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1. INTRODUCTION

A classic question in monetary economics is

whether the interest rate or the money supply is

the better instrument of monetary policy. Until re-

cently practice and theory seemed to be in dis-

agreement. Most will agree that monetary policy

decision making has focused on setting a target for

the short-term interest rate. However, most theo-

retical work has considered the monetary policy as

being a choice about the trajectory of the money

supply. One thing that is frequent in all the litera-

ture is that the monetary policy is not specified in

sufficient detail. If the interest rate is the chosen

instrument it is not described how the associated

money supply is determined or vice versa; if the

money supply is the instrument it is not explained

how the interest rate is determined.

It is confirmed both theoretically and empiri-

cally that the demand for real money depends on

the nominal interest rate and on the real output

level. Thus, unless both the real output level as

well as the price level are fixed, setting the nomi-

nal interest rate is not equivalent to targeting a

monetary aggregate. And vice-versa, fixing money

is not equivalent to fixing the nominal interest

rate.

There are ad-hoc models where there is just one

monetary instrument. For instance, the obsolete

static IS-LM model with fixed prices has only one

instrument. The IS curve is the set of nominal in-

terest rates and output levels for which the good

market is in equilibrium when the supply of the

good is demand determined. The LM curve is the

set of nominal interest rates and output levels for

which the money market is in equilibrium. Thus,

given the money supply the intersection of the IS

and the LM determine the output and the nominal

interest rate. And instead, given the nominal inter-

est rate the IS determines the real output, and

given the nominal interest rate and the output the

LM determines the money supply.

By contrast, this paper considers a standard dy-

namic macroeconomic model with microeconomic

foundations. The main result is that in order to ob-

tain a unique equilibrium, that is, well defined tra-

jectories for variables like inflation and output, the

central bank should use both the money supply

and the interest rate as instruments. This is a suffi-

ciency result as it is known that in some particular

non-robust frameworks(1), uniqueness may be ob-

tained with less instruments.

The rest of the paper is set out as follows: sec-

tion 2 describes the literature. Section 3 portrays

the model. Section 4 shows that the Taylor princi-

ple guarantees local determinacy but not unique-
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ness of the equilibrium in the deterministic ver-

sion of the model. Section 5 reveals which policy

variables need to be used as instruments in order

to have uniqueness of the equilibrium in the sto-

chastic version of the model. Section 6 concludes.

The appendix extends the results of section 4 to

the stochastic framework.

2. THE LITERATURE

This section provides a brief description of the

main contributions to the literature on the mone-

tary instrument choice problem. The earliest noto-

rious effort was by Friedman (1968), who argues

against the use of the interest rate as an instru-

ment. His concern was that if agents have irratio-

nal expectations about inflation, the economy

would not converge to the rational expectations

equilibrium. No matter what nominal interest rate

the central bank would choose, if people expected

inflation above the rational expectations equilib-

rium, that would result in lower perceived real in-

terest rate, which would generate a higher de-

mand for current goods, leading to an even higher

inflation, which in turn would lead to an even

lower real interest rate, stimulating more the econ-

omy, and so on without bound.

Unlike Friedman (1968), in the recent literature

agents are taken as being rational. The departing

point has been that the instrument must be able to

generate local determinacy of the equilibrium. Lo-

cal determinacy means that in the neighbourhood

of an equilibrium there are no other equilibria.

However, in general besides this locally deter-

mined equilibrium there is an infinity of other

equilibria that cannot be ruled out. It is very in-

triguing that all the literature as been satisfied

with this local determinacy property. To us the

multiplicity of equilibria is a disturbing result. For

it implies that the same economic fundamentals

are compatible with many values for the macro-

economic variables. Random events completely

unrelated to the fundamentals, sunspots, can

cause large fluctuations of the output and infla-

tion. From the view point of the central bank this

is undesirable, since usually its objective is to pro-

mote output and inflation stabilization.

In this literature of local determinacy there

have been a few very influential papers. Sargent

and Wallace (1975) shows that interest rate rules

that depend only on exogenous variables do not

guarantee local determinacy and defend instead

the use of the money supply as the instrument. Mc

Callum (1981) shows that if instead, the central

bank chooses interest rate rules that depend on en-

dogenous variables the Sargent and Wallace result

does not apply necessarily. The classic Taylor rule,

Taylor (1993), is one such example, setting the in-

terest rate as a function of the current estimates of

the output gap and inflation. Recently the most

forceful defence of the use of the interest rate as

the instrument is Woodford’s influential book,

Woodford (2003).

In this paper we present the concept of equilib-

rium in a stochastic environment. We show that in

general if the monetary authority uses just one in-

strument, no matter which, there will be a large

multiplicity of equilibria. As a corollary, we get

that there is an infinite number of equilibria when

the monetary authority uses only one instrument,

even if it guarantees local uniqueness.

3. MODEL

We consider a cash in advance economy. The

economy consists of a representative household, a

representative firm behaving competitively, and a

government. Production uses labour according to

a linear technology. This environment is the sim-

plest to study the instruments of monetary policy.

More complex models deliver similar results, as

long as agents take decisions for at least two peri-

ods.

We consider shocks to technology At and gov-

ernment expenditures Gt . The period t vector of

shocks is denoted as s A Gt t t�( , ). The set of all pos-

sible shocks in period t is denoted by St , the his-

tory of these shocks up to period t, which we call

state at t, � �s s st0 1, , ... , , is denoted by s t , and the

set of all possible states in period t is denoted by

St . The initial realization s0 is given. To simplify

the exposition, we assume that the history of

shocks has a discrete distribution. The number of

all possible shocks in period t is # St and the num-

ber of all possible states in period t is # St .

An example may help clarify the terminology.

Suppose that Gt is a constant, i.e. G Gt � for all t

and At for all t�1 can assume only 3 values: a

high, Ah , a medium, Am or a low value, Al . For

each period t�1, the number of possible shocks is
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3, � � � � � �� �S A G A G A Gt
h m l� , , , , , . But the number

of possible states is different across periods. The

number of possible states in the following period

is always bigger. In period 0 there is 1 state, the

number of possible states in period 1 is 3, the num-

ber of possible states in period 2 is 9 and so on.

Chart 1 provides a graphical representation of this

example.

3.1. Competitive equilibria

Households

The households have preferences over con-

sumption Ct , and leisure Lt . These two variables as

all variables in the economy, which we describe in

detail below, are a function of s t , but to shorten the

notation instead of writing down � �C s t we write

Ct . The expected utility function is:

� �U E u C Lt
t t

t

� �
�
	



�
�


� �
�

�

0
0

0 1� �, , , (1)

where � is a discount factor. The households start

period t with nominal wealth W t . They decide to

hold money, Mt , and to buy Bt nominal bonds that

pay R Bt t one period later. The Rt is the gross nom-

inal interest rate at date t. Thus, in the assets mar-

ket at the beginning of period t they face the con-

straint

M Bt t t� �W (2)

Consumption must be purchased with money

according to the cash in advance constraint

PC Mt t t� (3)

At the end of the period, the households re-

ceive the labour income W Nt t where N Lt t� �1 is

labour and Wt is the nominal wage rate and pay

lump sum taxes, Tt . Thus, the nominal wealth

households bring to period t�1 is

W t t t t t t t t tM R B PC W N T� � � � � �1 (4)

The households’ problem is to maximize ex-

pected utility (1) subject to the restrictions (2), (3),

(4), together with a no-Ponzi games condition on

the holdings of assets(2).

The following are first order conditions of the

households’ problem:

� �

� �
u t

u t

W

P R
L

C

t

t t

�
1

(5)
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�

�

� 1
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(6)

Condition (5) sets the intratemporal marginal

rate of substitution between leisure and consump-

tion equal to the real wage adjusted for the oppor-

tunity cost of using money, Rt . Condition (6) is an

intertemporal marginal condition necessary for the

optimal choice of nominal bonds. It says that the

utility today of an additional unit of money must

be equal to the expected utility tomorrow of

Rt additional units of money.

Firms

The firms are competitive and prices are flexi-

ble. The production function of the representative

firm is linear

Y A Nt t t� .

The equilibrium real wage is equal to the mar-

ginal productivity of labour,
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W

P
At

t

t� . (7)

Government

The policy variables are taxes, Tt , interest rates,

Rt , money supplies, Mt , and public debts, Bt . The

government chooses the policy, which is defined

as the behaviour of some, but not all of these pol-

icy variables. The government cannot choose the

behaviour of all of the policy variables because, as

we will see, there are equilibrium conditions that

together with the policy determine endogenously

the values for the remaining policy variables. A

policy is a set of functions, chosen by the govern-

ment, that map quantities, prices and policy vari-

ables into policy variables. One example of a pol-

icy is the Taylor rule, that specifies the interest rate

as a function of inflation and output. Another ex-

ample of a policy is a constant growth money sup-

ply.

The period by period government budget con-

straints are

M B M R B PG PT tt t t t t t t t t� �� � � � � �1 1 0, . (8)

At each state s t equation (8) has an inter-

temporal counterpart that establishes that the

present expected value of the future seigniorage

flows must be equal to today’s government re-

sponsibilities plus the present expected value of

the future government deficit flows. This stochas-

tic intertemporal condition can be written as a

function of only the trajectories for consumption,

leisure and policy variables.

Market clearing

Market clearing in the goods and labour market

requires

C G A Nt t t t� � ,

1� �L Nt t .

We have already imposed market clearing in

the money and debt markets.

Equilibrium

A competitive equilibrium is a sequence of pol-

icy variables, quantities and prices such that the

private agents, households and firms, solve their

problem given the sequences of policy variables

and prices, the budget constraint of the govern-

ment is satisfied and markets clear.

The equilibrium conditions for the 7 variables

� �C L P B R M Tt t t t t t t, , , , , , are 5. They include the re-

sources constraint

C G A L tt t t t� � � �( ),1 0 (9)

the intratemporal condition that is obtained from

substituting the households intratemporal condi-

tion (5) into the firms optimal condition (7)

� �

� �
u t

u t

R

A
tC

L

t

t

� �, 0 (10)

as well as the cash in advance constraint (3), the

intertemporal condition (6), and the government

intertemporal budget constraint.

These conditions define a set of equilibrium al-

locations, prices and policy variables. The number

of equations at state s t is equal to 5. The number of

equilibrium variables that must be determined at

state s t is equal to 7. If none of the policy variables

is chosen exogenously, there is an infinity of allo-

cations, prices and policy variables satisfying the 5

equilibrium conditions. Since there are less equi-

librium equations than equilibrium variables there

are many equilibria unless the government

chooses exogenously some of the policy variables.

There can be equilibria with high inflation or low

inflation as there can be equilibria with low output

or high output. Anything is possible. On the other

hand, if all the policy variables, taxes, money sup-

plies, interest rates and debt are chosen exoge-

nously, there is no equilibrium.

There are many ways in which the degrees of

freedom can be fulfilled. As we are primarily in-

terested in studying monetary policy we assume

that the fiscal policy adjusts to satisfy the

intertemporal government budget constraint. In

other words, we assume that the fiscal policy is en-

dogenous in the sense that whatever are the

choices of the monetary authority, the fiscal instru-

ments, Bt andTt , adjust to satisfy the intertemporal

government budget constraint implied by (8).
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Now, the number of relevant variables is 5 and

the number of relevant equations 4, being one of

them, (6), a stochastic dynamic equation. By count-

ing equations and unknowns, it would seem

enough in order to get determinacy that the gov-

ernment would have just one monetary instru-

ment, as that would be equivalent to adding to the

remaining equilibrium conditions another condi-

tion, which would result in a system with the

same number of equations as unknowns. That in-

tuition is wrong because one of the equations, (6),

is a stochastic dynamic equation. If the environ-

ment was deterministic, (6) would be a first order

difference equation and in order to get a unique

solution it would be enough to have an initial or

terminal condition. Because the environment is

stochastic, the number of conditions necessary to

get uniqueness is much larger as we will see be-

low.

In section 5 we show that in general by setting

only a function for one of the monetary policy

variables uniqueness of the equilibrium is not

achieved. As we explain in section 4, this implies

that by simply following an interest rate rule, even

if it guarantees local determinacy, the monetary

authority is allowing an infinite number of equilib-

ria, many of which can be associated with very

high inflation levels.

4. LOCAL DETERMINACY AND INTEREST

RATE RULES

The literature is currently dominated by a

rule-based approach to monetary policy. Accord-

ing to the literature local determinacy is among

the most desirable properties that a rule must pos-

sess. Local determinacy means, as we said before,

that in the neighbourhood of an equilibrium there

is no other equilibrium. In this section we clarify

what is meant by an interest rate feedback rule

guaranteeing local determinacy and show that for

a standard environment local determinacy is

achieved if the Taylor principle is followed.

Roughly speaking, the Taylor principle is verified

if in response to an increase in inflation the in-

crease in the nominal interest rate is higher.

This section is an exception, as here, to simplify

the exposition we consider a deterministic envi-

ronment, i.e. A At � and G Gt � for all t and

� � � �u C L C v Lt t t t, � � . In the appendix we present

the more complex stochastic counterpart. Let R be

the steady state competitive equilibrium for the in-

terest rate and let� be the steady state competitive

equilibrium for the inflation rate. Then, R =
�

�
,

where
1

�
is the real interest rate. Assume that the

central bank conducts a pure current nonlinear

Taylor rule(3):

Rt �
�

�
�

�

�
 R

! "�
t

�
,

where "��1 (the Taylor principle), and ! t
t

t

P

P
�

�1

.

After substituting the Taylor rule in (6) get

� �z zt t� �1

"�

where zt
t�

!

�
. By recursive substitution we get

� �z zt k t� �
#"�

, for all k and t. (11)

There is no condition to pin down the initial

value for inflation. Since the initial inflation level

can be any value there is an infinity of equilibrium

trajectories for the inflation rate. Nevertheless,

they can be typified in 3 classes. Either inflation is

constant, ! t ��, or there is an hyperinflation,

! t $ %$ �, or inflation is approaching zero,

! t $ %$ 0. This is easy to verify. If ! 0 �� then (11)

implies that ! t �� for all t. If ! 0 &� then (11) im-

plies that ! !t t� &1 and ! t $ %$ �, since "�&1. If

! 0 ��, then (11) implies that ! !t t� �1 and

! t $ %$ 0 since "�&1.

Thus, when the central bank follows a Taylor

rule that obeys the Taylor principle it is able to get

local determinacy. In a neighbourhood of the

steady state inflation � there is no other equilib-

rium inflation trajectory. But we have just seen that

there is an infinity of other equilibria for inflation

which converge to zero or to infinity. These results

beg two interrelated questions: Why is local deter-

minacy such an interesting property? Or why has

most of the literature assumed that undesirable

equilibria do not happen? We do not know the

answer to these questions.
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There may be institutions that we have ignored

in the model, which can be used to eliminate some

of these “undesirable” equilibria. For instance, in

some models an hyperinflation can be eliminated

if the central bank has sufficient resources and can

commit to buy back its currency if the price level

exceeds a certain level. We are not going to pursue

this issue here. Those readers interested in this

topic should start by seeing the seminal paper of

Obstfeld and Rogoff (1983). In general, there are

still an infinity of equilibria that pass these types

of tests.

It is easy to verify, using an argument similar to

the one above, that if the Taylor rule did not obey

the Taylor principle, i.e. "��1, there would be just

two types of equilibrium. The steady state and an

infinity of equilibria converging to the steady

state. At first sight it would seem that it would be

preferable that a central bank would follow a Tay-

lor rule that did not satisfy the Taylor principle, as

“undesirable” equilibria, hyperinflations or hyper-

deflations would not be possible. This conclusion

is not correct because whenever there is multiplic-

ity of equilibria it may be possible that sunspots

can cause large fluctuations in inflation. Inflation

can fluctuate randomly just because agents come

to believe this will happen. The interested readers

should start with Farmer (1993).

5. EXOGENOUS POLICY INSTRUMENTS

We are interested in identifying what are the

exogenous instruments of policy that guarantee

that there is a unique equilibrium for allocations

and prices. This provides a measure of degrees of

freedom in conducting policy. This is a question of

policy relevance. As mentioned above, it is associ-

ated with the instrument problem in monetary

economics on whether to use the interest rate or

the money supply as the monetary policy instru-

ment.

Under very general conditions the system of

equations defining the equilibrium can be summa-

rized by,

� � � �� �

� �

u C R L R

M

C R

C t t

t

t

,
�

(12)� � � �� �

� �

�

�

�

�
�
�
�

�

�

�
�
�
�

�
� �

�

�

�R E
u C R L R

M

C R

tt t

C t t

t

t

1 1

1

1

0
,

,

where � �C Rt and � �L Rt mean that consumption

and leisure depend only on the level of the interest

rate.

5.1. Conducting policy with constant functions

In this subsection, we show that in general

when policy is conducted with constant functions

for the policy instruments, it is necessary to deter-

mine exogenously both interest rates and money

supplies.

Suppose the path of money supply is set exoge-

nously in every date and state. In addition, in pe-

riod zero the interest rate, R0 , is set exogenously

and, for each t�1, for each state s t�1, the interest

rates are set exogenously in # St �1 states that fol-

low. In this case (12) at date t� 0 would determine

the R1 in the remaining state, since # St �1 of the

R1s were already given. The usage of (12) for the

other dates would determine recursively all the

Rts that were not set exogenously. Thus, there is a

single solution for the allocations and prices. Simi-

larly, there is also a unique equilibrium if the nom-

inal interest rate is set exogenously in every date

and state, and the money supply is set exoge-

nously in period 0, as well as, for each t�1 and

state s t�1, in the # St �1 states that follow.

Thus, we have the following result when policy

is conducted with constant functions: in general, if

money supply is determined exogenously in every

date and state, and if interest rates are also deter-

mined exogenously in the initial period, as well as

in # #S St t� �1 states for each t�1, then the alloca-

tions and prices can be determined uniquely, simi-

larly, if the exogenous policy instruments are the

interest rates in every state, the initial money sup-

ply and the money supply, in # #S St t� �1 states, for

t�1 , then there is in general a unique equilibrium.

Chart 2 illustrates this result for the example of

section 3. For instance, a unique equilibrium can
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be guaranteed if for the states with a circle one of

the instruments, be it the money supply or the in-

terest rate, is determined endogenously by (12)

and in the remaining states money supply and in-

terest rate are exogenous(4).

5.2. Conducting policy with feedback rules

It is commonly assumed that policy is con-

ducted with feedback rules, in particular, interest

rate feedback rules. In this subsection, we argue

that the results of the previous section do not

change if instead the monetary policy is conducted

with feedback rules for the policy instruments in-

stead of constant functions. The use of interest rate

rules that depend on current or past variables

(these are the type of rules that guarantee local de-

terminacy) preserves the same degrees of freedom

in the determination of the equilibrium. It is still

necessary to determine exogenously the levels of

money supply in some of the states.

When the policy is conducted with current or

backward interest rate feedback rules in order to

have a unique equilibrium, it is necessary to deter-

mine exogenously the money supply in

# St �1 states, for each state s t�1, t�1, as well as

M0 . We can use the argument used before. At any

state s t�1, t�1 given Mt�1 and Rt�1 there is one

equation (12) that relates s t�1 with period t, and

# St equations for the subsequent Rts, which are

implied by the feedback rule. Thus, to obtain the

# St values of the Rts and the # St values of the

Mts, the monetary authority needs to set # St �1

values for the Mts.

In general, a similar result holds if the mone-

tary policy is conducted with money feedback

rules. When the monetary policy is conducted

with a money feedback rule in order to have a

unique equilibrium, it is necessary to determine

exogenously the interest rate in # St �1 states, for

each state s t�1, t�1, as well as R0 .

6. CONCLUSION

Under the assumption that the fiscal policy was

endogenous, a monetary policy that uses just one

monetary policy instrument, either the nominal in-

terest rate or the money supply, is not able to elim-

inate the multiplicity of equilibria. In particular, a

Taylor rule that obeys the Taylor principle gener-

ates local determinacy. But local determinacy is

still consistent with an infinity of equilibria. Any

level of inflation can be an equilibrium. Since most

central banks have the stabilization of inflation as

their main objective it is crucial to know how a

unique equilibrium for inflation can be achieved.

To obtain uniqueness of the equilibria, it is suffi-

cient for the central bank to use its two instru-

ments simultaneously. The central bank must

choose interest rates and money supplies concur-

rently.
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APPENDIX

In the appendix we study local determinacy in

the stochastic environment. The introduction of

the concept of the time-invariant equilibrium is

necessary to study local determinacy. In order to

proceed an assumption is made, for each state s t ,

the shocks � �A Gt t, have an identical and inde-

pendent distribution. The time-invariant equilib-

rium is a competitive equilibrium with the prop-

erty that it is just a function of the shock. Formally,

the time-invariant equilibrium is a tuple for con-

sumption, leisure, interest rate, money growth and

inflation, � � � � � �
� �
� �

C L R
M

M
s s s

s

s
t t t

t

t

, , , ,
�

�
	



�
�


1 � that sat-

isfies the relevant competitive equilibrium condi-

tions. These conditions are given by (3), (9), (10)

and (12),

��
�

�C

C

M

M

( )

( )

( )

( )

s

s

s

s
t

t

t

t1

1 ,

� �C L(s G A st t t t� � � �1 1) ( ) ,

� �
� �

� �u s

u s

s

A

C t

L t

t

t

�
R

,

� � � � � �' (u s s E u sC t t t C t� �

�

�
R 1 . (13)

For a given � �R st the two middle equations de-

termine � �C st and � �L st . Given � the first equa-

tion determines the growth rate of money between

a state and any of its subsequent states. Finally

(13) determines � �R st . To economize on notation

we now assume without loss of generality that the

utility function is separable and linear in con-

sumption. In this case (13) can be written as

R�
�

�

That is the time-invariant nominal interest rate

does not depend on the shocks.

Suppose that the central bank conducts a pure

current Taylor rule:

Rt
t�

�

�
�

�

�
 R

! "�

�
(14)

where "��1 (the Taylor principle), and ! t
t

t

P

P
�

�1

.

After substituting (14) in the households’

intertemporal condition, (13), we get

' ( � �E z zt t t�
� ��1

1 1 "� (15)

where zt

t

�
!

�
. By recursive substitution we get

� �E E E zt t t k t k� � � �
��
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1

1

"�

zt , for all

(16)

k, t.

In the following paragraph we supply an heu-

ristic proof that the only equilibria are the

time-invariant equilibrium and an infinity of other

equilibria which have the characteristic that in

some states of nature either inflation is going to in-

finity or is going to zero.

Since "�&* if zt
� &1 1 then zt

� %�1 with posi-

tive probability. The proof is by contradiction. As-

sume it was not converging to infinity with posi-

tive probability, then it would be bounded with

probability one, which means that no matter how

arbitrary in the future you take the zt s�
�1 its ex-

pected value would be bounded with probability

one. But since the exponent is a constant smaller

than one by taking s sufficiently large will get the

left hand side of (16) smaller than the right hand

side. By a similar argument if zt
� �1 1, have

zt
� %1 0 with positive probability.

Thus, when the central bank follows a Taylor

rule that obeys the Taylor principle it is able to get

local determinacy. In a neighbourhood of the

time-invariant equilibrium inflation � there is no

other equilibrium. We have just seen that the other

equilibria which are infinite in number are either

associated with inflation converging with proba-

bility bounded from zero to infinity or to zero.
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