled goods and nontradable goods

oFF _ ((1=aB)Yr(\¥
VA T\ YA

oFf <a§¥f(f>>¢
dZNE(f) ZNE(f)

The first-order conditions are as follows (we drop the expected value operator).

1. Optimal pricing rule

> t
9L(") D m(PEON T e F| P2 P ()
opr(p ~ 0o =) (=) (“pF RO It I e
F F
Pt72 Pf,72
PF —o" -1
Pl () - 2) ot D)y
(PF)”
Ptljrl(f) Ptil(‘f)
0 F PF(f)°
+— (1 -751) PhigrrYis Pp(Ff) —1 (P# =0
b PI? Plt“

t—1 t—1

where we used the fact that Rt,l = 6/i;. In equilibrium the indexer f can be dropped and the previous
expression collapses to

D F\ v F o (i el M N o
(1*Tt) (1*‘7 )Yt —¢prYy (Wf11>7rf1 +E(17Tt)0}/t
0 nF i
+— (1 =73, ma0prYi ( t? - 1) t—;l =0 (15.1)
¢ 7} ]

where we used the facts p/" = Pf'/P, and ©f" = PF/PF ;.
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2. Assembled good utilization

& YAF(f) = (1 of) (A;ié(f";))_& YE ()
T il
YA = (1 - af) (X}F) v (15.2)

3. Nontradable good demand

1
oLy N _ paF(r_ OFF il (a?Yf(f))ﬁF
—vi = =0& P =P\ & = <
oz7r(p) O =P Wagary @ xry ~ \ @)
N Y o
= 7 F f :aF< t > YF f
In equilibrium
—&r
ZNF = of (i’i) v;F (15.3)
1
nontradable goods. In the steady state
AF my (A e
VAP — (1-af) ( - > (183)
Equation (15.3) in stationary form is
—&r
7 =at (M) e (154
The interpretation of (184) is analogous to that of (182). In the steady state
. M\
ZNF = of (/\F> yF (185)

3.6 Fiscal and monetary policy authorities

The government buys from distributors a particular consumption good, G¢, and performs lump-
sum transfers to households, TRG;. To finance expenditures, the government levies taxes on
labor income, Tt[’ and TtSP, households’ consumption, th, and firms’ dividends, TtK and TtD ; and

receives transfers from abroad, TRE;. The government issues debt to finance expenditures not
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covered by revenues, according to a fiscal rule that binds debt to a stationary path.

Government consumption operates as a pure inefficient good that does not affect agent
decisions or welfare. This simplifying setup naturally ignores many of the government roles in
the economy. First, the role as an employer is neglected. Second, the government is not allowed
to invest in public goods or in capital goods. The latter might complement private capital,
interacting with the production function of manufacturers. Third, the absence of unemployment
precludes the existence of unemployment benefits. These are important simplifications to keep
the model tractable, but they suffice to generate important debt dynamics and to analyze the
response of public debt to shocks.

Several government variables—mnamely government consumption, lump-sum transfers to house-
holds and tax rates—follow autoregressive processes with similar specifications. Naturally,
net government transfers to both household types must add total government transfers, i.e.
trg, = tf’g;4 + tf’gf . It should be noted that PESSOA may consider transfers from type-A to
type-B households.

Government revenues arise from three major sources: consumption, labor, and dividends.

The real revenue accruing to the government from consumption taxes is, in stationary form

mf =17 (pf Cy) (186)

=76 (p¢-C) (187)

Revenues associated with employees labor taxes arise from two sources: households and labor
unions. The households’ tax base is w@;U;, whereas the unions’ tax base is (o — w)U; — I} .

Adding these two amounts yields

wE =1F - (5,U, — TY) (188)

Since labor unions’ profits are distributed to households, the tax base equals the overall wage
received by households for their labor supply U; net of adjustment costs paid by unions. In the

steady state with zero adjustment costs the employees labor tax revenue is

wE =75 (0-U) (189)
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Labor taxes also include manufacturers’ social security contributions

rog? =3P - (5,04) (190)

The steady-state version is

P =757 (5. U) (191)

In stationary form, tax revenues accruing from capital taxes on manufacturers are

o~y [pg (Z) = TP — =) =K K — (14 7570, (U] + r@u)}
Je{T N}
and from entrepreneurs
Y IR - (atud) + 6t R
Je{T N}

This yields a revenue from taxes on capital of

= Y & T ) - QP (U T — (atud) + 80 K| (192)
Je{T N}

In the steady state with zero adjustment costs

= N (27— - (14750 U - 6] K (193)
Je{T N}

Finally, from equation (176) it follows that tax revenues accruing from distributors are

=10 Y {pf (V=T —=") = pl 277 — e 0] —p 2" (194)
Fe{C.I,G,X}

The steady-state version is

P =72 3 [pF(YF @) —pT ZTF —eM " —pN ZNF (195)
Fe{C,ZI,G,Xx}

Transfers from abroad, TRFE;, are assumed fully exogenous. Government’s revenue can therefore
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be expressed in stationary form as

vy = Z rvf + treg (196)

ze{C,L,
SP,K.D}

and in the steady state

v = Z rv° + tre (197)
ze{C,L,
SP,K,D}

The government’s budget constraint states that the amount of government expenditures not
covered by revenues must be financed by issuing debt. In nominal terms this can be represented
by

By =iy 1Bi_1 + PYGy + TRG; — RV,

Dividing by P,T; yields the government’s budget constraint in stationary form

5 11
b

= bi1 + pgét + trg, — rvy (198)
Tt g

Using ¢ = 7 - r, the steady-state version can be expressed as

b= glvyt,l +p9 Gy + trg, — rv, (199)

To ensure that public debt follows a non-explosive path, we introduce a fiscal rule, imposing a
convergence of the government surplus—to-GDP ratio, sg,/ GDP;, and consequently of the debt—
to-GDP ratio, b /GDPy, to a predetermined (target) steady-state level. The fiscal rule implies
that at least one fiscal instrument must adjust endogenously. This choice is purely arbitrary
and any variable fully controlled by the government can play this role, but the literature tends
to set the labor income tax as the endogenous fiscal instrument (Harrison et al., 2005; Kilponen
and Ripatti, 2006; Kumhof and Laxton, 2007; Kumhof et al., 2010). In line with Kumhof and

Laxton (2009a), the following fiscal rule in stationary form is considered

arget
GDP,
2

t

S sg, Vet T b b
v = (amm) o (") v (aom, (o)
GDP, GDP, GDP, GDP, GDP,

where 77}° is the structural overall tax revenue—collected when tax bases stand at their steady-

state levels—in stationary form; GDP; and GDP‘;s are respectively observed and steady-state

GDP levels in stationary form, and GDP/ represents potential output, defined as a moving
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average of past realizations. In the steady state with v, = 703", b = Biarget, and GDP, = GDP/

the fiscal rule collapses to

§ B target
J _( J ) (201)
GDP GDP

The fiscal policy rule takes into consideration government debt stabilization and business cycle
smoothness, adjusting automatically the endogenous tax rate to bind debt to a stationary path.
The parameter d; reflects how the government adjusts the surplus-to-GDP ratio to cyclical
economic fluctuations. For instance, if dqi = 1, the fiscal rule has an intrinsic structural nature.
During a boom, when tax revenues are above the long run level, the government increases surplus
above target, paying off debt. During a slump, debt increases to allow for a government surplus
below the long run value. In this case, the fiscal rule mimics the automatic stabilizer mechanism,
minimizing the variability of the tax instrument and reducing output fluctuations throughout
the cycle vis-d-vis a balance budget rule (d; = 0). Setting d; < 0 yields a counter-cyclical fiscal
policy rule (i.e. a pro-cyclical government deficit), in which the government decreases surplus
during booms and wvice-versa. On the opposite direction, setting d; > 1 yields an aggressive
stabilization policy in which surplus is adjusted to minimize cyclical fluctuations. The parameter
ds reflects the degree of aversion to deviations of the debt-to-GDP ratio from the target value.
Finally, parameter d3 determines the aggressiveness of the fiscal rule to the output gap.

Monetary policy is fully exogenous, since interest rates are set by an external monetary
authority and the home economy is assumed small enough to affect macroeconomic aggregates
in a MU.

3.7 Rest of the world

The home country imports differentiated goods MtF at the price P}, to be used in the distribu-
tor’s assemblage stage. The imported goods’ inflation rate, 7} = P;/P} ,, is assumed to follow
an exogenous process.

In domestic currency the distributor pays ¢; = pje; for each unit of the imported good
relative to the numerdire of the economy, which equals the real exchange rate by definition.

Thus, the growth rate of imported goods’ inflation can be expressed as

E'3
€t Dy &t

€-1  Di_1Et-1

or equivalently

*
€t s Et
— =t (202)
€t—1 Tt €t—1
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In the steady-state

Tt = (203)

Exports are essentially determined by foreign demand and price competitiveness. In a multi-
country model, exports demand is endogenously determined, depending on relative comparative
advantages amongst countries. In a single country small open economy model the rest of the
world is not explicitly modeled, and thus one must find alternate strategies to determine exports
demand. We follow closely Adolfson et al. (2007a) and assume that in the rest of the world there
exists a continuum of distributors m € [0, 1], who demand Y, (m) units of the final good from
domestic distributors operating in the exports sector, to be used in their assemblage stage. This
good is thereafter combined with foreign tradable goods ZtT *(m) according to the following
production function

1 s — 1
Y/ (m) = F (27, Y7 (m) —((aé*w(n*(m)fw

1N A
(1) S (27 m) B ) (204

yielding Y;A*(m) units of the assembled good. The home economy is assumed to be sufficiently
small so that domestic shocks do not affect the rest of the world. The element & 44 is the elasticity
of substitution between rest of the world tradable goods and domestic exports, and a”* is the
rest of the world home bias parameter.

Each foreign distributor selects the quantities {Y;¥(m), Z/*(m)} in each period so as to
minimize the cost of producing the assembled good, subject to the production function in (204).
The problem is solved in Box 15, yielding the following demand for domestic goods in stationary

form

pX —&ax
V¥ = a () v (205)
€t

In the steady state

X Ax PX o Ax
Y* =ay - Y (206)

An important condition resulting from interactions with the rest of the world is the net foreign

asset position

eBf =if Uy 1e41Bf 4 + P* Xy — et Py My + &, (TRE, + TRX,)
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Box 15: The foreign distributor’s demand for export goods.

The foreign distributor selects the quantities {Y,* (m), Z7 *(m)} in each period that minimize the cost
of producing a given amount of the assembled good
PX

min PT*Z7*(m) + Y (m
B 2 (m) - ¢ (m)

subject the production technology in (204). The Lagrangian is

T x r7T x PtX X Ax Ax) T X S -1
L(:) =P "Z{"(m)+ ?tyt (m)=A{"(m) [((QY )EA* (Yt (m)) S

e
+(1- aé*)a;(ztﬂ(m))%%> “ 1]

where A\/*(m) stands for foreign distributer’s marginal cost of producing an extra unit of the assembled
good. We assume that foreign distributors work under perfect competition, and thus the marginal cost
equals the price they charge for their product, i.e. A*(m) = P*, ¥m. The first-order condition of the
optimization problem with respect to Y;* (m) is

EM() B PtX R % Y;A*(m) EA%* X R PtX —&ax "
Y E(m) 0 & = P (ay*) % YA (m) &Y (m) =ay " YA*(m)

The stationary form of the net foreign asset position is

“k
7/15_1\11267157571 5

thv): = g b:71 + thXt — EtMt + Et(t;’(?t + t?j'fft) (207)
e

and the steady-state version is

B p¥ X — eM + e(tre + trx)
6(1_ ﬂ)

g

(208)

3.8 Economic aggregates and market clearing conditions

We close the model by presenting economic aggregates and market clearing conditions.

Aggregate consumption. To obtain aggregate consumption, we add the respective optimal

quantities of the different consumer types

Cy=CA+CP (209)
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In the steady state

C=CA+CH (210)

Aggregate labor supply and demand. Similarly to aggregate consumption, aggregate labor
supply is

Li=L{+ LB (211)

In the steady state

L=IL"+15 (212)

In turn, aggregate labor demand is determined by manufacturers operating in the tradable and
non-tradable sectors. Outside the steady state, one as to take into consideration manufacturers’
adjustment costs, which are measured in terms of worked hours, even though they do not affect

production (examples include training and lay-offs), and unions’ adjustment costs

Uy =U] +UN +TYT £ VN 4 TV (213)

In the steady state adjustment costs are zero and thus

U=0T +UV (214)

Labor market clearing condition. The labor market clearing condition is

Lt == Ut (215)

which in the steady state becomes

L=U (216)
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Intermediate goods market clearing conditions. In the intermediate goods’ market, the
output produced by manufacturers net of adjustment and fixed costs, and of the entrepreneurs’

output destroying net worth shock, must equal the demand from distributors

7] —TF —reu] —w! =8P = ZJC 4+ ZJT + Z)9+ Z7¥, T {T,N} (217)

Taking into account adjustment costs is necessary, since they correspond to real resources that
are consumed in the production process. Likewise for the resource cost associated with capital

utilization and the entrepreneurs’ output destroying net worth shock. In the steady state

27 —wd S = 2904 29T 4 299 4 20X T e (TN (218)

where S7 is the steady-state value for the entrepreneurs’ output destroying net worth shock.

Final goods market clearing conditions. In the final goods sector, the output produced

by distributors net of adjustment costs must equal costumers’ demand

VI —TPF —17(F) (077 + TV — @l = 10(F)Cy + 12(F) I, + 16(F)Gy + 13 (F) X, (219)

where F' € {C,Z,G, X}, I = IT + IV, and 1,(F) is an indicator function which takes the value
of 1 if I/ € x and 0 otherwise. Recall that capital goods producers face specific investment

adjustment costs, whereas the remaining agents do not face similar costs. In the steady state

VI — @ =1¢(F)C +17(F)I +16(F)G + 1x(F)X, F € {C,Z,G, X} (220)

Aggregate imports. To obtain total imports, we add the corresponding figures respecting

final goods distributors

M, = ME + MF + MF + M¥ (221)

In the steady state

M = M€ + M* + MY + M* (222)
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Final output. GDP on the expenditure side, measured in terms of P, can be simply defined

as

GDPt = Ot +ptg(;t —|—ptzjt +p;YXt - EtMt (223)

In the steady state, this equation becomes

GDP =C +p9G +p T4+ p*X —eM (224)

The definition of GDP is however not unique and alternative weighting schemes can be

followed, for instance using Fisher weights.

4 The model without financial frictions

This section pinpoints the major differences between the model with and the model without
financial accelerator and financial frictions. Without financial frictions, entrepreneurs and banks

can be drop altogether, implying the following adjustments to the model.

4.1 Households and labor unions

Type-A households do not lend money to banks, and therefore b = 6{5\/ =0, Vt. Additionally,
there are no bankruptcy monitoring services and entrepreneurs’ dividends are absent, implying
that rbr; = df"gp =0, Vt.

Labor unions behavior is identical to the model with financial frictions.

4.2 Firms

Taxes for holding capital are transferred to capital goods producers, who now produce, accumu-
late and rent capital to manufacturers. The remaining firms behave identically.

In addition to investment, capital goods producers now also decide capital utilization. As
before, they are perfectly competitive in input and output markets, but now they pay the
capital-based income tax, which was previously paid by entrepreneurs. In each period, capital
goods producers supplying sector J purchase previously installed capital from manufacturing
firms K;/ and investment goods from investment goods producers I to produce new installed
capital f(gl t1(1), according to the same aggregate law of motion presented in (75). In equilibrium,
capital accumulation is given by (76), and in the steady state by (77).

Capital goods producers face the same investment adjustment costs as before, presented in
equation (66). In stationary form, these are given by (67), and in the steady state by (68).
Since they also select the capital utilization rate, they face the same costs of capital utilization
as entrepreneurs in the version with financial frictions, given by (78). In stationary form and
in the steady state these are given respectively by (79) and (80). The capital stock effectively
used in production is given by (81) in stationary form, and by (82) in the steady state.
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The after-tax dividends of capital goods producers operating in sector J are defined as the

difference between operational cashflows and net operational profits

Dy (i) = [Riuf (i) — Pa(ui (1)) | K (i) — PP 1 (i) + T ()]

~
Operational cashflows

] {[R’CJ 7 (i) — Pa(ui (i) — 6] PEI K (i) — Ptfrth(iz} (225)

Net operational profits

where 7/ is the capital income tax rate, PL is the price of investment goods, and P/*/ is the price
of capital. The price of old and new capital is the same, since the marginal rate of transformation
between the two is assumed to be one.

The expression in (225) is designed to mimic the Portuguese framework. Operational cash-
flows include the overall revenue minus the overall expenditure. However, for fiscal purposes,
the relevant concept is net operational profits, which take into consideration that investment
is not considered for the tax base and that depreciation is tax deductible. In real terms, the

stationary form of equation (225) is

At =1 =) (! = a(u])) K] = piTE ) = pt 1] + 7567 pF K (226)

In the steady-state, with v/ = 1 and a(1) = '}/ = 0, dividends become

JKkI — (1— TIC)TICJ[‘{J T+ Tzc(;inch{J (227)

Capital goods producers select the intertemporal profile {17, (i), K, ;1 (i), uf (1)}32, that max-
imizes the present discounted value of the dividends stream, subject to investment adjustment
costs in (66), to the law of motion of capital in (75), and to capital utilization costs in (78). The
problem is presented and solved in Box 16.

The stationary form of equation (17.1) is

0
pr:n[(l—rt’il)(rﬁ"luz’+1— (/) + 20 (1= 0 1 n’il))} (228)

where we used the definition of real interest rate r, = i;/m 41 and the expressions for relative
prices. In the steady state u;t] 41 = 1 and a(1) = 0. Additionally, investment goods inflation

equals total inflation. Therefore, equation (228) simplifies to

I [1 = §<1 s _TK:)>] _ 1=y

r
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Box 16: Capital goods producers maximization problem

The capital goods producer select the triplet {1, , (i), K, ;. (i), u] (i)}32, that maximizes the present
discounted value of the dividends stream, subject to investment adjustment costs in (66), to the law of
motion of capital in (75), and to capital utilization costs in (78). The Lagrangian can be written as

=E; ZRt 9{ Tt+s){Ri€4ijsuil+s( )Ktj-f—s() Pt+sa(ut+s( ))Kt{i-s(.)

5
Pt+s

2

o1T .. ! o(0)/g :

TIt]-i-S sz]+ (i) ! — PEL I (6) + 15,07 P K s (6)—
t+s—1

_)‘{Jrs (KilJrerl(i) - (1 - 5£I+S)K£]+S(Z) - CtI+sI£]+s(Z)) }

where the Lagrange multiplier \; s corresponds to the marginal cost of buying an extra unit of capital,
i.e. \/,, = PK.. The first-order conditions are as follows (we drop the expected value operator).

1. Capital supply

6£t( ) =0« Pt’CJ f (1 - Tt+1) [Rt-i-lut-i-l( ) — Pt+1a(ug+1(i))]
oK/, (i)

+Tt+15£]+1ptl—ci-{ +Pt’3-{( - 5i]+1) (17.1)

where we used the facts R;; = 0/i; and M, = P&

2. Investment demand

9L4() — 0o PRI =PI 4 (1 75)PTgp, ) (I (1)/9 _1> < /g )

I (i) I (i) I (i)
4 I/ (i)/g ) I741(9)/g
—~(1-7k é ( —1) | = 17.2
Zt( t+1) t+1 771 t+1 (z) (Ig](z))2 ( )
3. Optimal capacity utilization
OL(") KCJ da KJ _ ] 1 1
where we used the expression for da/duj presented in Box 7.
and hence
pICJ _ (1 — T’C)T’CJ (229)
r/0—(1—¢67(1—7K))

Equation (17.2) in stationary form becomes

4%

“ “ 2
K J 7J I J J
PG I; I; 0 - 7TH_1 I I
=14+(1— -1 - — 1— = 1 = 230
o Fr)on (ft" 1 ) <I£]—1> Tt e THMIJ 17 17 (230)
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where we used the relationship in (178) forwarded one period. Investment is constant in the

steady state and hence

pt=pt (231)

The investment demand equation relates the real price of capital with investment specific shocks
and with investment adjustment costs. As pf‘] deviates from ptI , capital goods producers become
more prone to adjust capital and face the corresponding adjustment costs. More specifically,
a value of p/ /pf above (below) unity means that new capital goods are relatively cheaper
(more expensive) vis-d-vis existing capital, and thus capital investment—and consequently the
investment to capital ratio—should increase (decrease).

Equation (17.3) in stationary form becomes

I = olodul + 620 - o) (232

Thus, the rate of return on capital equals the marginal cost of using an additional unit of the

installed capital. In the steady-state v’/ = 1 and

=) (233)

Finally, the resource cost associated with variable capital utilization is given by (86) in stationary

form, and by (87) in the steady state.

4.3 Fiscal and monetary policy authorities

The government’s behavior is identical to the model with financial friction, with the exception
of capital tax revenues, which now incorporate investment adjustment costs faced by capital

goods producers

ol =Y (F T =) = e rf e (U7 4T ) — (au) ) +07 ) K T | (234)

In the steady state with zero adjustment costs revenues collapse to

ol =% Z p! (27 —=!) -1+ 7P - U — 5th’CJf(tJ (235)
JE{T N}

which is identical to (193).
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Figure 4: Fiscal stimulus based on G
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4.4 Market clearing conditions

Market clearing conditions are identical to the model without financial frictions, with the excep-
tion that output destroying net worth shocks, Sl;] Y. are absent and hence they must be dropped
from equations (217) and (218).

5 Shocks

Any exogenous parameter of a dynamic general equilibrium model can be turned into a stochastic
variable, through an appropriate exogenous process. One possibility behind the law of motion
of a shock is to consider autoregressive formulations. In this case we allow for two different

possibilities, depending on the parameter. The first is based on the level of the variable, say x;
xp=(1—p)xT + pri_1 +€f

where 7 is the steady-state value, p is the persistence parameter, and ef stands for a time ¢ i.i.d.
zero-mean innovation. This specification is used when variables are expressed as percentages
(e.g. tax rates), or when innovations are better interpreted as shocks to the level variable (e.g.
elasticities of substitution or entrepreneurs’ riskiness). The second is based on the logarithm of

the variable, say log x¢
logzy = (1 — p)logZ + plogwi—1 + €}

This specification is preferred for variables expressed in levels where innovations should be in-
terpreted as percentage changes (e.g. labour augmenting technological shocks). In the appendix
we present the specific formulation for several shocks that can be introduced in PESSOA.
Another possibility defining the exogenous process of a shock is to consider pre-determined
paths that are not captured by autoregressive formulations. This is exemplified in Figure 4. In
this case, we consider both a temporary and permanent increase in government consumption
G. The starting date tg is the period when the shock is initiated; ¢; is the ending date if the

stimulus is temporary; G is the steady-state level of government consumption; and A is the
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amplitude of the shock. The macroeconomic impacts of these exogenous processes have been
discussed in Almeida, Castro, Félix, and Maria (2010a).

6 Calibration

PESSOA is calibrated to match Portuguese and euro-area economies. Some parameters are
exogenously set by taking into consideration common options in the literature, available histor-
ical data or empirical evidence. Others are endogenously determined within the model, with
the objective of matching desired features, for instance the consumption- or investment-to-GDP
ratios. Table 1 in the appendix reports the main steady-state ratios, whilst Table 2 and Table
3 present the model’s non-financial and financial key parameters, respectively. A comparison
with actual data is included when available.

The annual growth rate of the labor-augmenting productivity is set to 2 percent, which is a
plausible estimate for potential output growth in both Portugal and the euro area (Almeida and
Félix, 2006; Musso and Westermann, 2005; Proietti and Musso, 2007). Steady-state inflation
stands at 2 percent per year and the euro area nominal interest rate at 4.5 percent (Coenen,
McAdam, and Straub, 2007). The risk premium is nil, implying ¥ = 1. The elasticity of
substitution between rest of the world tradable goods and domestic exports is assumed to be
large.

Households parameters are largely based on Fagan, Gaspar, and Pereira (2004), Harrison
et al. (2005), Kumhof and Laxton (2007) and Kumhof et al. (2010). Consumption shares, ”* and
nB, are calibrated to ensure a unitary elasticity of labor supply to real wage. The intertemporal
elasticity of substitution is set to 0.5, implying a coefficient of relative risk aversion of 2. The
degree of habit persistence is 0.7 and the discount factor roughly 0.99. The instant probability
of death, 6, and the productivity decay rate, x, are assumed to be identical, implying an average
lifetime and an expected working life of 25 years. The share of hand-to-mouth households is 40
percent, broadly in line with the estimates for Portugal presented in Castro (2006).

The steady-state wage markup of labor unions is 25 percent, which is relatively high for the
euro area, but in line with the figures for Portugal. Wage adjustment costs imply that wages
take roughly 5 quarters to adjust to the new equilibrium, a value in line with euro area estimates
published in Coenen, McAdam, and Straub (2007).

The depreciation rate of capital is assumed to be identical in the tradable and non-tradable
sectors, and is calibrated by taking into account actual data on the investment-to-GDP ratio.
The unitary elasticity of substitution between capital and labor in the production function
takes into account the actual labor income share. The steady-state price markup of tradable
and non-tradable goods is calibrated using OECD product market regulation indicators, as
well as the correlation between tradable and non-tradable goods markups and product market
regulation indicators found in Hgj et al. (2007). The price markup of the non-tradable goods
is set at 20 percent, to capture low competition levels in this sector, whilst for the tradable
sector the price markup is 10 percent. Investment adjustment costs and labor adjustment costs
are parameterized so as to ensure plausible investment and labor dynamics, respectively, while
adjustment costs in price changes are calibrated to match reasonable average price adjustment

time spans. In particular, price adjustment in the non-tradable goods sector (4.5 quarters) is
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slightly slower than in the tradable goods sector (roughly 3 quarters). Production functions
are calibrated in line with the National Accounts import contents and the non-tradable goods
content of each type of final good.

The elasticity of substitution between domestic tradable goods and imported goods is as-
sumed to be identical across firms and set above unity (Coenen, McAdam, and Straub, 2007;
Harrison et al., 2005; Erceg, Henderson, and Levin, 2000; Kumhof et al., 2010). The degree
of monopolistic competition amongst distributors is lower than among manufacturers, with the
steady-state markup being set to 5 percent, except in the case of exporters, where fiercer com-
petition justifies a lower markup. In terms of price stickiness, price adjustment costs imply an
adjustment to equilibrium in roughly 2 quarters for consumption goods and investment goods.
Prices in the export sector adjust faster, in slightly more than 1 quarter, while prices of govern-
ment consumption goods take around 4 quarters to adjust. With the exception of government
goods, where the sizable wage share justifies a slower adjustment, these parameterizations lie
within the plausible range of price adjustment costs reported in Keen and Wang (2007). Adjust-
ment costs in import contents are set to ensure that they move plausibly with real exchange rate
fluctuations. The combination of assembled goods with non-tradable goods in the production
of final goods is assumed to feature a low substitutability, in line with Mendoza (2005) and
Kumbhof et al. (2010).

Steady-state tax rates, transfers from the rest of the euro area, government consumption, and
government transfers are calibrated to match actual data. The fiscal policy rule is parameterized
to ensure smooth adjustments—the exact calibration depending on the simulation (see Almeida
et al., 2013 for alternative configurations). The target debt is set to 60 percent of GDP, in line
with fiscal targets set in the European Union. This implies a steady-state fiscal balance of -2.4
percent.

In the financial sector of the model, tradable and non-tradable sectors have identical calibra-
tions. The leverage ratio of entrepreneurs, B/N, the probability of default, F(w), and the return
on capital, Ret, are approximated with aggregate Portuguese historical features. The leverage
ratio is 100 percent. The same value is used in Bernanke, Gertler, and Gilchrist (1999b) or
Kumbhof et al. (2010). The probability of default—S8 percent—is relatively close to the exit rates
reported in Mata, Antunes, and Portugal (2010), and in line with the value found in Kumhof
et al. (2010). The return on capital is approximately 9 percent, a spread of 4 percentage points
over the risk free rate. These figures imply a non-default loan rate, i, of 6.5 percent, which is
close to the “debt cost ratio” published by the Banco de Portugal. This figure embodies a spread
of 1.7 percentage points over the risk free rate. The steady-state monitoring cost parameter is
11 percent, implying that on aggregate banks recover 89 percent of the value of bankrupt firms.
The monitoring cost level is relatively close to the “average unconditional loss” estimated by
Bonfim, Dias, and Richmond (2012) for the 1995-2008 period. Finally, the standard deviation
of idiosyncratic risk shock of 0.32 stands between the benchmark figures used by Christiano,
Motto, and Rostagno (2013) and Bernanke, Gertler, and Gilchrist (1999b), of 0.26 and 0.53
respectively.

One must stress that the model’s parameters reflect our best assessment of the economic

environment. They are naturally subject to uncertainty and may be updated if necessary to
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reflect new or better information, or changes in the underlying environment. Introducing new
extensions into the model may also lead to parameter revisions. For instance, the incorporation
of financial frictions into the model leads to a sharp deterioration of the net foreign position
position of the economy if calibration remains unchanged. As households desire to hold exactly
the same amount of assets (relative to GDP), corporate bonds—which are introduced along
with financial frictions—draw funds from abroad on a one-to-one basis. Structural reforms may
justify also a re-calibration of the model. An effective labor market reform, for instance may
imply a lower steady-state wage markup in the medium run. The model’s parameters may also
be conditional on the specific issue that is being addressed. Castro et al. (2013) consider two
distinct alternative states of the economy, viz “normal times” and “crisis times.” The former
is based on the standard calibration of the model, while the latter embodies some changes in

parameters that may better reflect the underlying economic environment.

7 Economic analysis and policy simulations

PESSOA has been used to illustrate a few number of issues, most of them for the Portuguese
economy. In Almeida, Castro, and Félix (2009), the model is used to assess the impact of a
number of shocks that played an important role in Portuguese economic developments, namely:
a slowdown in total factor productivity, a decline in interest rates and a reduction in liquidity
constraints, a decrease of exports non-price competitiveness, and a short-lived fiscal boom and
subsequent fiscal consolidation.

In Almeida, Castro, and Félix (2010), the authors provide well-grounded support for struc-
tural reforms in Portugal, by showing that substantial increases in competition in the non-
tradable goods sector and in the labor market could induce important international competi-
tiveness gains. These structural reforms could be valuable instruments in promoting necessary
adjustments for a small open economy integrated in a monetary union.

Almeida, Castro, Félix, and Maria (2010a) evaluate the impact of fiscal stimulus in a small
open economy within a monetary union, and conclude that increases in permanent government
expenditures should be avoided due to their negative welfare effects, as opposed to temporary
stimulus. This result creates room for welfare improving stabilization policies. Nevertheless, a
temporary stimulus which triggers a hike in the country’s risk premium due to high indebtedness
levels may have a negligible effect on welfare.

In Almeida, Castro, Félix, and Maria (2013), PESSOA is used to show that a fiscal con-
solidation strategy based on a permanent reduction in Government expenditure increases the
long-run level of output, private consumption and welfare, at the cost of short-run welfare losses
and output reduction.

Finally, Castro, Félix, Julio, and Maria (2013) evaluate the size of short-run fiscal multipliers
associated with fiscal consolidation under two distinct alternative scenarios, viz “normal times”
and “crisis times.” The authors find that first year fiscal multipliers can be around 60-70
percent larger in crisis times vis-a-vis normal times for a government consumption-based fiscal

consolidation, and around 40-60 percent larger for a revenue-based fiscal consolidation.
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Appendices

List of Equations: the stationary model
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Distributors. See equation (4).

Type-A households. See equation (11).
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Type-A households. See equation (13).
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Type-A households. See equation (18).
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Type-.A households. See equation (27).
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Type-A households. See equation (31).
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Type-A households. See equation (37).
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Type-A households. See equation (42).
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Type-A households. See equation (44).
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Type-B households. See equation (48).
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Type-B households. See equation (51).
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Labor Unions. See equation (56).
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Labor Unions. See equation (58).
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Labor Unions. See equation (61).
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Labor Unions. See equation (63).

L v v
iID — U = Pu m 1 m 1T 0 Ui (T I A==
ot —1 "1 t o —1 o o 1—1f ¢ Ut 7y (34

Capital goods producers. See equation (67).

Capital goods producers. See equation (70).
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Capital goods producers. See equation (73).
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Entrepreneurs. See equation (79).
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Entrepreneurs. See equation (81).
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Entrepreneurs. See equation (84).
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Entrepreneurs. See equation (86).
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Entrepreneurs. See equation (89).
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Entrepreneurs. See equation (91).
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Entrepreneurs. See equation (99).
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Entrepreneurs. See equation (103).
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Entrepreneurs. See equation (104).
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Entrepreneurs. See equation (108).
@] = exp [gjatg‘]— ;(Uth)2:| ................................ 48
Entrepreneurs. See equation (110).
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Entrepreneurs. See equation (111).
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Entrepreneurs. See equation (112).
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Entrepreneurs. See equation (113).
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Entrepreneurs. See equation (114).
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Entrepreneurs. See equation (120).
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Entrepreneurs. See equation (124).
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Manufacturers. See equation (129).
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Manufacturers. See equation (136).
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List of shocks (including steady-state values)

1 Population size.

log Ny = (1 — pn)log N + pylog N;_1 +elY

In the steady state: Ny = N . . . . . . oo
2 Share of liquidity constrained households.

log 1 = (1 — py)logt + pylog vy + €}

In the steady state: ¥y = . . . . . . . L

3 Elasticity of substitution between varieties of the consumption good.

Utc =(1- ch)(_Tc + pUcUtC—l + etUC

In the steady state: o =6C. . . . . .. ...
4 Elasticity of substitution between varieties of the intermediate good.

of = (1= po,)0” + poyoi_q + e’

In the steady-state: of =&/ . . . ... ...
5 Elasticity of substitution between varieties of the final good.

of = (1= pog)o" + popofly +ef"

In the steady-state: of =& . . . . .. ...
6 Elasticity of substitution between varieties of labor.

U%{ = (1 - pUu)a'u + pUuU%{fl + e?u

In the steady-state ol =&Y . . . . . . ...
7 Risk premium on domestic bonds.

log Wy = (1 — py)log ¥ + pylog U1 +ef

In the steady-state: W, =W . . . . . . . L

8 Investment efficiency shock.
& =0 —pr)+prCti+ef

In the steady state: ¢ =1 . . . . . . . . . ...

9 Labor augmenting thehnology shock.
log A = (1 — pa,)log A7 + pa, log A} | + e

In the steady-state: A/ = A7 . . . ...
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12

13

14

15

16

Government consumption.

log Gy = (1 — pc) log G + pg log Gy + €

In the steady state: Gy = G oo

Lump-sum transfers to households.

log trg, = (1 — piyg) log trg + pirglog trg,_; + efrg

In the steady state: trg, = g . o

Tax rates; z € {C,SP, K, D}.

F = (1= pr)T7 + pr.7i + el

In the steady state: 7/ =7 . . . . . ... ... 0oL

Imported goods’ inflation rate.

log i} = (1 — pre) log T + pr=log mf_; + €]

In the steady state: @7} =7" . . . . ... oL

Entrepreneurs’ riskiness.

of! = (1 - po)loga®’ + pologoy’y +¢f

EJ

In the steady state: o/ =€/ . . ... ... ... ... .. ...

Bankruptcy monitoring costs.

pi = (1= pu)log i’ + pulog | + eff

In the steady state: pu/ =7 .. ... .. ... ... ...

Entrepreneurs’ dividend net worth shock.

o d
S;I’d =(1-ps,) log 574 + ps, log Sil + etSd

In the steady state: ng’d =8hd
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Calibration: key ratios

Table 1: Key ratios

Expenditure (ratio to GDP)

Private consumption

Government consumption and GFCF
Private investment

Exports

Imports

Labor income share (ratio to overall income)

Tradable sector
Non-tradable sector

Capital (ratio to GDP)

Tradable sector
Non-tradable sector

Government (ratio to GDP)

Public debt
Fiscal surplus
Total revenues
Total expenditure

External account (as a % of GDP)

Net foreign assets
Without Financial accelerator
With Financial accelerator
Current and capital accounts
Without Financial accelerator
With Financial accelerator
Trade balance

Model

0.60
0.23
0.21
0.29
0.33

0.57

0.55
0.59

2.33

2.51
2.21

0.60
-0.02
0.43
0.46

-0.34
-1.29

-0.01
-0.05
-0.04

Data

0.64
0.22
0.21
0.29
0.37

0.57

0.54
0.58

NA

NA
NA

0.57
-0.05
0.40
0.44

-0.50

-0.06

-0.08

Sources: Banco de Portugal quarterly database, National accounts data, and authors’ own calculations.

Notes: The figures for Portugal are for the 1999-2007 period.
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Calibration: main parameters

Table 2: Main parameters

Parameter Value
Monetary union parameters
Interest rate (A) i 1.045
Labor-augmenting prod. growth (A) g 1.02
Inflation target (A) " 1.02
Risk Premium v 1.00
EoS bt. ROW tradable goods and domestic exports Eax 2.50
Households and Unions
Discount rate B 0.996
Intertemporal elasticity of substitution 1/ 0.50
Instant probability of death (A) 1-6 0.04
Productivity decay rate (A) 1—x 0.04
Habit persistence v 0.70
Consumption share—Type-A households nA 0.73
Consumption share—Type-B households nB 0.65
Share of type-B households P 0.40
Wage markup (SS) o /(o" — 1) 1.25
Wage adjustment cost du 125
Manufacturers and capital goods producers
EoS bt. capital and labor &g 0.99
Price markup—tradable sector (SS) o7 /(e —1) 1.10
Price markup—non-tradable sector (SS) oN /(N = 1) 1.20
Labor adjustment cost dug 5.00
Price adjustment cost dpr; OPN 125
Quasi labor income share—tradable sector oy 0.56
Quasi labor income share—non-tradable sector aﬁ 0.60
Depreciation rate (A) 57 0.09
Investment adjustment cost bz 10.0
Distributors
EoS bt. domestic tradable and imported goods EAr 1.50
EoS bt. assembled and non-tradable goods 134 0.50
Price markup of distributors (SS) o' J(cF 1), F ¢ {Xx} 1.05
Price markup of exporters (SS) o¥/(e® - 1) 1.03
Adjustment cost of import content Oar 2.00
Price adjustment cost (except for government goods) OAC; DAL DAX 125
Price adjustment cost for government goods dac 400
Government
Consumption tax rate 7€ 0.31
Capital income tax rate T~ 0.17
Dividends tax rate 7P 0.15
Employers’ payroll tax rate il 0.19
Sensibility to deviations from target
Revenues dq 0.0
Debt-to-GDP ratio do 0.0
GDP ds 0.5

Sources: Banco de Portugal quarterly database, National accounts data, several studies on the Portuguese and euro area
economies, and authors’ own calculations.

Notes: A—Annualized; EoS—Elasticity of Substitution; SS—Steady state; ROW-—Rest of the World; J € {T,N};
F € {C,G,Z,X}. The labor income tax rate is the default endogenous instrument in the fiscal rule and is thus omitted.
The reported parameters d;, i = 1,2, 3, represent default values, however they can take any alternative configuration. The
model is quarterly and parameters are not annualized, unless otherwise indicated.
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Calibration: financial sector parameters

Table 3: Financial sector parameters

Parameter Model Data, PT
Interval Average

Leverage (%) B/ 100.0 95.0-130.2 104.9
Probability of default (%) §(@) 8.0 8.7-10.6 9.4
Return on capital (%) Ret® 9.1 8.0-10.0 9.4

Return on cap. spread (pp) Ret — 3 4.0 n.a. n.a.
Non-default loan rate (%) iB 6.5 5.9-8.5 6.7

Loan rate spread (pp) iB—i 1.7 n.a. n.a.
Borrowers Riskiness o 0.32 n.a. n.a.
Monitoring costs 7 0.11 n.a. n.a.

Sources: Banco de Portugal, Eurostat, Mata, Antunes, and Portugal (2010), and authors’ own calculations.

Notes: Average figures for the 2002—2008 period, except the probability of default, which is for the 1996-1998 period.
Leverage is defined as the debt-to-equity ratio of non-financial corporations, where debt includes debt securities issued by
non-financial corporations as well as loans (consolidated data). The values reported for the probability of default consider
the total exit rate for the Portuguese economy, as defined in Mata, Antunes, and Portugal (2010). More recent data from
Quadros de Pessoal for the 2002—2007 period shows an exit rate comprised between 8.1 and 9.2 percent. The return on
capital is calibrated to match the definition of “return on investment” used by the Banco de Portugal, the ratio between
ordinary profit plus interest costs, against other shares and other equity plus financial debt. The non-default loan rate is
proxied by the “debt cost ratio” used by Banco de Portugal, the ratio between interest costs and financial debt.
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