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In this paper, we examine the empirical validity of the baseline version of the forward-
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asymptotic properties under correctly specified and misspecified models. Although the model
averaging estimates and the standard procedures point to a stabilizing policy rule during the
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cast serious doubts on the significance of the cyclical output variable as a forcing variable in

the FED funds dynamics during the Volcker-Greenspan period.

Keywords: Forward-Looking Monetary Policy Rule; Stabilizing Policy; Generalized Method
of Moments; Generalized Empirical Likelihood; Model Selection; Model Averaging;

Misspecification

JEL Classification: C22; C52; E43; E52

*This study was conducted while the author was visiting the Economics and Research Department (ERD) for
a short-term scholarship. The author acknowledges financial support from the ERD, Portuguese Central Bank
(PCB), and thanks its members for useful comments. The analysis, opinions and findings of this paper represent

the views of the author, they are not necessarily those of the PCB or the Eurosystem.



1 Introduction

The forward-looking monetary policy reaction function proposed by Clarida, Gali, and Gertler
(2000, henceforth CGG), based on Clarida, Gali, and Gertler (1998), has become a fundamental
macroeconomic specification in the context of the United States monetary policy in the postwar.
In this model, the central bank forms beliefs about the future state of the economy based on the
available information so far. The target rate depends on the expected inflation and output gaps
with respect to their equilibrium values. Moreover, the monetary authorities do not immediately
set the actual interest rate to its targeted counterpart but rather adjusts it smoothly over time.

They employ the Generalized Method of Moments (GMM) methodology to estimate the
monetary policy using the Federal Funds rate as the instrument of policy making®. In particular,
they suggest that the FED monetary policy during the Paul Volcker and Alan Greenspan period
was more stable than during the fifteen or so years prior to Volcker’s appointment. The reasoning
for this claim is that the Volcker-Greenspan policy appeared to be much more sensitive to changes
in the expected inflation.

In this study, we re-evaluate the empirical validity of the baseline model discussed by CGG.
For that purpose, we propose a new estimation method, which we call moment conditions model
averaging estimator, in the GMM and Generalized Empirical Likelihood (GEL) setups. For
completeness, we also employ existent moment and model selection criteria methods and the
Empirical Likelihood (EL) estimation approach. We do so for several reasons. First, the CGG
papers rely on a standard two-step GMM estimator, which may deviate substantially from its
small sample distribution - as discussed in Hansen, Heaton and Yaron (1996), for example, and
in the two special issues of the Journal of Business and Economic Statistics (1996, vol. 14(3)
and 2002, vol. 20(4)) dedicated to GMM. Furthermore, the GMM estimation is not invariant
to the specification of the moment conditions, which means that the results depend on the
normalization adopted for the estimation. Another drawback is that the results hinge on the
weighting matrix used in the estimation?.

Given these disappointing properties of GMM, it has recently been proposed the GEL class

!There has been a considerable interest in the properties of the GMM estimator to the analysis of time series
dependent data. In fact, since the seminal contribution by Hansen (1982), one has witnessed the remarkable
growth of the theoretical and empirical research on this issue over the recent decades. One of the main reasons

why it became so popular in moment conditions models is its computational accessibility.
2In CGG paper, it is not clear what weighting matrix is used. If by "optimal" they mean the HAC matrix

then still it is to find what kernel and bandwidth selection method are used.



of estimators. Newey and Smith (2004) have shown that while GMM and GEL estimators have
identical first-order asymptotic properties, the latter are higher order efficient, in the sense that
these estimators are able to eliminate some sources of GMM biases. For example, they show
that the bias of the EL estimator does not grow with the number of moment conditions, unlike
GMM. Similar properties have been established by Anatolyev (2005), in a time series setting.

The second main reason for re-evaluating the empirical results by CGG concerns the econo-
metric analysis of model selection in the context of moment condition models. In the standard
GMM and GEL estimation approaches (as in CGG, for the case of GMM), parameter estimates
are obtained with a given/fixed list of instruments (moment conditions, in general). On the
other hand, in model selection, one ranks the available moment conditions models (combina-
tions of instruments, in the linear IV case) according to the particular goal undertaken. Instead
of just one, in model selection there are "many" competing models.

Model selection based on information criteria, hypothesis testing or shrinkage-type estimat-
ors has already been studied in the GMM and GEL framework. See, for example, Smith (1992)
and Smith and Ramalho (2002) for model testing and Caner (2009) for a LASSO-type GMM
estimator. Out of these three lines of model selection research, we only apply the information
criteria to the CGG model. Based upon the evidence that the rejection of the J-statistic is an
indicator that some moment conditions are invalid, Andrews (1999) conceived a GMM inform-
ation criteria procedure for consistently selecting the correct moment conditions. Andrews and
Lu (2001) extend Andrews’ paper to the case of jointly picking the moments and the parameter
(model) vector, that is, imposing zero restrictions on the parameters. Hong, Preston and Shum
(2003) extend these two previous papers to the GEL framework. Hall, Inoue, Jana and Shin
(2007) take a different approach: The information criteria used for moment selection is based on
the entropy of the limiting distribution of the GMM estimator.

We pursue an alternative methodological direction in model selection — Model Averaging
(MA). In MA the estimation procedure is based on a weighted combination of all candidate
models/estimators. The weights are chosen according to some relevant criterion. To smooth
estimators across several models is a neat strategy to improve the bias and variance balance.
Studies on least squares (Hansen, 2005), likelihood-based (see, for example, Hjort and Claeskens,
2003) and Bayesian (see, for example, Hoeting, Madigan, Raftery and Volinsky, 1999) MA have
already been developed. At the notable study of Bruce Hansen, in the regression setup, it is
through the well-known Mallows criterion that the weights are estimated. To our best knowledge,

there is no published work yet in GMM/GEL MA estimators.



Thus, we propose GMM and GEL model averaging estimators and discuss some of their
asymptotic properties under correctly specified and misspecified models. We show that the MA
GMM asymptotic theory under misspecification is not standard in the sense that the consistency
and distributional results depend on the weighting matrices and the pseudo-true values. The
optimal MA weights are found by means of particular moment and model selection criteria as
defined at Andrews (1999), Andrews and Lu (2001), Hong, Preston and Shum (2003) and Hall
et all (2007).

Although the MA estimates and the standard procedures point to the same conclusion,
which is the evidence for a stabilizing policy rule during the Paul Volcker and Alan Greenspan
tenures but not so during the pre-Volker period with respect to inflation, our results raise serious
doubts on the significance of the cyclical output variable as a forcing variable in the FED funds
dynamics during the Volcker-Greenspan period. Contrary to our results, CGG found that the
parameter associated with output gap was statistical significant for most of the policy rule
specifications. Before us, Jondeau, Le-Bihan and Galles (2004) also questioned this result at
CGG using standard GMM, CU and MLE methods.

In the next two sections, we briefly review the forward-looking monetary policy rule pro-
posed by CGG and the econometrics of moment conditions models. In Section 4, we discuss
the existence of a linear combination of instruments that give rise to a GMM/GEL estimator
that attains the Chamberlain efficiency bound relative to the set of all available instruments.
The approach on moment conditions model averaging is presented in Section 5. The empirical
application of the existing methods and the MA procedure to the baseline CGG model is in

Section 6 and a conclusion finalizes this paper.

2 Forward-Looking Monetary Policy Reaction Function

In order to provide a strong empirical evidence that the FED monetary policy during the Paul
Volcker and Alan Greenspan period was more stable than during the fifteen or so years prior to
Volcker’s appointment, Clarida, Gali, and Gertler (2000), based on Clarida, Gali, and Gertler
(1998), estimates a policy rule for which the central bank has forward-looking expectations.
Due to this type of specification, they used the GMM methodology to estimate the monetary
policy with the Federal Funds rate as the instrument of policy making during the aforementioned
periods. In this paper, we illustrate the merits of our approach on GMM model averaging using

the CGG forward-looking specification of the monetary policy. To better understand the main



aspects of model, we now discuss the monetary policy dynamics following their work in a very
close manner?.

CGG derived the forward-looking monetary policy reaction function without specifying a
central bank’s objective function that would lead to an optimal monetary instrument rule. The
baseline policy rule for the target nominal interest rate (nominal Federal Funds rate) at period

t, iy, is given by

'L;: = 'L* -+ /8 (Etﬂ-t,k — 77*) + f)/Etxt,Q7 (1)

where 74, is the percent change in the price level between periods ¢ and ¢ + k, expressed in

annual rates, and z; 4 is a measure of the average output gap between ¢ and t+¢q. The output gap
is defined as the percent deviation between actual GDP and the corresponding target. Moreover,
7* denotes the target for inflation and, by model construction, ¢* is the desired nominal interest
rate when both the inflation rate and output are expected to be at their target levels. F; is the
expectation operator conditional on the information set available at time ¢, ;. Hence, Eymy
should be read as E (7 |) .

In this model, the central bank forms beliefs about the future state of the economy based
on the available information so far. The target rate at period ¢, iy, is a linear function of the
expected inflation and output gaps with respect to their target levels. The interest rate policy
rules tend to be stabilizing for § > 1 and for v > 0 (the monetary rules are more likely to be

destabilizing for 5 <1 and v < 0), as model (1) is equivalent to
ry =1+ (B —1) (B — %) + vErxe g, (2)

where r* = ¢* — 7" is the equilibrium real interest rate and r} = ij — Eym. . is the (ex-ante) real
interest rate target. Here, stability occurs as a result of low real interest rates which stimulate
economic activity and inflation.

Another key feature of the model is that the monetary authorities do not immediately set the
actual interest rate to its targeted counterpart. To be in line with the literature, let us assume
that the actual interest rate deviate randomly from the target rate due to monetary shocks e,

such that E;_je; = 0, and that the adjustment goes smooth over time according to

p(L)iz = (1—p)if + e, (3)
with the p!" —order autoregressive lag polynomial p (L) =1 — p;L — ... — ppLP and
p=1—p()=p;+..+p, (4)

#For more details, read Clarida, Gali, and Gertler (2000) and Clarida, Gali, and Gertler (1998), among others.



The partial adjustment of the actual rate to the target value is observed through the equation
it = prit—1 + .. + ppiv—p + (1 = p) iy + e, (5)

where i; depends on a linear combination of its past values and on the current target rate (plus
a zero mean exogenous interest rate shock). The parameter p is interpreted as the degree of
smoothing of interest rate changes.

The CGG policy reaction rule for i; results from combining the target nominal policy (1)
and the partial adjustment model that adjusts i; gradually towards ¢}, (5). Substituting terms,
yields

it = prit—1+ - + ppit—p + (1 = p) [a + BEymy 1 + vEpze 4] + e, (6)

where
a=i" —-frt=r"+(1-p)r". (7)

By the law of iterated expectations, equation (6) can be written as
it = plit—l 4+ ...+ ppit_p + (1 — p) [Oé + ﬁﬂprk -+ ”ny_q] + &¢, (8)

where the innovation ¢; follows the process

et =et— (1= p) [B(mesn — Exmiqr) + 7 (Terg — Er@iiq)] - (9)

The most appropriate estimation method to the unknown quantities «, p, 8 and v is GMM
(or GEL, for that matter)*. Indeed, the forecast errors m; p — Eyms s and Tiyqg — Eiiqq are,
by construction, orthogonal to any variable at the information set €; and, most likely, correl-
ated with 7, and x;4,. The instrumental variables z; that belong to §; are, most probably,
correlated with past iz, 74y and x4, as well.

In this paper, we build upon theoretical results on averaging GMM (and GEL) estimators.
In this sense, we take the scenario of studying a macroeconomic model but, for which, there is
possibly not a unique set of instruments to estimate the unknown parameters. To fix ideas, let
p,q and k be any given values. For a particular set of instruments ¢ (collected in a m; x 1 vector

zfi)) one can define a specific model M; with orthogonality conditions

E <(Zt — prit—1 = oo — Ppit—p — (1 = p) [+ BTy p + Y1 4q)) Zt(i)> =0, (10)

which most likely provide distinct GMM estimates for different .

*In this model, « is identifiable but not i* and 7*, jointly (notice that 8 is identified through m¢4s). Thus,
with the argument that 7* is of some interest in the characterization of the monetary policy, following CGG, the

parameter of interest subject to estimation is 7™ and ¢* is measured as the observed sample average.



3 Econometric Framework

In this section, we review the most important and well-established results regarding the GMM
and GEL estimation procedures as well as the moment and model selection criteria in moment

condition models.

3.1 Moment Conditions Model

Let M be the collection of candidate moment conditions models. Here, M is a countable/finite
or an uncountable set and a model M; belongs to the family of models M : M; € M. The "true"
model may or may not be a member of M. Take any particular moment conditions model,
M;, which, in our application, is characterized by a particular set of instruments (for example,
model (10) in CGG setup). When the number of instruments is large, it is possible that no
value of the parameter vector simultaneously satisfies all the moment restrictions exactly in the
population, resulting in a misspecified model. Next, we distinguish a correctly specified model

from a misspecified one, as in Hall and Inoue (2003).

Correctly Specified Model Consider the estimation of a p-dimensional parameter vector

6o = (00,1, ...,00,p) € © C NP based on m > p moment conditions of the form

Elg(yt,00)] = Elgi(60)] = 0, (11)

for all ¢, where, usually, g(y:,00) = g:(6o) = e(a¢,00) ® 2z for some set of variables z; and
instruments z; such that y; = (2}, 2;)’. When & is univariate, g:(6o) = zte(z¢,600) and 2 is m x 1,

which, for the linear regression model,’
gt(00) = 2 (yt — xfﬂg) and Flz (yt — mfﬁg)] =0. (12)

Due to linearity, g¢(0) is most certainly an unbounded function in the data: supi/g(y,0) = oo
y

) e
0=00

>There should be no confusion in terms of notation: In the general case, y; is the set of all variables in the

for any € and any unit vector ¢.

The m x p Jacobian matrix is defined as

99 (y:;9)
00’

G(@O)EG—E<

model; In the linear case, y; is the dependent variable and x; the covariates. Similarly, x; at the monetary model

is the economic variable "output gap" and not a predefined set of covariates.



and, under some regularity conditions, a CLT can be invoked:

T

1 d

\/T 7Zg(yt790) — Nm (OaS(QO))> (14)
=

as T — oo, where the long-run variance of the process {g(y:,0p)} is some m x m positive definite

matrix

S(0g) =S = lim Var

T—oo

T
T2 Zg(yt,ﬂo)] : (15)
t=1

In the linear case,

G=F (ztx;> and S = TIEI;OVar

T
TS (- x;eo)] , (16)

t=1

which, under no-dependence (martingale difference sequence),
S =Ty =E (9:(00)g:(00)) = E (2217 - (17)

Definition 1 (Correctly specified model): The model is said to be correctly specified if there

exists a unique value 0y in © C NP such that

Elg(yt,00)] = 0. (18)

In this definition, the orthogonality condition is E[g(y:, 0p)] = 0 and the identification con-

dition (uniqueness) results from G full-column ranked®.

Misspecified Model Definition 2 (Misspecified model): A model is said to be misspecified

if there is no value of 0 which satisfies the orthogonality condition, that is,

Elg(y:, 0)] = p(0) (19)

where p: O — R™ such that ||p(0)|| > 0 for all 6 € O.

In the previous definition, E[g(y:,0)] is assumed to be constant for all ¢ (it rules out mis-
specification due to structural instability). Also, m > p because if m = p then there must exist
some value of 6 such that E[g(y,6)] = 0. This is a non-local misspecification as we are not

considering local misspecification where E[g(ys,00)] = T~ ?p, i # 0, say.
According to Schennach (2007), in a misspecified model i%f |E[g(ys,8)]]] > 0, whereas for

linear models, Maasoumi and Phillips (1982) define misspecification by E (zie:) = .. Chen,

%Tn this paper,we are not considering the many and weak instruments issues in the linear IV model nor weak

identification in the general GMM estimation procedure.



Hong and Shum (2007), among others, define a misspecified model differently. For each 6 € O,
let Py = {P| [ g(y,0)dP =0} be a nonparametric family of measures for y which are consistent
with the moment conditions. Then, we can define P = UgpcePy as the family of measures that
are compatible with the moment conditions model. The model P is misspecified if the true
population distribution Py ¢ P (in fact, Py and P are induced by g and should be read as Py
and PY, instead).

So that an extremum estimator has a well defined probability limit in a misspecified model,
we need to impose the following identification condition.

Assumption 1 (Identification for a misspecified model): There exists a pseudo-true value
0. € © such that Qo (0) < Qo (0),V0 € O\ {0.}, where Qo (0) is the population objective
function, that is,

0, = arg meinQo 9). (20)

Note that two different estimators may converge to different pseudo-values (due to two

different well-defined objective functions). Given the existence of 6., we define the following

quantities:
pe = p(0s) = [(yt,H*)], (21)
ag yta
* — E
T
Sy = :FlgréoVar 1/2; (ye, 0 ,u*)] (positive definite).

In the linear model, G, = G. Under some conditions given at Hall and Inoue (2003),

Nl =

T
f( > (9l 0:) - w)eN (0,5.), as T = oo. (22)

t=1

When the number of moment conditions is large, it is possible that no value of 8 simultan-
eously satisfies all the moment restrictions exactly in the population, resulting in a misspecified
model. Another reason for considering misspecification stems from the fact that most models
are only approximations to the underlying phenomena. Although the imperfections of the model
can be, in some cases, avoided through the use of specification tests, the consequences on estim-
ation may have little impact on the results. Also, misspecified (and parsimonious) models may
have reasonable predictive properties. Just like in MLE, the object of interest is the pseudo-true
value of the parameter vector, which may not be unique since distinct objective functions may

be specified.



3.2 Estimation Procedures

In order to estimate (consistently and efficiently) the unknown quantities 6 or 6., we discuss the
typical estimation procedures in moment condition models: GMM (IV for linear models), CUE

and GEL. For a sample of size T, define the sample counterparts of the population moments as

T
. 1 3 ~ Z 9g(yz, 0
= — 2

§T () = (HAC formula. See Den Haan and Levin, 1996, for example).

For the linear model,

T Z’
2z (ye — 240) and Gr (0 Z (24)

MZ

t=1

The GMM estimator is defined as
fcaarr (W) = arg mingr (6) Wrr (0), (25)

where Wr is a weighting matrix such that Wr 2 W, a positive definite matrix. When m > p,

the asymptotic variance of VT <§GMM,T — 90> depends on the plim Wy = W. For the two-

step efficient estimator, Wp = §T (@FS) = gf ! where 5F5 is a first-step consistent GMM

estimator (take Wr = I,,, for example):

Opcrm T = arg ggélﬁT (6) S;'gr (0), (26)
where the random matrix §T 2,8, as T — co. The GMM estimator depends on the weighting
matrix §;1 which is influenced by the choice made for a first step consistent estimator. To over-
come this issue, the continuous-updating (CU-GMM) objective function contains the weighting

matrix as a function itself of the unknown 6 :

7~

Ocupr = arg gggﬁT(@) St (0)gr(9), (27)

where S is the generalized inverse of S.

Solving for # at FOC of the GMM objective function for the linear model,

1 & ' 1
(TZztx2> ( Zzt yr — 30 >:O, (28)

t=1 t=1
we obtain the IV estimator
B = (X'2) W (2X)) 7 (X'2) Wi (219). (29)

10



For the time-series version, Wr = §51 evaluated at Ops = (X'2)(2'X)) " (X'2)(2'y),
whereas for the homoskecedastic with an error variance of one and no-dependence cross-section

-1 Lo\ —1
version, Wr = (% Z?:l ztzg) = (ZTZ ) (first step estimator calculated using the inverse of

an instrument cross product matrix as the weighting matrix).

Given the often disappointing small sample properties of the GMM estimator, alternative
methods have been proposed recently such as those belonging to the GEL class of estimators.
Newey and Smith (2004) demonstrate that, while GMM and GEL estimators have identical
first-order asymptotic properties, the latter are able to eliminate some sources of GMM biases.
In particular, the bias of the EL estimator does not grow with the number of moment conditions,
unlike GMM. Similar properties have been recently established by Anatolyev (2005), in a time
series setting. This author demonstrates that, in the presence of correlation in g(y,0), the
smoothed GEL estimator of Kitamura and Stutzer (1997) is efficient, obtained by smoothing

the moment function with the truncated kernel, so that it solves the saddle point problem

R . 1 T—-Kr ,
OsceLT = arg gélélkesklﬁe)f t—%;-i-l p[N ger (6)] (30)
with -
it (0) = 5 3 s, (3)
Here,
Ar(0) = {\: Ngr () €Ot = Kp+1,..,T — Kr}, (32)

where the open set O includes the zero number and A is the m x 1 vector of lagrange multipliers
each associated with the 7 moment condition, j = 1,...,m. Moreover, the real function p :
R — R is twice differentiable and concave on O and defines the specific GEL estimator. When
p(v) = —(1 +v)?/2, the GEL estimator coincides with the CUE of Hansen et al (1996). If
p(v) = In(1—v) we have the EL estimator of Kitamura (1997), whereas p(v) = — exp(v) leads to
the ET case presented by Kitamura and Stutzer (1997). In the i.i.d. case, the Newey and Smith
(2004) GEL typology sets K7 = 0. The SEL variant, in particular, removes important sources
of bias associated with the GMM, namely the correlation between the moment function and its
derivative’, as well as third-order biases. Furthermore, Anatolyev (2005) shows that even when
there is no serial correlation, using smoothing and an appropriate HAC weight matrix, as in

Andrews (1991) or Newey and West (1994), leads to a reduction in estimation biases.

"This correlation leads to an increasing bias deterioration as the number of moment conditions increase.

11



It has been shown that, under some regularity conditions, the GMM and the GEL estimators
have some probability limit and converge in distribution to some random variable under a correct

or misspecified model. These results are summarized in the following lines.

Correctly Specified Model Under correct model specification, the estimators are con-
sistent: /H\GMMT 2 0o and @GEL,T 2, 0o, as T — oo. Also, the EGMM and the GEL are
(first-order) equivalent:

0r—0
Vil T | 4 Ny (0,diag (V, P)), (33)
A
where

/ -1 /
V= (G S—1G> and P = S~ — §71GV G s (34)

Recall that for linear IV, G = E (z;z;) and S depends on the properties of {zi:} = {g:}. For

the GMM estimator with an arbitrary weighting matrix Wr,
. , -1, , , ~1
VT (QGMM,T - 90> 4N (0, (G WG) (G WSWG) (G WG) ) . (35)

The EGMM estimator is efficient in the sense that it attains the smallest asymptotic variance
over the class of GMM estimators with alternative weighting matrices W for a given set of
moment conditions. Chamberlain (1987) shows that the EGMM estimator is semiparametrically
efficient, that is,

(G’S—lG) T o (B (w0) SV (2e))) (36)

is the lower bound for the variance of any estimation procedure based solely on the information
Elg(yt,00)] = 0 and with unknown distribution. The GEL estimator also attain this efficiency
bound. It can also be shown that adding moment conditions improves asymptotic efficiency but

it increases the small sample bias (and it can increase the small sample variance).

Misspecified Model The limiting distribution theory of the GMM estimator under mis-
specification is derived by Hall and Inoue (2003). Its importance can be justified through the
rejection of the model using the J-statistic and the need to keep the whole set of moment
conditions. The combination of overidentification and misspecification leads to a GMM estim-
ator whose plim depends on the limit of the weigthing matrix and whose limiting distribution
depends on the limiting distribution of the elements of the weigthing matrix (its rate of conver-

gence included). As a consequence, there is no one single limiting distribution theory for the

12



GMM estimator®. This fact has also been proved by Maasoumi and Phillips (1982) for the IV
estimator in linear models and a particular weighting matrix - the matrix (%) o .

The identification condition states that there exists 6, (W) € © such that Qg (0. (W)) <
Qo (0),Y0 € ©\ {0. (W)}, where Qo (0) = E [g (y:,0)) WE [g (y1,0)] . That is, the GMM estim-

ator 5T is consistent for the pseudo-true value
0. (W) = argminE [g (y:, ) WE [g (4, 0)], (37)

where

~

Q) = 1 (6) = 50 (6) Wrgr (6) % Blg (. O WElg (. 0] = Qo (6)  (39)

uniformly in 0, if Wy Low.

Hall and Inuoe (2003) consider four cases, each with its own specific limiting distribu-
tion. Whenever W = W for all T or v/T (W — W) is asymptotically normal, v/T' (@T - 9*)
converges in distribution to a normal process with zero expectation and a variance that de-
pends on several quantities and distinct from the correctly specified model. The first case
includes the FS estimation, Wp = I,,, and the second case includes another FS estimator,
Wr = (% Z?:l zm{)il L, E(%2]) = W, and a second step estimator based on the assumption

that {z: (y¢ — x}04) — .} is a martingale difference sequence,

-1
Wi = (; >~ [ (e = 2lbr (1) =i |2 (e = 2180 (1) - ﬁ*l}') (39)

t=1

where O (1) denotes the GMM estimator on the first-step such that plim 67 (1) = 0. (1) and

Op (1) — 0, (1) = Op (T7Y?) and i,y = gr <5T (1)) . In the third case, Wy is the inverse of a

=g
~ -1
centred HAC estimator, Wp = Sp (0T (1) , where

T-1
Sr(0rm) = 3 w/bn)T: (40)

T+1

T; = t i [Zt <yt —aibr (1)> - ’7*1] [zt‘i (yt—i —a}_0r (1)> - /7*1}/; if >0 (41)

%ZtT:—iH [ztﬂ' (l/t+i - $:€+i§T (D) - /-/I*l] [Zt (yt - CE@T (1)) - ﬁ*l] ; it <0

Let 0, (2) = 6, (S;!). If the bandwidth does not increase too quickly, w/% <§T (2) — 0, (2))

converges in distribution to a normal process with zero or non-zero expectation and a certain

8The iterated GMM changes its distribution at each iteration! Also, inference on the pseudo-true values is

troubling. Finally, we no longer have first-order equivalence.
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variance; Otherwise, bl} (/H\T — 9*) 2, constant (degenerates), where k > 0 is the characteristic
exponent of the kernel. Finally, the case where Wi is the inverse of a uncentred HAC estimator:
br (/H\T — 0*) converges in probability to a constant, in most of the cases.

Contrary to the GMM procedure, the limiting properties of the GEL class of estimators un-
der misspecification has not been fully derived yet. Recently, Schennach (2007) provides some
results for the EL and the ET estimators under some specific conditions. She proves that the
EL estimator may cease to be v/T-consistent in the 7.i.d. setting under model misspecification
and unbounded moment conditions (relevant for the linear IV estimator) even when their ex-
pectations are bounded. The objective function Qg () is a KLIC discrepancy measure for which
the EL pseudo-value A, does not exist because log (1 + Ng (y, 9)) is ill-defined for unbounded g.
Without a non-zero A\, one cannot define a EL pseudo-true 0, which satisfies the model moment
conditions. The existence and definition of a EL pseudo-true value for which the EL estimator
converges is still to be discussed. For bounded conditions and misspecification, v/T-consistent
of the EL estimator is possible.

In contrast, the ET estimator avoids this problem because, even with unbounded moments,
its objective does not restrict the values for A,. Therefore, the ET is more robust than EL un-
der misspecification since their pseudo-true values are well-defined®. In her paper, Schennach
proposes a hybrid estimator, the so-called ETEL (Exponentially Tilted Empirical Likelihood),
that combines the EL and the ET estimators to exhibit the advantages of both. Under misspe-
cification, she shows that the ETEL avoids EL’s pitfalls maintaining root v/7' convergence with

pseudo-true values (6., A.) that are generically well defined.

3.3 Moments and Model Selection Criteria

Due to the well-known bias/variance trade-off in any estimation method, in this section we
present the main existing results on how to choose among a finite number of instruments/moment
conditions in the GMM and GEL setup. Donald and Newey (2001) discuss on how to choose
among a list of instruments in a system of linear simultaneous equations using the 2SLS and
LIML instrumental variables estimators. In this setup, one chooses the (optimal) instruments,
with the corresponding estimator, such that the estimated mean square error is minimized.

In the GMM and GEL literature, the choice of moments is achieved according to some general

9Schennach (2007) refers to a 2000 paper by Yuichi Kitamura to justify the existence of a finite asymptotic

variance at the vT-rate limiting distribution of the ET under misspecification.
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information criteria instead!'’. The procedures described below assume that the selected moment
conditions (the correct model itself) is not misspecified. On the other hand, the papers by Hall
and Inoue (2003) and Schennach (2007) on misspecified models do not treat the issue of model
selection.

Based upon the evidence that the rejection of the J-statistic is an indicator that some
moment conditions are invalid, Andrews (1999) conceived a GMM procedure for consistently
selecting the correct moment conditions. Following his notation, let m denote the total number

of available moment conditions and let the GMM moment selection criteria for a given model
be defined as
MSCr(c) = Jr(c) = kr (|| = p), (42)

where ¢ € R™ is a moment selection vector that represents a list of "selected" moment conditions
(subset of g), |c| denotes the cardinality (number) of the "selected" moments ¢ (|c| < m), Jr (c) is
the J-statistic computed using the "selected" moments c¢, |¢| — p is the number of overidentifying
restrictions and kr = o(7T) is a sequence that defines the selection criterion: xkp = 2 for the
AIC; k7 = logT for the BIC; and k7 = QloglogT for some @Q > 2 for the HQ-type criterion.

Defining the unit-simplex set
C={ceR™\{0}:¢;=00r1,V1 < j <m, where c = (c1,...,cm)'}, (43)

¢ is a vector of zeros (excluded conditions) and ones (included conditions) and |e[ = > ¢; for

¢ € C. Accordingly, for a GMM estimator based on the moment conditions ¢, §T (c),
Jr () = Tint jre (6) Wr () gre (9) = Tgre (0r () Wr (@gre (Or (), (44)

where Wy (¢) is the |c| x |c| weight matrix employed with the moment conditions gr. (6) .

The moment selection criteria estimator is defined as
6\msc = arg I’IHHMSCT (C) = arg min (JT (C) — RT (|C’ - p)) ’ (45)
ceC ceC

where C C C, with {0} € C, is some parameter space for the moment selection vector. The
estimator Cps. picks the moment conditions ¢ over C such that the increase in Jp (¢) that
typically occurs when moment conditions are added (even if correct) is offset by the "bonus

term" k7 (|c| — p) that rewards selection vectors that utilize more moment conditions. Under

10Quite often, empirical information criteria are used when proved to be consistent in choosing the correct

model and or when shown to equal the (unknown) MSE up to a constant.
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some technical conditions, Andrews (1999) shows that € is a consistent!! estimator of ¢g, assumed
to be the single "correct" selection vector. If, additionally, one assumes that E (g, (6)) = 0 has
a unique solution fy € © (the "true" value of 6, set at ¢p), then ¢ consistently estimates both ¢
and 6.

At Andrews (1999), the selection of corrects moments is conditional on correct modeling.
Andrews and Lu (2001) extend Andrews’ paper to the case of jointly picking the moments and
the parameter (model) vector, that is, imposing zero restrictions on the parameters. Now, let
(b, ¢) denote a pair of model and moment selection vectors and |b| and |c| denote the number of
parameter from the vector 6 (not necessarily all of them) and moments, respectively, selected

by (b, ¢). The MMSC selects the pair (b, ¢) that minimizes Jp (b, c) — k7 (|¢| — |b]) , where

Jr(b,e) =T inf Gre (6p) Wr (b,¢)Gre (0)) = Tgre (@T (b, c)) W (b, ¢) Gre (@T (b, c)).
011 €O
(46)
Here, 571 (b,c) € Op € O is the GMM estimator based on the model and moments selection
(b,c). It can be shown that the pair (Emmsc,é\mmsc> is a consistent estimator. Hong, Preston
and Shum (2003) extend these two previous papers to the GEL framework: At the definition of
MMSC, replace Jr (b, c) by

T—Kr
. 1
GELp (b,c) = 2T'minsup — Z P ()\’cgtTc(G[b})) , (47)
o A b

where gire (0)) = 2rer1 Yo iy 9e (V-1 O1) -

4 Model Averaging Instruments

So far, the literature on moment conditions models has essentially focused on estimation meth-
ods for a given model and on optimally selecting a model among a list of candidate alternatives.
In this section, we build upon the principle that gains can be obtained once we consider all the
available moment conditions in hand and average them out to obtain an alternative estimator.
Although the setup could be defined for general g functions, we take the special case of linear IV
moment conditions because averaging instruments makes the study more interesting and appeal-
ing. After defining some key concepts and optimality criteria we present instrument averaging

under correct and misspecified models which, in this case, imply valid and invalid instruments.

""'The GMM-AIC is not consistent and it has positive probability (even asymptotically) of selecting too few

moments.
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If one is not willing to do instrument averaging without dropping invalid instruments, then
previous to the analysis of model averaging under correct specification one can do instruments
selection as proposed by Andrews (1999), Andrews and Lu (2001) and Hong, Preston and Shum
(2003).

4.1 Definitions

For a m-dimensional vector z;,t = 1, ..., T of available (valid or invalid) instruments, with m > p,
define a p x m matrix 7, = 7 of p linear combinations of the instruments such that z{ = 7wz is

p-dimensional. Define the set of all possible instrument averages (up to a constant)
Zy ={z{ : zf = wz, for some p X m matrix 7 such that 7 # 0 and 717 = 1}. (48)

For a well-defined criteria, the goal is to find an optimal weight 7 that give rise to a selected vector
zf € Z; in a way that the estimation of an overidentified system is reduced to one that is exactly
identified. We build optimal instruments instead of selecting instruments (as in Andrews, 1999
and Donald and Newey, 2001, among others). In our optimality criteria, the resulting estimator
ought to be consistent and, whenever possible, attain the Chamberlain efficiency bound relative
to the set z;. When averaging instruments we do not consider the standard information criteria

since all the instruments are assumed to be used: ¢ = ¢, (vector of ones) and |c| = m.

4.2 Correct Specification

The identification condition under a correctly specified model does not change with a linear
transformation of the instruments. In fact, if 8y is unique in model (12) then the same parameter
of interest solves

E [zte (yt — xé@o)] =aF [zt (yt — x;ﬁo)] =0, (49)

for any given 7. Moreover,

G (n) = G = E (z{2}) = 7E (zz}) = G (50)
and
T
S(m) =5y = Tlim Var |T1/? sz (yt — J:QHO)] =S, (51)

both p x p matrices. The IV estimator for this exactly identified model (the weight matrix Wp

does not play any role) is known to equal
R T -1 T
b1 = (Z2°X) -1 Z%y = (nZ'X) ! nZ'y = (ﬂ' Z Ztl‘;> (ﬂ' Z ztyt> (52)
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with an asymptotic variance given by

1

Ve = G;18,G 7 = (r@) P rSa (G') T (53)

To find the optimal matrix 7, we need the estimator @r,T to have an asymptotic variance
’ ’ -1
that equal the Chamberlain efficiency bound relative to the set z, (E (xtzt) STE (ztxt)> =
(G’ S *1G)71 . The result is presented in the following Theorem.

Theorem 1 (MA instruments in correctly specified models): Assume that model (12) is cor-
rectly specified. The efficient general IV estimator (29) coincides to the IV estimator with MA
nstruments

R R T -1/
or=(2x) Z'y= (Z mi) (Z m) , (54)
t=1 t=1
where the optimal instruments are given by 2y = 7°z with weights

T
o 1 e
70 = <T ;Zl:xtzé) St (55)

’ ’ -1
which attains the efficiency bound (E <a:tzt> S—E (zta:t>>

Proof: It is straightforward to show that
(xG) txst (') = (@'S7q) ! (56)

is solved for 7° = E (xtzé) S~ = G’'S7!, up to a constant. See also Anatoliev (2005) for more
details. QED.

The J-statistic with MA instruments is the same as the original one:

T ! T
o . 1 o 1oy [ 1L 0
Jr (7°) = Tglg(g <T ;:1 Tz (yr — x%@)) S~ (7?) (T tEZI Tz (ye — x29)> (57)

T !
. 1 _ 1
= T;gg) <T 12,5 (yt—x20)> S—1 (TZzt (yt—m20)> = Jr

t= t=1

because
7 (7°87”) a0 = §7IG (G'STISSTIG) T @S = ST (GISTIG) T @S (58)

equals S~! when we post(pre)-multiply both sides by G’ (G).

The matrix 7° is not necessarily an "averaging" matrix. So that 7 is some sort of (instru-
ment) weighting matrix it would have to be true that mg; > 0 and Zj mg;=1forali=1,...p
combinations. That is not usually the case for 7° = FE (:L‘tz;) S~1, which depends on E (:Etz;f)
and S~!. Recall that the GEL and the GMM estimators are first-order equivalent. For these

reasons, we do not discuss here the GEL procedure.
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4.3 Misspecification

Building MA instruments under the assumption that not all of them are valid but none to
be discarded is more challenging than under correct model specification. The task remains the
same: Reduce the m-dimensional misspecified model to a p-dimensional model according to some
optimally criteria. Regardless of the estimation method, by averaging the instruments we no
longer have a misspecified model because when m = p there must exist some value of € such

that Elg(y:, 0)] = 0. That is, the original model is misspecified

Elz (ye — 2i0)] = 1 (9) (59)

where p : © — R such that ||p(0)|| > 0 for all § € © but the average model is correctly
specified
E [zf (yt — xé@oﬂ)] =7k [zt (yt — 1‘20071—)] =0, (60)

for any given m. Consequently, for any given 7, there must exist some 6 (call it, 0y (7) = 6or)

such that!?
iy (eoﬂ) = Wy (0071') = 0p><1; HM (907r)H > 0 for 6y, € O. (61)

Consider the GMM estimation procedure. Contrary to the well-specified model case, it is

not guaranteed that the pseudo-true value
0. (W) = argminF [z (y — 210)]' WE [z (y — 210)] (62)
for the larger misspecified model, coincide with the true value
0o () = argminE [=f (y; - 20)) E [2f (s — 20)] = E (wz}) " E (m201) (63)
for the just-identified averaged model. For a given ,
E [z (ye — 2300x)] B [2¢ (y¢ — 2,00r)] = 0, (64)
whereas, for a given W,
E [z (e — 210av)) WE [z (v — 2)02w)] = 1 (@uw’) Wi (8aw) > 0, (65)

because W is assumed to be positive definite and ||p (f«1w)|| > 0. The assumption of rank (W) =

m is important because it rules out the case where both true values coincide for W = 7’w, which

12\We maintain the assumption of identification in any misspecified or correctly specified model. Moreover, we
assume that the m — p free variables of the homogeneous system mu (for) = Opx1 are not zero (the m x 1 solution

1 (Bor) have no zero component at o) so that the condition ||u (6)]] > 0 for all § € © is not violated.
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is of reduced rank, rank (7'w) = p < m. Despite different values at the objective function, both
true values coincide for the following mapping between 7w and W :

Theorem 2 (True-values in correctly and misspecified models): For
T =E (z2) W, (66)

the true value Oy () and the pseudo-true value 0, (W) coincide.

Proof: Solving the FOC E (z42;) WE [z (y: — 270)] = 0 with respect to 6, we have
0. (W) = [E (z12{) WE (ze2}) 'E (z21) WE (2eyt) (67)

which equals 0y (7) = E (rza}) ' 7E (zy;) when w = E (2,2}) W noting that E (E (z,2}) W z2}) =
E (x42;) WE (z27) . QED.

So that the two GMM estimators (overidentified and misspecified model and the just-
identified and correctly specified model) converge in probability to the same value, 7 = F (x;2]) W.

Hence, in this case, for a given W, we have
E (2¢2;) Wi (0aw) = Opx1 where O,y = (67) with || (64w)|| > 0. (68)

For the efficient case we saw previously that W = S;! implying 7° = F (z42]) S;!. Naturally,

for z; = w2, where

T
T = (; tzlmtz£> W, (69)
the two GMM estimators coincide (see (29) and (54) with z; defined in the previous line). For
Wr = Sr (@T (1))71 , defined by (40), this is a two-step estimator and it attains the efficiency
bound (E (:Etz£) S;'E (ztx;))il .
According to Hall and Inoue (2003), the distribution and its rate of convergence depends
on W (limiting distribution of the elements of Wr including its rate of convergence). We first

consider the cases where the general IV estimator is v/T-consistent. In case (i), Wy = W for all

T and VT (@T - 0*) 4 N(0,%1), where

E (242) WOQUWE (z2)) +
1 = (B (o) WE (1)) ™ | B (o) Wk + 0 WE (s | (B () WE (1)

(70)
and ©;; are the asymptotic variances-covariances of the processes T~ 1/2 Zthl (2t (yr — z}04) — )

!/
and T (% STz — E(zwé)) Wy, (in terms of notation, ;3 = Sx). To have the same
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asymptotic efficiency as the estimator without misspecification,

Viy = (nGQ) 'zSx’ (G'7r’)_1

= (E(z2) WE (Zt.’B;))_l E (242{) WSWE (%)) (E (w¢2;) WE (ztac;))_l , (71)
it must hold
E (z2)) WSWE (zi2y) + E (z12) W Q1o+ QW E (zi27) +Qa2 = E (w421) WSWE (ze2}) , (72)

that is,
Di=FE (xtzlf/) Wi + Qo WE (Ztl‘;) + Qg0 =0, (73)

a condition that is hardly met. The efficiency "difference" D; will let us conclude how mis-
specification contaminates the efficiency of the GMM estimator. If Dj is positive definite then
efficiency drops; otherwise, if D is negative definite misspecification leads to efficiency gains. For
a given W, if E (z;2;) W12 is PD, then so it is D7 because Qg9 is PD. In case (ii), VT (Wp —W)
converges to a normal distribution. Then, VT (§T — 9*) 4N (0,32), where X5 is similar to

¥ but includes extra terms (asymptotic variances-covariances of v'T (Wr — W) , and the two

processes in case (i)) in the inside brackets. In this case, the efficiency "difference" is

Dy = D1+ FE (a:tzé) Q33 F (ztxé) + F (:Etzg) WQskE (ztwg)

+F (:Utzz) Q31 WE (ztm;) + Qo3 E (zt:v;) +FE (xtzl'f) Q3o. (74)

With respect to the last two cases, the rate of convergence of the general IV estimator is
smaller than /T or it is even degenerated. In case (iii), where Wy is the inverse of a centred
HAC estimator, the limiting law depends on the rate of increase of the bandwidth b, converging
to a normal (can even have a nonzero mean) or being degenerated. In case (iv), where Wr is
the inverse of a uncentred HAC estimator, bp (/éT — 9*> converges in probability to a constant
in most of the cases. For more details, see Section 2.3 of this paper or Hall and Inuoe (2003).

Now, let m # E (x¢2;) W for all possible W, up to a constant. In this case, the two estimators
do not coincide nor converge in probability to the same value, which makes any comparison
unreasonable and purely mathematical. The general IV estimator (29) converges in probability
to (67) and has the above distribution, which depends on W, whereas the IV estimator for the
just-identified model with (restricted) MA instruments has the following properties.

Definition 3 (IV estimator with restricted MA instruments): For a given p X m weight matrix

7 such that © # E (z¢2;) W for all possible W, up to a constant, where W = plim Wr of the
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overidentified and misspecified model, define the IV estimator with MA instruments as

T -1 /7
O = (Ze’X)f1 Z%y = (Z Wztxf:) (Z ﬂztyt> , (75)
=1 =1

where zf =z and

VT (ETW _ 0%) 4 N(0,Vy), (76)

where Oy = (63) and
Ve = G719:G = (B (za)) w87 (B (22) 7') ' # Vi (77)

Very often, gTﬁ is unfeasible (not arbitrarily given nor observable) and a consistent estimator
for 7 is required. Ruling out the efficient case where 7 = <% ST xtz{L) St <5T (1))_ , OT any
other 7 such that plim7 = 7 = E (x;2;) W, the asymptotic distribution is derived through

-1

T ! T
VT (57? — 007T> =— ( ! ;%\ztw;/) VT (; ;ﬁzt (yt — wé@ow)> ) (78)

S|

under the assumption that a CLT can be invoked for the process {mz: (y: — x}0ox)} for some
™ =plim7.

The theory behind GEL estimators using averaged instruments is not pursued due to the lack
of established results under misspecified results. As explained in the third chapter, Schennach
(2007) proves that the EL estimator may cease to be /T-consistent but a pseudo-true value
for which the EL estimator converges is not well-defined besides its limit distribution being
unknown. With respect to the ET we only know that it is v/7T-consistent. This is a topic that
deserve further developments as, contrary to the GMM case, the GEL pseudo-true value does

not necessarily depend on a matrix such as W.

5 Model Averaging Estimators

In model averaging instruments we are not averaging estimators but only instruments. In that
approach, we estimate the model once after obtaining an optimal set of instruments. The
quantity of interest is this best linear combination of instruments. In this section, we present
a methodology where we average a list of candidate estimators to obtain a truly averaged one.
The optimal weights associated with each estimator are to be chosen according to some criteria.
By the fact that the criteria need not be unique, it is important to notice that more than one

weighted estimator can be defined. In moment conditions models, averaged estimators can be
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discussed for general g functions, which have the linear IV as a special case. Next, we define a
model averaging estimator and then we define the criteria to find the weights and discuss the

statistical properties of the averaged estimator under correct and misspecified models.

5.1 Definitions

Following some previous notation, let m denote the full set of available moment conditions and

¢ € ™ a moment selection vector that belongs to the unit-simplex
C={ceR™{0}:¢;=00r1,V1 <j<m, where ¢ = (c1,...,cn)'}. (79)

Quantities such as gr. (6) , Wr. and §Tc are obtained after deleting the moments corresponding
to ¢; = 0. For example, g7 (0) is a |c| x 1 vector.

Let w= (wl, vy w|C|)I be a weight vector in the unit-simplex in RI¢!, where

p—1 m
m m
Cl=2m=> | =2 | (80)
Jj=0 J Jj=p J
m
with the binomial coefficients = j,(#lj), which reads m choose j'3, is the number of
J
different elements at C':
Hm:{we[(),l]'Cl:ZwC:l}. (81)
ceC

A model average estimator of the unknown p x 1 vector 6 is

07 (W) = webre. (82)

ceC
Clearly, no model average occurs when w.+ = 1 for some ¢* and wy = 0 for ¢ # ¢* in which
Or (w) = Opcr.
For an arbitrarily given w we have an estimator or (w) . But w is assumed to be unknown
and, therefore, needs to be estimated according to some criterion. In this paper, we suggest
two alternative data-based criteria to optimally find estimated weights @ with corresponding

averaged estimate

07 (@) =Y Bebre. (83)
ceC

. m
1376 the total of combinations 2™ we need to exclude Z;’;; ( ) , those for which m < p.

J
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The first criteria is based on the asymptotic distribution of ET (w), which depends on w.
Whenever §T (w) is v/T-consistent, w can be chosen such that it minimizes the asymptotic vari-
ance (and the MSE as well). In this scenario, we need to distinguish the cases of correct model
specification and of model misspecification. This is dealt bellow in the text. The analysis of the
distributional properties of ET (w) is also useful for the understanding of the asymptotic distribu-
tion of the model averaging estimators that arise from any other criterion. The minimization of
a weighted asymptotic variance-covariance matrix can be related to one of the moment selection
criteria suggested by Hall et al (2007). Contrary to Andrews (1999), they suggest selecting a
model according to the relevant moment selection criterion

RMSCr(c) =1n < V.

) + 51 (el = ) /T, (84)

where the efficient GMM variance-covariance matrix 176 is evaluated at /H\TC. This note can also
be relevant to what follows next.

In the other criterion, the selection of the weight vector w is based on the existing moment
selection criteria, namely, the MSCr (c) (see (42)) and the GEL7 (c) (see (47)), evaluated at

the estimator 7 (w) . The empirical M SC selected weight vector is defined as

w = arg min MSCr; (w) = arg min (Jrz (w) — k7 ([¢| —p)), (85)

wGHm OJGHm

where, for a chosen set of moment conditions ¢ and a given Wpz (usually, Wz = §TT§),
Jre (W) = Tgre (ET (w)) Wredre (ET (w)) : (36)

To achieve maximum efficiency, one can pick ¢ = ¢, a vector of ones that implies using the

whole set of moment conditions (in this case, |¢| = m and, in terms of notation, ”¢” is dropped):
Jr (W) = Tgr (ET (w)) Wrgr @T (w)). (87)
For the linear IV case,

T ' T
Jre(w) =T (} > e (yt —a Y wﬁTc> ) Wre G > (yt —ap >y w.ﬁn) ) . (88)

t=1 ceC t=1 ceC
The corresponding GEL selected weight vector (with ¢ = ¢,,, and Kp = 0, for sake of simplicity

of exposition) is

© = arg min (GELr () =k (m —p)), (89)

where .
GELr (w) = QT?\?;;; S ()\ () Gr (ET (w))) . (90)

w t=1



One may think of an alternative averaged MSC criterion. In this case, the empirical selected

weight vector is defined as

W =arg min AMSCr (w) = arg min CEEQVWCMSCTC, (91)

UJEHm

where M SCr. = Jr. — k7 (|c| — p) and

!

Jre = Tgre (ch> Wregre @Tc) : (92)

Note that, in general,

Jr (w) =Tgr <5T (W)>’ Wrgr (/éT (w)) # Z wel'ge,r (ETC)/ Werge,r (ETC) = chJTc-

ceC ceC

(93)

The GEL counterpart is
0= in AGEL = i ELp. — — 4
& = arg min AGELy (w) = arg min ;wc (GELz. — k1 (Ic| = p)), (94)

where (for K7 = 0)
T
. 1

GELp, = 2T igsUp 7 ; p (Negre(8)) - (95)

Nonetheless, this criteria is not interesting in practice because, obviously, the optimal weights
are given by wgs = 1 and wg = 0, otherwise. This is because the AMSC criteria is linear in w
and, therefore, no weight is given other than to the selected (smallest) MSC model. Hence, the
MA GMM estimator coincides with the estimator for the selected model by means of the MSC.
The M SCr (w) criteria is a (normalized) weighted squared loss for correctly specified models,

1

up to the constant xr (m — p). The loss function is Ly (w) = 7Jr (w) (see (87)) that can be

decomposed as
. / .
(ar (or ) = 0) W (gr (0r (@)) - 0) (96)
where the vector gr <§T (w)) is an estimator of F [g; (fp)] = 0 and for which the distance is

weighted by Wr. The risk function is

Rr(w) = E(Lp (w) = E <§T (0r (w))l wr (r (br (w)))) . (97)

Therefore, for a fixed w and Wy, the quantity %M SCp (w) is an unbiased estimator of the risk

function up to a o (1) constant, that is,

B (2501 @) =B (0@ + g (m =) = Br () +0(1). (98)
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For misspecified models, the relationship between %M SC7r (w) and Ry (w) is hard to establish!?.
With respect to the AMSCp (w) criteria, it is also the J—statistic that dominates asymp-

totically:

1 1 1 1
FAMSCr () = chfJTc — T > wellel —p) = ZwCTJTc +o(1), (99)
ceC ceC ceC

/

where %JTC = /g\Tc (/H\Tc> WTC?TC <§Tc> . As long as WTC ﬁ’ W07

— Jre (0) = Gre (0) Wregre (0) 2 E[ge (vi,0))] WeE [ge (y1,0)] , (100)

as T — oo, a result that holds for correct or misspecified models. Hence, %AM SCr (w) converges
in probability to a linear combination of the plim (%JTC (@Tc»/s and where each weight is
given by w.. Once again, deriving plim (%JTC (5T0>> ,c € C, in misspecified models is not
straightforward. On the other hand, in correctly specified models, if plim (%JTC <§TC>> = 0 for
all ¢ € C then w cannot be identified asymptotically because, in this case, ) o wC%JTc —0
for all w.

Any of the solutions & are found by numerical algorithms. The solution solves a constraint
optimization problem in which the constraints are nonnegativity (w. € [0,1], for all ¢) and a
summation that equals one () .- we = 1). The solution & can put zero weights on some of the
candidate models, specially for large |C| (large m). The (asymptotic) distribution of & is beyond
the scope of this paper. This is not an easy exercise (we do not even know for the case of least
squares MA estimators - see Hansen, 2007, for details) despite its relevance for inference such
as a null of w. =0,c e C.

Still, some open questions deserve special attention. First, does the choice of ¢ at the
criteria M SCrz (w) condition the solution @W? Our guess is that & is not neutral to ¢ when
using M SCrz (w) . It might be reasonable to admit that M SCrz (w) draws a solution & where
e=1: o @c/éTc = @7@ and Jpz (W) = Jre. Second, and maybe the most interesting question,
will models with invalid instruments (misspecified moment conditions) get zero weight? If so, the
criteria suggested in this paper using MA estimators can be interpreted as equivalent procedures

to those of Andrews (1999), Andrews and Lu (2001), Hong, Preston and Shum (2003).

Y Basically, the MA estimator §T (w) converges to a linear combination of pseudo-true values, each depending

on W, and FE [gt (p lim 67 (w))] = u # 0 by definition.
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5.2 Correct Specification

For a given w, the limit statistical properties of 5T (w)=> ceC wchc follow a linear combination
of the random processes @TC, ¢ € C. Under correct model specification, the plimggpc = 0y for
all ¢ € C and O, is VT -gaussian (this is true for both GMM and GEL) and the asymptotic
variance of the GMM ETC is

V.= (G;WCGC>_1 (G;WCSCWCGC) (G;WCGC)_l. (101)

Recall that G. = E (z.4x}) , for the linear IV case. The asymptotic variance of the GEL estimator
and the efficient GMM (VVC =5 1) is given by

V, = (G;Sgch>_1. (102)

Hence, for a fixed w,@T (w) is also consistent and also v/T-normal.
Theorem 3 (Distribution of MA estimator under correct specification): Assume that the model

is correctly specified. As T — oo, for any w € H,y,,
Or (w) 2 6o, (103)
where @TC,C e C, is the GMM or the GEL estimator. Moreover, for the GMM estimator,
VT (gT (w) — 90> <, n= chnc, (104)
ceC
where the k x 1 random variable n. ~ N (0,V,), with V, = (101) . For the efficient GMM or the
GEL estimator,
, -1
V, = (GCSC_lGC) . (105)
The limit process 1 is gaussian with zero expectation.
Proof: Consistency follows from

b\T (w) = ch/éTc £> cheo = 90. (106)
ceC ceC

The asymptotic distribution follows from the limiting law for v/T' (@TC - 90) noting that /T (/Q\T (w) — 90>

equals

\/T (Z wc/éTC - ch(90> = zwc\/f (§T0 - 00) (107)

ceC ceC ceC
because ) .~ w. = 1. Alternatively, the result can be shown by taking the FOC for a given

ceC,
Gre @Tc)/ Wregre (ch> =0, (108)
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and expand gr. <§Tc> around g7 (Ap) using the Mean Value Theorem:
Gre (/éTC)I Wrere (00) + Gre @Tc>l Wr.Gre (7c) @Tc - 90) =0, (109)
where 07, is some value "between" /H\Tc and 6y. Rearranging terms,
VT @Tc - 90) = — [@Tc @Tc)I WreGre (QTC):| B Gre (@%)I WreVTgre (0o), (110)

where, for the linear IV case,
~ ~ 1 &
Gre (aTc) =Gre (GTC) = _T Z thé‘ (111)
t=1

Finally, n is gaussian because it is a linear combination of normal variables and it has zero
expectation because F (1,.) = 0,c € C. QED.

In general, the variance of 77 does not equal the (squared) weighted sum of variances V., that
is,

Vi =V (Z wcnc> # Y wiV (1) (112)

ceC ceC

This is because there are pairs c1,c2 € C,c1 # c2, such that 7., and 7., are not independent,
in particular when ¢; and cs have common moment conditions. It is also not unusual to have
distinct moment conditions with positive correlation.

In terms of the smallest V' (n) it is not clear that it is attained for w}. = 1, where ¢* = ¢,
and w} =0, for all ¢ # ¢* (the MA estimator coincides with the estimator obtained using the
whole set of moment conditions). For sake of simplicity, consider the efficient case (102). We

conjecture that it is not always true that, for all p-dimensional vector & # 0,

EVn)e<Evmg, (113)

where

, ~1
V() =V (n,) = E () = (¢'s7'G) (114)

Vin) = E ((é%%) (C;wcnc> ,>

= Y w? (G'nglac)_lJr > wewe, B (01, - (115)

ceC c1,c0€C
c17#c2

and
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In practice, finding the argument & that minimizes the asymptotic variance of /T (@T (w) — 0())

can be achieved by means of the minimization of the trace of V (n) :

tr(V(n)) = sz.tr ((G;Sc_ch)l) + Z Wey WentT (E (770177'02)) . (116)

ceC c1,c2€C
c17#c2

Replacing V' (n.) = (G;Sc_ 1GC) o by a consistent estimator, larger weights given to mod-
els ¢ with more moment conditions (for efficiency matters'®) can be offset by the covariances
E (7761 77,@) . Also, the optimal weight vector @ in terms of asymptotic variance is not necessarily
the same as the best weight in small samples.

In summary, despite knowing the asymptotic law of the MA estimator, uniformly in w, the
variance criterion to choose the optimal vector @ is not that handy in practice. Fortunately, there
are alternative criteria based on the existing moment selection criteria M SCr (¢) and GEL (c)
although @ needs to be found by numerical algorithms and whose (asymptotic) properties are

yet to be known.

5.3 Misspecification

In this section, we assume model misspecification in the sense that, for ¢* = ¢,,,

E[gc* (ytv 0)] = [ex (9) ’ (117)

where .« 1 © — R such that |[p.- (0)| > 0 for all 6 € ©, although there might exist some
other ¢ # ¢* such that

Elgz(yt, 00)] = 0. (118)

Here, we assume that not all the moment conditions are necessarily introducing model misspe-
cification (this is more likely to happen in the case of instruments). Adding conditions may
increase (asymptotic) efficiency but will create model misspecification and bias. In terms of
notation, we may use either g,, or g (similar for p. among others). We restrict attention to
the MA GMM estimator, following the results by Hall and Inoue (2003). As explained be-
fore, Schennach (2007) does not provide an asymptotic theory for the GEL estimator under

misspecification and the ETEL estimator is beyond the scope of this paper!6.

5Recall that adding moment conditions improves asymptotic efficiency.
16Schennach (2007) derives the asymptotic distribution of the ETEL estimator under misspecification. It is

V/T-consistent and gaussian and therefore it would be interesting to study the properties of a MA ETEL estimator

under model misspecification.
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Under model misspecification, the GMM estimator ch is consistent for the pseudo-true value

Ouc (We) = argminE g (y1,0)) WeE [ge (31, 0)] (119)
where
e (6) = G (0) Wrcre () > B loc (1, O W lge (11, 6)] (120)

if Wy 2 W.. The way we assumed model misspecification implies that necessarily 6,,,, = 0. is a
pseudo-true value that depends on W, = W but there may exist a true unknown 6,. (W.) = 6
for some ¢ # t,, and for all W,. Consequently, || (64)] > 0 but g, (6« (We)) = p. (0p) = 0, for
SOMe C # Ly,

Next, we derive the asymptotic properties of the MA GMM estimator Or (W) => e WeOTe.

Clearly, for a fixed w and as T' — o0,

plim Oy () = > weplimbre = > webe (We) =Y webse. (121)
ceC ceC ceC

Note that the plim@T (w) is a linear combination of the pseudo-values 0,., each depending on
We. This means that the plim@T (w) depends on the choice for Wy, c € C. That is, for each
given model ¢ one can specify different weight matrices Wr. that converge in probability to
distinct matrices W,, which, consequently, will imply different probability limits for the MA
estimator 07 (w).

The rate of convergence at which 87 (w) converge to Y cco Welbse is influenced by the way
W converges to W, for each given model ¢ € C. In some cases, gT (w) is V/T-gaussian but
it might happen that the distribution collapses or diverges in the limit (recall the four cases of
convergence of the GMM estimator under model misspecification.) Due to the equality

ar (Z welre che*c> =) wear (§Tc - 9*0) = ch%an <§Tc - Q*C) ;o (122)

ccC ccC ceC ceC ¢
where the rate of convergence of the MA GMM estimator is ar — oo, as T' — oo, the MA
estimator /éT (w) is VT -gaussian whenever Wrp. is chosen in a way that ar = ap. = VT
and VT <§TC — 0*0) is gaussian for at least one ¢ € C' and when arp, <§TC — 0*C> = 0,(1)
and a—‘/z = 0(1) for the remaining models c¢. This covers the case of all models ¢ € C having
VT (ETC - 0*C> —asymptotic normality. Assuming that ap. (ETC - 0*0) = O, (1) for some are,
for all ¢, the distribution of the MA GMM estimator collapses or diverges in the limit depending

on the orders of magnitude %, ceC.
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To simplify the analysis we consider a "local" specification, in the spirit of White (1982) for

the MLE. Suppose that the pseudo-true value is indexed by the sample size through W, :

9*6,T (Wer) = H*C,T = arg meinE [gc (Yt 9)], WerE [gc (Yt 0)] . (123)

With Wr. 2 W,, we have something like 0.7 = 04 + 0p (1) . The "local" characteristic of this
setup is a result of the following assumption.
Assumption 1 (Local model misspecification): Assume that, for all ¢ € C, the function
te: © — R™ is such that
VT, (0ser) — 0, as T — oco. (124)

The previous assumption!” keeps the key properties of i, of time-invariance and ||z, (8)|| > 0
for all 6 € ©. Now, we add the "local" condition that the sequence 0, 7 is such that p, (04c7) =
0 (Tfl/ 2) , which means that there exists a sequence 0. 1 responsible for a model misspecification
that disappears at a rate that is faster than v/7. As expected, by imposing "local" misspecific-
ation, the MA GMM estimator is now gaussian and v/T- consistent, as the correctly specified
case, regardless of the rate of convergence of Wr. to W..

Theorem 4 (Distribution of MA GMM estimator under misspecification): Assume that the
model is misspecified according to Assumption 1. As T — oo, for any w € H,y,

Or () 5> welblue (We) (125)
ceC

where @TC, c € C, is the GMM estimator and 0. = (119). Moreover, for the GMM estimator,

VT <5T (w) — ZWCQ*C,T> 4 Ny = Z Wellkes (126)

ceC ceC

where the k x 1 random variable n,. ~ N (0, Vi.), with

/ -1 / ’ —1
Vie = (G*CWCG*C> (G*CWCS*CWCG*C> (G*CWCG*C) . (127)
Here,
Poe = He (9*0) - E[gC(ytae*C)]v (128)
Goo = B[ 29Wi0) , and (129)
o0 0=0+.
T
— 1 —1/2 _
Ske TlgréoVar T tzl (9c(yt, Osc) ,u*c)] . (130)

1"Local misspecification is usually defined as S~ 2Er[g(y:, 60)] = T2, where u is a vector of finite constants.

See Newey (1985) or Hall (2005) for details.
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For W,=8_',ceC,

xc » C

Vie = (GLCSIJG*C)_I . (131)

The limit process n, is gaussian with zero expectation.
Proof: Consistency was shown above. To derive the asymptotic distribution we start with

the MVT (see the proof of Theorem 3)
Gre <§Tc>, Wregre (Ower) + Gre (ch>l WreGre (67c) <§Tc - G*C,T) =0, (132)
where 07, is some value "between" ETC and 0,. 7. Rearranging terms,
VT @Tc - 0*c7T> = - |:6TC </9\TC>,WTCGTC (GTC):| - Gre (5Tc>/ WrVTGre (Oser).  (133)

Then, for a fixed w,

VT (@T (w) — chew> (134)

=

_ _c;wc GT (0re) WreGre HTC): Gre (Bre) Wrev/Tgre (Bucr)

- e G (9r) WiGire 0] G (9r) WiV T @re0o) — i O
-3 G (3r.) WG eTC)_ Gre (1) WreV T (0ecr)

= -3 [Or. o) i Gre ) G (01) WeedT @ (0c) — e () + 0, 1),

by Assumption 1, which converges in distribution to ) .~ wen,., where n,. ~ N (0, Vi), with
/ -1 / ! -1
Vie = (G*CWCG*C) (G*CWCS*CWCG*C> <G*CWCG*C) . (135)

QED.

A few comments are worth mentioning. The Assumption 1 is important to guarantee a zero
expectation of 7,. If, instead, the sequence 0,.7 is such that p.(0s7) = O (T*1/2) , that is,
VT, (Oser) 2 hi,. # 0, for all ¢ € C, then the expectation of 7, is

-3 w. (G;CWCG*C) G Wi, £ 018, (136)

ceC

Another key feature is that the plim Or (w) can be regarded as a linear combination of a true

value and pseudo-true values when it is accepted that, for some models ¢ # ¢, there is correct

" Notice that this is still a "local" misspecification result as p, (f+c,7) — 0 for all c.
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specification. This follows from the decomposition

plim/H\T (w) = chﬁ*c = Z webo + Z webie (We)

ceC ceCp ceCly
We
= wolo + (1 —wo) (1 - w0> Ouc (W), (137)
ceCly

where wg = ZCECO we and Cp is the set of correctly specified models. The larger Cy is, the
"closer" to 6y the plim@T (w) gets. Finally, picking the optimal weight & is even harder than
the correctly specified case: The plim/H\T (w) and the variance of 7, depend on the arbitrarily
choice for W, for all models ¢ € C. Hopefully, the alternative criteria based on M SCr (¢) and

GEL7 (c) lead to &, found by numerical algorithms.

6 Empirical Results

In this section, we estimate the CGG forward-looking monetary policy reaction function for
the same period as theirs by GMM and extend the analysis to the GEL and model averaging
approaches. The relative merits of each approach are evaluated by building error measures of
the differences between the actual and the targeted FED funds rate during the last four decades

of the twentieth century.

6.1 A Monetary Policy Rule

We apply the MA GMM approach to the CGG benchmark model. Recall that for any AR lag

p and inflation and output delays k& and ¢, the CGG model is given by
= pPrle—1 + ... + pp’itfp + (1 — p) [Ot + BEtﬂ-t,k + 'YEtxt,q] + e, (138)

where o« = ¢* — fr*. We adopt their baseline specification for which & = ¢ = 1 (one period
forward) and where the monetary authorities set an expected interest rate that is a linear

combination of the target rate and the observed rate at the two previous periods, p = 219 :
it = prit—1 + poit—2 + (1 — p) [ + BEimis1 + YE@i1] + €. (139)

Moreover, we take their baseline inflation and "output gap" measures. These are the (annualized)

rate of change of the GDP deflator between two subsequent quarters and the series constructed

19CGG also consider the more realistic cases of k = 4 and ¢ = 1 and of k = 4 and ¢ = 2 but concluded that the

results are qualitatively very similar to the baseline specification.
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by the Congressional Budget Office (CBO), respectively. By fixing p, k,q and the definitions
of inflation and output gap we focus, in this paper, on the differences that occur when one
uses different estimation procedures (GMM versus GEL) and how the choice of the instruments
may affect the empirical conclusions. On the other hand, combining different set of instruments
allows us to derive estimates for the MA GMM and GEL procedures. The choice of the weight
matrix for the GMM methodology is also taken into account.

Using the two-step GMM estimation method with quarterly US data (1960:1-1996:4), CGG
found that during the Volcker-Greenspan policy period there were more sensitive changes in
expected inflation than in the pre-Volcker period (prior to 1979:3). In a smaller parameter
scale, the same conclusion was obtained with respect to the output gap variable. They show
that during the Volcker-Greenspan period the monetary rule was stabilizing. Nonetheless, the
impact of output on the interest rate policy was sensitive to the particular choice of the output
gap measure. In fact, v is not statistically significant for the Volcker-Greenspan period when
x is obtained over either the detrended output or the unemployment rate. Using the series
constructed by the CBO, 7 is twice its value and ~ is statistically significant in both periods.
Jondeau et al (2004), using the CBO series and the GMM and Continous-Updating GMM
estimation methods, obtained a wide range of estimates for v depending on the choice of the
weighting matrix (from 0.3 to 3.4, statistically significant in some cases but not in all). The
estimates of the inflation target 7* seemed plausible: 4.25% for the pre-Volcker period and about
3.5% post-Volcker. Finally, the estimate of the smoothing parameter p is high (about 0.7 pre-
Volcker and 0.8 post-Volcker) reflecting the inertia at the interest rate dynamics and that the

FED smooths adjustments in its monetary instrument.

6.2 Data and List of Available Instruments

The data is the same as in CGG?". This way, we can compare the standard GMM results with the
alternative estimation procedures such as the GEL and the model averaging techniques. We have
US quarterly data for the period 1960:1-1996:4. This period is divided into two subsamples: One
spanning from 1960:1 to 1979:2 (pre-Volker) and the second from 1979:3 to 1996:4 corresponding
to the Paul Volcker and Alan Greenspan as FED’s chairmen. It is argued that these two periods
correspond to the unstable and stable eras of recent history. Due to lagged/leaded variables in

the model, the sample period is in fact 1961:1-1996:3.

20We thank the authors for providing us the data used in their paper. See CGG paper for more details about
the data.
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Following CGG, inflation is measured as the (annualized) rate of change of the GDP deflator
between two subsequent quarters and the output gap is the series constructed by the CBO.
Moreover, the interest rate corresponds to the average Federal Funds rate in the first-month of
each quarter, expressed in annual rates. Lagged variables are used as instruments, as well as the
lags of commodity price inflation and the "spread" between the long-term bond rate and the
three-month Treasury Bill rate. We have four lags of each variable available in the data. CGG
used these four lags to estimate the baseline model by GMM (see CGG, Table II, page 157).

In terms of notation, the list of available instruments is
. . !
241 = (1,81 ooy et T 1y eoey T g Tp 15 vey Tp—a, ACr—1, ooy ACt—a SPTE—1, ..y SPTE—a) . (140)

Nevertheless, we also considered the estimation with only two fixed lags and, for the moments
and model selection criteria and the model averaging procedure, we estimated the model for
(almost) all possible combinations of instruments out of the available set. The two lags are
chosen with the purpose of minimizing potential biases due to the large number of identifying
restrictions; The array of instrument combinations has to do with the theoretical approach
presented at the previous sections. For a particular model M;, the orthogonality conditions for

the baseline specification are

E ((it = prit—1 — pait—2 — (1 = p) [+ Bregr + y2e41]) Zt(i)1> =0, (141)

(4)

where 2, is a subset of z;_;.

6.3 Estimation and Model Selection Criteria

We begin by discussing the results based on the GMM/GEL estimation of (141). We conduct
estimations for the period 1960:1 to 1979:2 (PV stands for pre-Volcker), the more recent vintage
of the data, which spans from 1979:3 to 1996:4 (VG stands for Volcker-Greenspan) and for the
whole period (W stands for "whole" period from 1960:1 to 1996:4). The GMM estimation refers
to the two-step efficient procedure and the Empirical Likelihood (EL) is the GEL-type method
under consideration. For now, we let the number of lagged instruments to be either four (41) or
two (21). The results are presented in Table 1. The standard errors are reported in parentheses
and the p-value of the J-statistic is denoted by ”.J”. No values are reported for the EL, 41, VG
case due to convergence problems at the estimation algorithm.

Some issues are worth mentioning. First, we observe that, overall, the estimators produce

consistent and comparable results for each given period. Secondly, estimates of 5 and ~ tend
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Table 1: GMM and EL Estimates with a Fixed Number of Instruments
L p B gl J

GMM | PV | 4681 0.509 0.970 0.173 0.969
(0.119)  (0.063)  (0.049)  (0.064)

41 VG | 3.916 0.357 1.750 —0.155 0.907
(0.141)  (0.114)  (0.185)  (0.146)

W | 4.065 0.711 1.394 0.361 0.799
(0.208)  (0.038) (0.144)  (0.177)

PV | 4556 0.554 0.884 0.139 0.406
(0.158)  (0.092) (0.058)  (0.085)

21 VG | 3.839 0.567 2396 0.045 0.855
(0.152)  (0.096) (0.331)  (0.271)

W | 4221 0.722 1.243 0.445 0.514
(0.290)  (0.040) (0.233)  (0.225)

EL PV | 4908 0.876 1.497 0.794 0.829
(0.236)  (0.029) (0.249)  (0.229)

41 VG| n/a n/a nj/a n/a n/a

W | 4.066 0.874 1.544 0.610 0.841
(0.298)  (0.020) (0.212)  (0.252)

PV | 5174 0.687 0.593 0.321 0.177
(0.465)  (0.076) (0.148)  (0.172)

21 VG | 3.815 0.679 2.874 0.206 0.208
(0.179)  (0.065) (0.381)  (0.251)

W | 3.984 0.892 2456 0.929 0.122
(0.338)  (0.041) (0.646)  (0.819)
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to suggested that the pre-Volcker policy was unstabilizing through inflation and the Volcker-
Greenspan rule was stabilizing despite neutral with respect to the product. Third, estimates of
B, and p for the whole period suggest a stabilizing FED monetary policy rule over the second
half of the century (v is marginally significant).

With the exception of the EL with 4 lags, the point estimates of § are smaller than one for
the PV period (a 95% confidence interval for the GMM with 4 lags includes values for g > 1).
On the other hand, for the VG period all estimates are larger than one and even for 2 lags these
are about 2.5. This makes evidence for stabilizing rules during VG tenure and not so much for
the PV period with respect to inflation. Once we consider the whole sample, point estimates of
[ are barely above one.

In terms of v, we conclude that it is statistical significant for the PV period (with small but
positive point estimates) but not significant for the VG tenures. Hence, it reflects stabilizing
rules for the PV period and a neutral policy for the VG period with respect to the output gap.
For the whole sample, -y is statistically significant with slightly larger point estimates than those
for the PV period.

There is evidence that the FED smooths adjustments in its monetary instrument. The
inertia at the rate dynamics is similar for the two subperiods (with the exception of the GMM
with 4 lags for the VG period in which p = 0.357, a relatively small value) despite important
differences across estimation methods. The GMM estimate is about 0.55, the EL with 4 lags is
0.87 and it is 0.68 considering 2 lags. The estimates are larger for the whole sample than for
any of the two subperiods. The point estimates of the inflation target 7* are relatively close to
the expected ones (4.5% — 5% during the PV period and 3.5% — 4% for the VG tenures). The
J-statistic does not allow us to rejected the model for any of the estimation procedures.

Next, we performed the moment/instrument selection exercise as described by Andrews
(1999). Rather than fixing the list of instruments to either 2 or 4 lags of the variables, this
method allows the data to determine the "best" model out of the possible combinations of

instruments. Accordingly, the instrument selection criteria estimator is defined as
Cmse = arg miélMSCT (¢) = arg Iniél (Jr (¢) — kr (lc] —p)), (142)
ce ce

where k7 = 2 for the AIC; kp = log T for the BIC; and kp = 2loglog T for the HQ-type criterion.

Recall that the AIC is not consistent and it has positive probability (even asymptotically) of

selecting too few moments. We considered two weight matrices: The efficient one W§ = §;1,
) —1

N -1 ,
evaluated at Opg = (X'Z) (Z'X))"" (X'Z) (Z'y) , and also W3 = (% Z?:l ztz£> = (ZTZ
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Table 2: GMM Estimates with Moment Selection Criteria

c T P I6; ¥ J
PV 4] see Table 1
Wiz | VG 4] see Table 1
W 4] see Table 1
W Al-m4_3 4.026 0.725 1.278 0.371 0.896

(0.230)  (0.035) (0.143)  (0.182)

PV | 4l-dc;—1,deci—9,dci—q4 4.899 0.721 0.862 0.426 0.970
(0.186)  (0.071)  (0.059)  (0.043)

Wiz | VG n/a n/a
W n/a n/a

We do not have results for the EL model selection criteria because there were convergence
problems at the estimation procedure for most of the models.

The total number of instrument combinations is

p—1 m m
m m m!
’C|:2m_z 4 :Z . :Zjl(m_j)l’ (143)
j=0 J Jj=p J j=p 7’ '

which equals 2089605, in our case where m = 21 and p = 5. To make the procedure more
tractable, we split the list of available instruments in two groups: There are seven instruments

that are kept fixed,

!

Zri—1 = (1,041, %2, T4—1, T4—2,L4—1, T4—2) (144)

(the two lags of the variables of the model belong to any list of instruments) and the 14 remaining

are combined to construct the z matrix. This way, it is considered 231.4:0 7 (11441” =214 — 16384

different models. The same model was chosen for the three criteria, except for the case of

the whole sample and the weight matrix W¢. In this case, the model with 4 lags (full set of
instruments) was chosen for the BIC and H(Q) criteria but for the AIC criterion the best model
was the 4 lags without m;_3 as an instrument (4 lags was the third best model). The results
are in Table 2. The 4 lags model was the preferred specification when the weight matrix is W7
(see Table 1 for the economic implications of the results). For the case of W7 and VG and W
periods, all models have a zero pvalue for the J-statistic and due to the non-acceptance of the
models we do not report the results. For the PV period, (most of) the lags of the commodity
price inflation were taken out in order to obtain the selected model. Relatively to the model

with four lags, the former specification gave rise to larger point estimates of p and ~.
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6.4 MA Estimators
Now, we apply the model averaging method described earlier in the paper to the baseline forward-
looking monetary policy rule. The MA estimator is given by

07 (@) =Y @cbre, (145)
ceC

where the optimal weights @, are estimated by some criteria and @Tc is a GMM or GEL es-
timator for model ¢?'. We basically proposed two criteria for choosing @. One results from the
minimization of a consistent estimator of
. —1
tr(V(n) = ng‘tr ((GcSc IGC) > + Z Wey Wep b (E (770177::2)) : (146)
ceC c1,c0€C
c1#c2
Because we are not able to derive the second quantity, we only minimize
2 f o1 -1
3wt (GCSg Gc> . (147)
ceC
It is clearly assumed that some bias exists in the estimation of w without the covariance terms.

The other criteria is

w = arg min MSCrz (w) = arg min (Jrz (w) — kr (¢ —p)), (148)
weHp, wEHm,
for a fixed model ¢. We considered ¢ = ¢, (4 lags) and ¢ = ”F” (only the fixed instruments,

Zz=Zp).

For computational reasons and so that the estimated weights &, were not excessively small
and, for that reason, meaningless for interpretation, we only considered the 100 models with
smallest M SCr (¢) — HQ (note that 1/16384 = 6.103 x 107°). All of this best models have p-
values for the J-statistic (way) larger than 10% and, therefore, one can invoke the mathematical
and statistical properties of the MA GMM estimator under correct specification that we have
shown earlier in this paper. The MA parameter and weight estimation results are displayed in
Tables 3 and 4, respectively. In the first place, we observe extremely similar results for ¢ = ¢,
and Zz = Zp and for the Trace criteria, in some extension. A possible explanation is that the
MA GMM estimator is averaging out the 100 different point estimators, which are common for

distinct criteria.

21Due to the convergence problems with the EL, we only report the results for the MA GMM estimator. Also,
we only considered Wi as the GMM weight matrix due to rejection of the models with W7, as explained at the

previous subsection.
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Table 3: MA GMM Estimates

T p B gl
PV | 4703 0.569 0.962 0.241
Trace VG | 3.876 0.448 1.895 -0.066

W | 4114 0.722 1.298 0.375

MSC PV | 4.699 0.557 0.966 0.231
C=ln VG | 3.879 0.408 1.853 -0.081
W 14109 0.713 1.293 0.368
MSC PV | 4.699 0.557 0.966 0.231
Ze=Zp | VG | 3.879 0.408 1.854 -0.082
W | 4109 0.713 1.293 0.369

The point estimates confirm the main conclusions drawn from standard methods. There
is evidence support for a stabilizing policy rule during the VG tenures, albeit neutral to the
cyclical output variable, but not stabilizing during the PV period with respect to inflation. In
fact, the estimates for § are (slightly) bellow one and (way) above one for the PV and VG
periods, respectively, and the estimates for v are positive and negative (probably not statistical
significant since the sign is not the expected one) for the PV and VG periods, respectively.
The value for 4 for the PV period is larger than the one obtained from standard estimation
procedures. For the whole sample, there is evidence of stabilizing rules. The point estimates
for 7* and p are similar to those from standard methods, noting that p by MA GMM is a value
between the standard estimates with 4 and 2 lags.

In terms of the estimated weights, a number of interesting results stand out. First, the
model that gets the largest estimated weight is never the selected one by means of the standard
MSC. The model with the largest estimated weight is consistently the one with 4 lags without
two or three instruments. The model selected by MSC can be ranked from number 12 (with
we = 0.1008 - clearly above 0.01) to number 93 (with Wz = 0.007 - just bellow 0.01). Note
secondly that the range of estimated weights is relatively wide for the trace criterion but not so
much for the MSC criteria and that it does not differ for different sample periods. Finally, we
conclude that although the trace and the MSC criteria provide very similar point estimates, the

corresponding estimated weights do not seem to be exactly the same across models.
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Table 4: MA GMM Weights

w we (rank) €:maxw
PV | [0.007,0.029] 0.007 (93) R
Trace | VG | [0.006,0.030]  0.010 (20) Al-der-2, spre—s, T3
4l-ip_3,dci_o
W | [0.008,0.023]  0.010 (34) e
A1y, dcy 1
MSC PV | [0.00979,0.01014] 0.00993 (76)  4l-m4_3, SPri—4, Ti—4
€=ty | VG |[0.00950,0.01111] 0.00981 (79)  4l-i;_3, T4, dci_o
W | [0.00979,0.01043] 0.01008 (14) Almy_g, deps
MSC PV | [0.00978,0.01016] 0.00992 (78)  4l-my_3, Spre_a, Ti—4
Ze=Zp | VG | [0.00944,0.01109] 0.00979 (81)  4l-iy_3,7¢_4,dcs o
W | [0.00973,0.01058] 0.01008 (12) 4-my_ g, deyq

6.5 Targeting the Interest Rate

Following CGG, we now measure how well the estimated target rules
it =i+ B (Eymper — 7°) + B4, (149)

where the point estimates are found by standard methods and by the MA GMM approach,
characterize the behavior of the actual Funds rate??. For matter of comparison, we also consider
the Taylor-type rule (not forward-looking and without unknown coefficients) as in Woodford
(2001):

iy =1+ 1.5(my — ) + 0.5z4. (150)

Taylor rules go back to Taylor (1993) claiming that the following original rule was appropriate
for the FED during the period 1987-1992,

if = r* 4w+ 0.5 (m — 1) + 0.5z, (151)

where r* = 7* = 0.02. At the equilibrium (m; = 7%, z; = 0) we have i = *. The terms 1.5 and
0.5 represent the FED responses to inflation and output deviations from equilibrium. Basically,

the FED respond positively to both variables but more effectively to inflation giving top priority

22 As CGG point out, we do not compare the actual rate with the fitted model that allows for partial adjustment.

This way, the estimated target rate does not perform as well as the fitted model.
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Table 5: Error Measures when Targeting the Interest Rate: Standard Approaches
MSE RMSE MAD
PV | 6.716 2591 2214
TR VG | 7663 2768  2.097
W | 11.445 3.383  2.643

PV | 2351 1533 1.292
GMM 41 VG | 7100 2.665 2.005
W | 11.614 3.408 2.616
PV | 2103 1450 1.199
GMM 21 VG | 11.784 3.433  2.443
W | 11.440 3.382  2.558

Wi, ¢ =dl-de, 1,dey_g,de, 4 | PV | 2.837  1.684  1.410

Wi, ¢ =4l-my_3 W | 11.071  3.327  2.557
PV | 9.733 3.119 2.651
EL 41 VG | n/a n/a n/a

W | 15.209 3.900 3.008

PV | 2459 1568 1.198
EL 2] VG | 17.415 4173 2.871
W | 32.222 5676 4.472

to price-presures instead of growth. If 7y < 7* then the FED would have the opposite reaction.
For stabilization, we need § > 1 (the proportional reaction does not suffice so that the real
interest rate has effects at the real economy) and v > 0. Otherwise, the monetary policy may
generate an inflation spiral.

We measure the quality of the policy rules by the mean squared error (MSE) and its root
(RMSE) and the mean absolute deviation (MAD). The error is given by i; — i} and the average
is over the period under discussion. The results are presented in Tables 5 and 6.

Overall, the results are relatively poor once we observe a RMSE of around three and a MAD
of approximately two percentage points. Despite the fact that we are not comparing the actual
rate with the fitted rate but with the target rate, this result may indicate that the CGG forward-
looking model does not fully capture the interest rate dynamics and that it targets a FED rate

that is a bit off the observed value.
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Table 6: Error Measures when Targeting the Interest Rate: MA GMM Approach
MSE RMSE MAD
PV | 2.460 1.568  1.327
Trace VG| 7934 2817 2.101
W | 11.127 3.336  2.550

MSC PV | 2449 1565 1.323
C=1ln VG | 7.698 2.774 2.074
W | 11.051 3.324  2.542
MSC PV | 2449 1565 1.323
Ze=Zp | VG| 7700 2775 2.075
W | 11.055 3.324  2.542

Moreover, the target rules consistently do better during the PV period than during the VG
tenures. The worst performances occur for the entire sample. If it is possible to extrapolate
on this result then one may conclude that the Taylor and the CGG rules are worse suited for
stabilizing periods. In fact, in terms of MAD, the Taylor rule does better during the VG than
the PV period but this may be because Taylor studied the 1987-1992 period originally.

As expected, the performance of the MA GMM approach is essentially the same for different
criteria because the point estimates were very similar. For the whole sample, the MA GMM
beats all other methods. For the PV and VG periods, the best performance is not achieved by
the MA GMM method but it gets very close to best one and, in fact, it outperforms the EL
approach. See Table 7 for details on the ranking performances.

In general, the best results are obtained by GMM and the models selected by the standard
MSC (usually, 4 lags of instruments) do as well as the GMM with 2 lags. The EL and the TR
(even for the VG period) are not as good as the GMM methodologies, averaged or standard. In
conclusion, the MA GMM procedure is as valid as the standard GMM approaches to estimate the
FED'’s target rule. To illustrate, we present in Figures 1 and 2 the MA GMM target estimates
and the actual rates for the two subperiods. Despite significant gaps, the upward and downward

swings are reasonably captured the estimated policy rule?.

23CGG present the same plots for GMM in pages 158 and 159. The truth is that for the VG period our MA

GMM captures the swings better than theirs.
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Table 7: Error Measures when Targeting the Interest Rate (Ranked)
RMSE MAD
PV | GMM2l  1.450 EL21 1.198
GMM4l  1.533 | GMM2l 1.199
MAGMM 1565 | GMM4l 1.292
EL21 1.568 | MAGMM 1.323

TR 2.591 TR 2.214

VG | GMM4l 2.665 GMM4l  2.005
TR 2.768 | MAGMM 2.074
MAGMM  2.774 TR 2.097

GMM21 3.433 GMM2l  2.443
EL2] 4.173 EL2] 2.871
W | MAGMM  3.324 | MAGMM  2.542
GMM 21  3.382 GMM2l  2.558
TR 3.383 GMM4l  2.616
GMM4l1 3.408 TR 2.643
EL41 3.900 EL41 3.008

Actual
\/ \l — — Target

O I Il I Il I Il I Il I Il I Il I Il I Il I Il I
60 62 64 66 68 70 72 74 76 78 80

Figure 1: Actual versus Target Rates: Pre-Volcker Era and MA GMM Estimates
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Figure 2: Actual versus Target Rates: Volcker-Greenspan Era and MA GMM Estimates

7 Conclusion

The United States monetary policy in the postwar era has become of particular interest in mac-
roeconomics. In this paper, we revisit the model and the results presented in Clarida, Gali,
and Gertler (2000) by employing a new estimation procedure, which we call Model Averaging
estimator. Their baseline forward-looking monetary policy reaction function is estimated by
moment condition procedures but we resort to procedures that averages instruments and estim-
ators. This way, we focus on the potential gains in averaging estimators rather than assuming
a fixed moment specification as implicitly assumed by standard techniques.

Thus, we define GMM and GEL model averaging estimators and discuss some of their asymp-
totic properties under correctly specified and misspecified models. We show that the asymptotic
theory under misspecification is not standard in the sense that the consistency and distribu-
tional results depend on the weight matrices and the pseudo-true values. The MA estimators
are a weighted average of a list of standard GMM or GEL estimators for each possible model
specification. The optimal weights are found by means of particular moment and model selection
criteria that share some good statistical properties. We also discuss the existence of a linear

combination (average) of instruments that results in a GMM/GEL estimator that attains the
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Chamberlain efficiency bound relative to the set of all instruments.

We apply our MA GMM procedure to the same data and baseline policy model as in Clarida,
Gali, and Gertler (2000) and compare the results with those obtained by standard approaches:
Efficient GMM with fixed instruments and with instruments selected by information criteria
and by Empirical Likelihood. The methods point to similar conclusions where, according to
the point estimates, there is evidence for a stabilizing policy rule during the Paul Volcker and
Alan Greenspan tenures, albeit neutral to the cyclical output variable, but not so during the
pre-Volker period with respect to inflation.

That is, before Volcker came to office, the FED raised the nominal interest rates by a smaller
proportion than the increase of expected inflation. This would led to a decline of short-run real
interest rates. In short, it seems that the FED’s primary objective was growth as the funds
rate responded to output fluctuations and not so much the control for prices. On the contrary,
Volcker and Greenspan tenures were characterized by an anti-inflationary policy. By increasing
the nominal rates by more than the expected inflation, the real interest rates tent to raise as
well. During this period, there is quantitative evidence for a monetary policy that did not react
to product fluctuations.

To evaluate the merits of our approach, we measure the quality of the policy target rules
estimated by the different methods relative to the actual rates by the mean squared error and the
mean absolute deviation. We conclude that the MA GMM method do as well as the standard
approaches and the Taylor rule for the Volcker-Greenspan period and that it does even better
than the EL. The target rules consistently do better during the pre-Volcker period than during
the stabilizing Volcker-Greenspan tenures. The upward and downward swings of the data are
reasonably captured the estimated policy rules despite a disappointing mean absolute deviation
of approximately two percentage points. Along this lines, it seems that there is room for ad-
ditional research on how to improve the CGG forward-looking rule in terms of explaining the
data.

Although the empirical analysis of the paper resorts on the CGG model, our theoretical
results on the moment conditions model averaging estimator suggest that alternative applications
to economic models should be considered, such as the New Keynesian model. Also, it would
be important to investigate further on the statistical properties of the MA estimator, and to
compare them to the standard approaches, by means of Monte Carlo experiments. We leave

this for future research.
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