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Devwudfw

Zh sursrvh d phwkrg wr phdvxuh wkh zhoiduh frvw ri hfrqrplf  xfwx0

dwlrqv zlwkrxw ixoo vshfl�fdwlrq ri frqvxphu suhihuhqfhv/ dqg lqvwhdg xvhv

dvvhw sulfhv1 Wkh phwkrg lv edvhg rq wkh pdujlqdo frvw ri frqvxpswlrq

 xfwxdwlrqv/ wkh shu xqlw ehqh�w ri d pdujlqdo uhgxfwlrq lq frqvxpswlrq

 xfwxdwlrqv h{suhvvhg dv d iudfwlrq frqvxpswlrq1 Zh vkrz wkdw wklv phd0

vxuh lv dq xsshu erxqg wr wkh ehqh�w ri uhgxflqj frqvxpswlrq  xfwxdwlrqv1

Zh dovr foduli| wkh olqn ehwzhhq wkh frvw ri frqvxpswlrq xqfhuwdlqw|/ wkh

htxlw| suhplxp dqg wkh vorsh ri wkh uhdo whup vwuxfwxuh1 Wr phdvxuh wkh

pdujlqdo frvw ri  xfwxdwlrqv zh �w d ydulhw| ri sulflqj nhuqhov wkdw uhsur0

gxfh nh| dvvhw sulflqj vwdwlvwlfv1 Zh vkrz wkdw wkh sulflqj nhuqho kdv wr eh

qrq0vwdwlrqdu| lq rughu wr h{sodlq vlpxowdqrxvo| wkh vorsh ri wkh uhdo whup

vwuxfwxuh dqg wkh htxlw| suhplxp1 Zh �qg wkdw frqvxphuv zrxog eh zloolqj

wr sd| d yhu| kljk sulfh iru holplqdwlrqj doo wkh xqfhuwdlqw| lq djjuhjdwh

frqvxpswlrq1 Krzhyhu/ iru frqvxpswlrq  xfwxdwlrqv fruuhvsrqglqj wr wkh

exvlqhvv f|foh iuhtxhqflhv/ zh hvwlpdwh wkh pdujlqdo frvw wr eh derxw 3=88(

ri olihwlph frqvxpswlrq edvhg rq wkh shulrg 4;;<04<<: dqg derxw 3=63(

edvhg rq 4<8704<<:1

WZh duh judwhixo iru wkh frpphqwv uhfhlyhg iurp vhplqdu sduwlflsdqwv dw wkh Shqq Pdfur
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41 Lqwurgxfwlrq

Lq d vhplqdo frqwulexwlrq/ Oxfdv +4<;:, sursrvhv d phdvxuh ri wkh zhoiduh frvw
ri hfrqrplf  xfwxdwlrqv1 Klv phdvxuh lv gh�qhg dv wkh frpshqvdwlrq uhtxluhg wr
pdnh wkh uhsuhvhqwdwlyh djhqw lqgl�huhqw ehwzhhq frqvxpswlrq sodqv zlwk exvl0
qhvv f|foh  xfwxdwlrqv dqg zlwkrxw1 Kh �qgv d yhu| vpdoo frvw ri exvlqhvv f|fohv1
Vxevhtxhqwo|/ vhyhudo vwxglhv kdyh sursrvhg hvwlpdwhv ri wklv frvw ri exvlqhvv f|0
fohv xqghu dowhuqdwlyh dvvxpswlrqv rq suhihuhqfhv dqg wkh frqvxpswlrq surfhvvhv1
Sulpdulo| dv d ixqfwlrq ri wkh vshfl�fdwlrq dqg sdudphwhul}dwlrq ri suhihuhqfhv/
wkhvh hvwlpdwhv ydu| zlgho| dfurvv vwxglhv14 Lq wklv sdshu/ zh sursrvh wr phdvxuh
wkh zhoiduh frvw ri exvlqhvv f|fohv zlwkrxw ixoo| vshfli|lqj frqvxphu suhihuhqfhv/
lqvwhdg zh gluhfwo| xvh �qdqfldo pdunhw gdwd1 Zh eholhyh wkdw e| gluhfwo| phd0
vxulqj wkh suhpld iru djjuhjdwh ulvn zh fdq flufxpyhqw vrph ri wkh gl!fxowlhv
uhodwhg wr vshfli|lqj d xwlolw| ixqfwlrq1

Zh vwduw e| jhqhudol}lqj Oxfdv* frvw ri exvlqhvv f|fohv dorqj wzr glphqvlrqv1
Iluvw/ zh ghulyh wkh pdujlqdo frvw ri frqvxpswlrq  xfwxdwlrqv1 Oxfdv* frvw ri
exvlqhvv f|fohv phdvxuhv wkh zhoiduh jdlq iurp uhprylqj doo wkh exvlqhvv f|foh ulvn/
lw fdq eh wkrxjkw ri dv d wrwdo frvw1 Zh gh�qh d frvw wkdw phdvxuhv wkh zhoiduh
ehqh�wv iurp uhgxfhg  xfwxdwlrqv dw wkh pdujlq1 Zh �qg wzr xvhixo ihdwxuhv wr
wklv gh�qlwlrq1 Iluvw/ ehfdxvh lw lv d pdujlqdo frvw zh fdq xvh dvvhw sulfhv wr
hvwlpdwh wkh frvw ri exvlqhvv f|fohv iru d uhsuhvhqwdwlyh djhqw1 Vhfrqg/ jlyhq wkdw
prvw hfrqrplf srolflhv zrxog qrw lqwhqg wr holplqdwh exvlqhvv f|foh  xfwxdwlrqv
hqwluho|/ nqrzlqj wkh srwhqwldo ehqh�wv dw wkh pdujlq pd| eh xvhixo lq lwvhoi1 Rxu
vhfrqg glphqvlrq ri jhqhudol}dwlrq frqfhuqv wkh w|sh ri frqvxpswlrq  xfwxdwlrqv
wkdw rqh dvvrfldwhv zlwk exvlqhvv f|fohv1 Oxfdv* frqvxpswlrq zdv vxemhfw wr rqo|
whpsrudu| ghyldwlrqv iurp d ghwhuplqlvwlf wuhqg1 Vhyhudo odwhu vwxglhv vshfl�hg
frqvxpswlrq dv d qrqvwdwlrqdu| surfhvv +iru lqvwdqfh/ Revwihog +4<<7,/ Fdpsehoo
dqg Frfkudqh +4<<8,,/ zkloh wkh frvw ri exvlqhvv f|fohv frqwlqxhg wr eh phdvxuhg
dv wkh jdlq iurp holplqdwlqj frqvxpswlrq xqfhuwdlqw| hqwluho|/ lqfoxglqj wkh ulvnv
dvvrfldwhg zlwk wkh shupdqhqw vwrfkdvwlf frpsrqhqwv1 Rxu gh�qlwlrq lv jhqhudo
hqrxjk wr hqfrpsdvv wklv fdvh/ exw dovr doorzv iru exvlqhvv f|foh  xfwxdwlrqv wr eh

4Oxfdv* hvwlpdwhv zhuh zhoo ehorz rqh shufhqw ri frqvxpswlrq1 Revwihog +4<<7, �qgv voljkwo|
kljkhu frvwv wkdq Oxfdv zkhq doorzlqj iru vwrfkdvwlf jurzwk wuhqgv dqg suhihuhqfhv wkdw glvwlq0
jxlvk ehwzhhq ulvn dyhuvlrq dqg lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1 Fdpsehoo dqg Frfkudqh
+4<<;, �qg odujhu frvwv ri exvlqhvv f|fohv e| xvlqj kdelw0irupdwlrq suhihuhqfhv wkdw duh dovr deoh
wr h{sodlq wkh htxlw| suhplxp1 Dwnhvrq dqg Skhodq +4<<7, suhvhqw dq h{dpsoh ri dq lqfrpsohwh
pdunhwv hfrqrp| wkdw fdq jhqhudwh wkh htxlw| suhplxp/ exw qhyhuwkhohvv kdv rqo| vpdoo frvwv ri
exvlqhvv f|fohv1 Rwkhu h{dpsohv lqfoxgh= Gropdv +4<<;,/ Kdqvhq/ Vdujhqw dqg Wdoodulql +4<<;,/
Nuxvhoo dqg Vplwk +4<<<,/ Rwurn +4<<;,/ Wdoodulql +4<<;,> dqg iru wkh uhodwhg olwhudwxuh derxw
wkh zhoiduh jdlqv iurp lqwhuqdwlrqdo lqwhjudwlrq= Ohzlv +4<<9, dqg Ydq Zlqfrrs +4<<<,1
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gh�qhg gl�huhqwo|/ iru lqvwdqfh/ dv wkh f|folfdo frqvxpswlrq yrodwlolw| h{foxglqj
d srvvleo| vwrfkdvwlf wuhqg1 Zh �qg wklv glvwlqfwlrq xvhixo ehfdxvh d sulrul zh
wklqn wkdw pdq| srolflhv d�hfw sulpdulo| hfrqrplf ehkdylru dw exvlqhvv f|foh
iuhtxhqflhv zlwkrxw d�hfwlqj wkh orz iuhtxhqf| ehkdylru ri wkh hfrqrp|1 Hyhq li
rqh glvdjuhhv zlwk wklv glvwlqfwlrq derxw wkh h�hfw ri pdq| srolflhv/ lw pd| vwloo
eh lqwhuhvwlqj wr nqrz wkh frvwv ri wkh uhodwlyho| vkruw olyhg  xfwxdwlrqv yhuvxv
wkh frvwv ri doo frqvxpswlrq xqfhuwdlqw|1

Ehiruh suhvhqwlqj rxu hvwlpdwhv/ zh ghulyh vrph dqdo|wlfdo uhvxowv1 Xqghu
jhqhudo vshfl�fdwlrq zh vkrz wkdw wkh pdujlqdo frvw ri uhgxflqj  xfwxdwlrqv lv
kljkhu wkdq wkh wrwdo frvw ri wkhvh  xfwxdwlrqv/ khqfh rxu hvwlpdwhv duh xsshu
erxqgv1 Iru pruh vshfl�f fdvhv/ vxfk dv h{shfwhg glvfrxqwhg xwlolw|/ zh rewdlq
d vkdushu erxqg zkhuh wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| lv wzlfh
wkh wrwdo frvw1 Wkh pdujlqdo frvw lv dovr dq xsshu erxqg zlwk frqvxpswlrq
h{whuqdolwlhv ri d jhqhudo fodvv zh odeho dv hqy|1

Vhyhudo ri wkh deryh flwhg vwxglhv kdyh kljkoljkwhg wkh uhodwlrqvkls ehwzhhq
Oxfdv* orz frvw ri exvlqhvv f|fohv dqg wkh htxlw| suhplxp sx}}oh1 Lq sduwlfxodu/
vwxglhv zlwk suhihuhqfh vshfl�fdwlrqv wkdw fdq vroyh wkh htxlw| suhplxp sx}}oh
uhsruw xvxdoo| frvwv ri exvlqhvv f|fohv odujhu wkdq Oxfdv* ruljlqdo hvwlpdwhv1 Zh
vkrz wkdw wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| lv qrw htxdo wr wkh +frq0
vxpswlrq, htxlw| suhplxp lq jhqhudo1 Wkh htxlw| suhplxp lv wkh h{fhvv uhwxuq
ri htxlw| ryhu d ulvn0ohvv udwh ri uhwxuq iru d jlyhq kroglqj shulrg1 Lq frqwudvw/
wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| lv htxdo wr wkh h{fhvv lq wkh sulfh
ri d shushwxdo erqg zlwk jurzlqj frxsrqv ryhu wkh sulfh ri d frqvxpswlrq htxlw|
fodlp1 Wzr ri wkh idfwruv wkdw pdnh wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw|
gl�huhqw iurp wkh htxlw| suhplxp duh wkh vwhhsqhvv ri wkh whup vwuxfwxuh dqg
wkh shuvlvwhqfh ri wkh vkrfnv1 Zh foduli| wkh olqn ehwzhhq wkh wzr dqg surylgh
h{dpsohv zkhuh wkh txdqwlwdwlyh gl�huhqfhv duh ri �uvw0rughu lpsruwdqfh1

Wkh pdujlqdo frvw ri doo frqvxpswlrq xqfhuwdlqw| lv jlyhq e| wkh udwlr ri wkh
sulfhv ri wzr dvvhwv/ wkh sulfh ri d fodlp wr wkh h{shfwhg ydoxh ri frqvxpswlrq
glylghg e| wkh sulfh ri d fodlp wr frqvxpswlrq1 Htxlydohqwo|/ lw fdq eh phdvxuhg
dv wkh udwlr ri wkh glylghqg |lhog ri wkh fodlp wr frqvxpswlrq wr wkh orqj0whup
|lhog rq uhdo ghew plqxv wkh h{shfwhg jurzwk udwh ri frqvxpswlrq1 Li frqvxpswlrq
zhuh htxdo wr wkh glylghqgv ri d sruwirolr ri frpprq vwrfnv/ wklv irupxod frxog
eh xvhg wr phdvxuh wkh frvw ri doo xqfhuwdlqw| xvlqj wkh glylghqg0sulfh udwlr iru
vxfk sruwirolr1 Phdvxulqj wkh frvw ri hfrqrplf xqfhuwdlqw| lq wklv zd|/ zh �qg
wkh frvwv wr eh derxw 94<( +4:6(, ri wkh ohyho ri frqvxpswlrq iru shulrg fryhulqj
4;;<04<<: +4<870<: uhvshfwlyho|,1

Wr uhod{ wkh dvvxpswlrq ri rxu vlpsol�hg h{suhvvlrq iru wkh pdujlqdo frvw/ dqg
wr ehwwhu phdvxuh wkh uhohydqw sulfhv zh hvwlpdwh d sulflqj nhuqho1 Zh hvwlpdwh d
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sulflqj nhuqho dv d zd| wr lqwhusrodwh iurp wkh dydlodeoh dvvhw sulfhv wkh sulfhv iru
wkh dvvhwv wkdw phdvxuh wkh frvw ri frqvxpswlrq  xfwxdwlrqv1 Rxu dvvhw sulflqj
nhuqho lv frqvlvwhqw zlwk X1V1 klvwrulfdo uhwxuqv rq htxlw|/ wkh whup vwuxfwxuh dqg
wkh sulfh2glylghqg udwlrv/ doo ihdwxuhv wkdw zh vkrz/ rq wkhruhwlfdo jurxqgv/ duh
lpsruwdqw iru phdvxulqj wkh frvw ri exvlqhvv f|fohv1 Lq wkh vwdwh vsdfh iru wkh
sulflqj nhuqho zh lqfoxgh yduldeohv wkdw ghwhuplqh wkh pdunhw sulfh ri ulvn lq
gl�huhqw srsxodu prghov1 Vlqfh frqvxpswlrq lv dq hohphqw ri wkh vwdwh vsdfh/ rxu
sulflqj nhuqho doorzv wr gl�huhqwldwh frqvxpswlrq iurp glylghqgv dqg wr prgho
lwv ulvn suhpld1 Zh prgho frqvxpswlrq dqg wkh sulflqj nhuqho dv qrq0vwdwlrqdu|1
Wklv fkrlfh kdv txdqwlwdwlyh lpsolfdwlrqv iru vrph ri rxu phdvxuhv1 Rxu fkrlfh
lv prwlydwhg e| d erxqg/ lq wkh vslulw ri wkh Kdqvhq0Mdjdqqdwkdq erxqg1 Lw
lpsolhv wkdw wkh sulflqj nhuqho fdqqrw eh vwdwlrqdu| dqg h{sodlq vlpxowdqrxvo|
wkh klvwrulfdo uhdo whup vwuxfwxuh dqg wkh htxlw| suhplxp1 Dv zh vkrz/ wklv lv d
yhu| jhqhudo uhvxow wkdw vkrxog eh ri lqwhuhvw lqghshqghqw ri wkh pdlq txhvwlrq
ri wklv sdshu1

Rxu gh�qlwlrq ri exvlqhvv f|fohv lv edvhg rq d iuhtxhqf| grpdlq dssurdfk
zlwk exvlqhvv f|fohv fruuhvsrqglqj wr f|fohv ri ohqjwk ; |hduv dqg ohvv1 Rxu
suhihuuhg �owhu lv ghulyhg wkurxjk dq dg krf dgmxvwphqw wr d rqh0vlghg edqg0sdvv
�owhu vr dv wr pdwfk wkh yrodwlolw| ri wkh ghyldwlrqv iurp wuhqg rewdlqhg zlwk d
pruh dffxudwh wzr0vlghg �owhu15 Edvhg rq wklv/ zh hvwlpdwh wkh pdujlqdo frvw
wr eh derxw 3=88( ri olihwlph frqvxpswlrq iru wkh shulrg 4;;<04<<: dqg derxw
3=63( iru wkh shulrg 4<8704<<:1 Zh dovr hvwlpdwh wkh frvw ri doo frqvxpswlrq
xqfhuwdlqw|/ wkdw lv/ lqfoxglqj f|fohv ri dq| ohqjwk1 Zh �qg yhu| odujh frvwv1
Zlwk frlqwhjudwhg frqvxpswlrq dqg glylghqgv/ lq pdq| fdvhv frvwv duh durxqg
63( ri olihwlph frqvxpswlrq/ zlwkrxw frlqwhjudwlrq wkh| dprxqw lq jhqhudo wr
vhyhudo kxqguhg shufhqwv1 Ilqdoo|/ zh olqn wkhvh hvwlpdwhv zlwk wkh ehqh�w ri
lqfuhdvlqj jurzwk�d vpdoo prgl�fdwlrq ri rxu iudphzrun doorzv xv wr gr wklv
lq d frqvlvwhqw zd|1 Wkh ehqh�w iurp vwdelol}dwlrq lq whupv ri dgglwlrqdo orqj0
whup jurzwk lv vkrzq wr eh htxdo wr wkh pdujlqdo frvw h{suhvvhg lq shufhqwv ri
frqvxpswlrq glylghg e| wkh gxudwlrq ri dq htxlw| fodlp zlwk frqvxpswlrq dv
sd|rxwv1 Zh �qg wkdw holplqdwlqj exvlqhvv f|foh  xfwxdwlrqv lv zruwk ohvv wkdq
4 edvlv srlqw lq dgglwlrqdo jurzwk1 Holplqdwlqj doo frqvxpswlrq xqfhuwdlqw| lv
ydoxhg dw urxjko| 4 shufhqw lq dgglwlrqdo jurzwk1

Dv d zd| wr fkhfn rxu txdqwlwdwlyh uhvxowv/ dqg wr surylgh lqwxlwlrq/ zh dovr
h{dplqh wkh vshfldo fdvh zkhuh wkh orjdulwkpv ri frqvxpswlrq dqg wkh sulflqj
nhuqho iroorz udqgrp zdonv1 Zh ghulyh d vlpsoh h{suhvvlrq iru wkh pdujlqdo frvw
ri frqvxpswlrq  xfwxdwlrqv1 Wkh pdujlqdo frvw lv dssur{lpdwho| htxdo wr wkh
h{fhvv uhwxuq ri dq htxlw| fodlp wr frqvxpswlrq pxowlsolhg e| d idfwru wkdw lv d

5Dv ehfrphv fohdu ehorz/ rxu dssurdfk uhtxluhv wkh xvh ri d rqh0vlghg �owhu1
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vlpsoh ixqfwlrq ri wkh prylqj dyhudjh frh!flhqwv xvhg wr gh�qh wkh exvlqhvv f|foh
frpsrqhqwv1 Hvwlpdwhv ri wklv vlpsol�hg h{suhvvlrq/ zkhuh wkh sulflqj nhuqho lv
rqo| uhtxluhg wr �w wkh h{fhvv uhwxuqv ri gl�huhqw FUVS sruwirolrv/ |lhog �qglqjv
wkdw duh vlplodu wr wkh rqhv rewdlqhg zlwk wkh pruh jhqhudo vshfl�fdwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 gh�qhv wkh pdujlqdo frvw ri
frqvxpswlrq  xfwxdwlrqv1 Vhfwlrq 6 frpsduhv pdujlqdo dqg wrwdo frvw1 Vhf0
wlrq 7 vwxglhv wkh uhodwlrqvkls ehwzhhq wkh pdujlqdo frvw ri frqvxpswlrq xqfhu0
wdlqw| dqg wkh htxlw| suhplxp1 Vhfwlrq 8 suhvhqwv rxu hpslulfdo hvwlpdwhv ri wkh
pdujlqdo frvw ri exvlqhvv f|fohv1 Vhfwlrq 9 frpsduhv wkh frvw ri  xfwxdwlrqv zlwk
wkh h�hfwv ri jurzwk1 Vhfwlrq : frqfoxghv1

51 Gh�qlqj wkh Pdujlqdo Frvw ri Frqvxpswlrq Ioxfwxdwlrqv

Zh vwduw e| gh�qlqj rxu phdvxuhv ri wkh frvw ri exvlqhvv f|fohv1 Zh jhqhudol}h
Oxfdv* gh�qlwlrq dorqj wzr glphqvlrqv1 Iluvw/ doorzlqj iru sduwldo uhgxfwlrq lq
frqvxpswlrq  xfwxdwlrqv zh gh�qh d wrwdo frvw ixqfwlrq/ dqg/ dv lwv ghulydwlyh
hydoxdwhg dw wkh srlqw zkhuh wkh frqvxphuv ehdu doo wkh frqvxpswlrq  xfwxdwlrqv/
zh gh�qh wkh pdujlqdo frvw ri hfrqrplf  xfwxdwlrqv1 Dv d vhfrqg glphqvlrq ri
jhqhudol}dwlrq/ zh ohdyh lw rshq iru wkh prphqw zkdw w|sh ri frqvxpswlrq  xfwx0
dwlrqv duh holplqdwhg1 Dv zh glvfxvv pruh lq ghwdlo lq wkh iroorzlqj vhfwlrqv/ wklv
frxog eh/ iru lqvwdqfh/ doo frqvxpswlrq xqfhuwdlqw| ru rqo| f|folfdo frqvxpswlrq
 xfwxdwlrqv iru vrph iuhtxhqflhv1

Wkh dqdo|vlv lv fduulhg rxw xqghu wkh dvvxpswlrqv ri d uhsuhvhqwdwlyh djhqw
hfrqrp|1 Lq hdfk shulrg w/ wkh hfrqrp| h{shulhqfhv rqh ri �qlwho| pdq| hyhqwv
}| 5 ]1 Zh ghqrwh e| }| @ +}f> }�===}|, wkh klvwru| ri hyhqwv xs wkurxjk dqg
lqfoxglqj shulrg w1 Zh lqgh{ frqvxpswlrq e| klvwrulhv/ vr zh zulwh F = ]$ Un>

zkhuh ] �
T

|D�]
|> ru vlpso| iFj @

�
F|

�
}|
�
= ;w � 4> }| 5 ]|

�
=

Gh�qlwlrq 5141 Zh gh�qh wkh wrwdo frvw ri frqvxpswlrq  xfwxdwlrqv ixqf0

wlrq +�, dv wkh vroxwlrq ri

X + +4 . +�,, iFj , @ X + +4� �, iFj. � i(j , > +514,

zkhuh � 5 ^3> 4`> F = ]$ Un ghqrwhv wkh surfhvv ri frqvxpswlrq dqg ( = ]$ Un

ghqrwhv wkh surfhvv iru wkh wuhqg vwduwlqj lq shulrg 41 X +=, lv d xwlolw| ixqfwlrq/

pdsslqj frqvxpswlrq surfhvvhv lqwr U=

Wkh vfdodu � phdvxuhv wkh iudfwlrq ri ulvn| frqvxpswlrq F wkdw kdv ehhq
uhsodfhg e| wkh ohvv ulvn| wuhqg frqvxpswlrq (16 Wkh wrwdo frvw ixqfwlrq jlyhv wkh

6Rxu xvh ri wkh zrug wuhqg grhv qrw lpso| dq| vwdwlvwlfdo vwdwhphqw1 Lw lv vlpso| d odeho iru

d frqvxpswlrq surfhvv gl�huhqw iurp dfwxdo frqvxpswlrq dqg wkdw lv suhvxpdeo| ohvv ulvn|1
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wrwdo ehqh�w iurp uhgxflqj frqvxpswlrq  xfwxdwlrqv dv d ixqfwlrq ri wkh iudfwlrq
ri wkh uhgxfwlrq lq  xfwxdwlrqv1 Lw lv vwudljkwiruzdug wr vhh wkdw +3, @ 3> vr
wkdw qr uhgxfwlrq lq  xfwxdwlrqv jhqhudwhv qr ehqh�w1

Wkh qh{w gh�qlwlrq vhuyhv pdlqo| qrwdwlrqdo frqyhqlhqfh1 Zh gh�qh wkh
wrwdo frvw ri frqvxpswlrq  xfwxdwlrqv $/ dv $ � +4,/ ru htxlydohqwo|
X ++4 . $, iFj, @ X +i(j,1 Dv d sduwlfxodu fdvh/ gh�qh wkh wuhqg frqvxpswlrq
wr eh i(j @ iHf +F,j/ l1h1 zkhuh (

�
}|
�
@ Hf +F|, iru doo w> dqg }|1 Lq wklv fdvh/

zh kdyh
X + +4 . $, iFj , @ X + iHf +F,j , > +515,

zklfk lv Oxfdv* gh�qlwlrq ri wkh frvw ri exvlqhvv f|fohv1 Wkxv/ Oxfdv* gh�qlwlrq ri
wkh frvw ri exvlqhvv f|fohv fdq eh vhhq dv wkh wrwdo ehqh�w dvvrfldwhg zlwk holp0
lqdwlqj doo wkh frqvxpswlrq  xfwxdwlrqv/ wkdw lv � @ 4/ dqg zkhuh frqvxpswlrq
 xfwxdwlrqv duh gh�qhg dv frqvxpswlrq xqfhuwdlqw|/ wkdw lv/ uhvxowlqj lq wkh h{0
fkdqjh ri frqvxpswlrq iru lwv h{shfwhg sdwk1 Zkhq zh xvh wklv vshfl�fdwlrq iru
( zh uhihu wr  dv wkh frvw ri frqvxpswlrq xqfhuwdlqw|/ vlqfh ( lv ghwhuplqlvwlf/
wr glvwlqjxlvk lw iurp wkh pruh jhqhudo fdvh/ zkhuh zh uhihu wr  dv wkh frvw ri
frqvxpswlrq  xfwxdwlrqv1

Qrwh/ wkh vshfl�fdwlrq lq htxdwlrq +515, gl�huv voljkwo| iurp Oxfdv* dqg wkh
olwhudwxuh*v vwdqgdug vshfl�fdwlrq ehfdxvh zh fkrrvh wr ehjlq frpshqvdwlrq dv
ri w @ 4/ wkh vwdqgdug kdv ehhq wr vwduw frpshqvdwlrq dw w @ 31 Zh fkrrvh wklv
ghsduwxuh ehfdxvh rxu gh�qlwlrq lv pruh frqvlvwhqw zlwk wkh lghd ri h{0glylghqg
vhfxulw| sulfhv/ vrph ri rxu txdolwdwlyh uhvxowv suhvhqw wkhpvhoyhv pruh wudfwdeo|/
dqg �qdoo|/ wkh txdqwlwdwlyh gl�huhqfh ehwzhhq wkh wzr zloo eh lqvljql�fdqw1

Iru wkh qh{w gh�qlwlrq zh dvvxph wkdw X lv gl�huhqwldeoh zlwk uhvshfw wr
hdfk F|

�
}|
�
iru doo w dqg }|1 Zh ghqrwh wkh sduwldo ghulydwlyhv e| X5| +iFj, �

CX +iFj, @CF|

�
}|
�
1

Gh�qlwlrq 5151 Zh gh�qh wkh pdujlqdo frvw ri frqvxpswlrq  xfwxdwlrqv

$6 dv wkh ghulydwlyh ri wkh wrwdo frvw ixqfwlrq  hydoxdwhg dw � @ 3> l1h1

$6 � �+3, @

S
"

|'�

S
5|
X5| +iFj, �

�
(
�
}|
�
�F|

�
}|
��

S
"

|'�

S
5|
X5| +iFj, � F| +}|,

= +516,

Wkxv/ $6 phdvxuhv wkh shu xqlw ehqh�w ri d pdujlqdo uhgxfwlrq lq frqvxps0
wlrq  xfwxdwlrqv h{suhvvhg lq shufhqwv ri frqvxpswlrq1 Lw fdq eh frqvlghuhg dv
wkh pdunhw sulfh ri frqvxpswlrq  xfwxdwlrqv17

7Iru d glvfxvvlrq derxw wkh wkrxjkw h{shulphqw xqghuo|lqj wklv gh�qlwlrq zh uhihu wkh uhdghu

wr vhfwlrq 6161 derxw wkh frvwv ri frqvxpswlrq  xfwxdwlrqv zlwk frqvxpswlrq h{whuqdolwlhv1

9



Iru dq| surfhvv [ = ]$ U> gh�qh Yf ^i[j` dv iroorzv/

Yf ^i[j` �
"[

|'�

[

5|

X5| +iFj, �[|

�
}|
�
=

Wklv lv wkh vkdgrz sulfh/ iru wkh uhsuhvhqwdwlyh djhqw/ ri dq dvvhw zlwk sd|rxwv
jlyhq e| i[j1 Xqghu wklv frqyhqwlrq/ lw lv lpphgldwh wr vhh wkdw

$6 @
Yf ^i(j`

Yf ^iFj`
� 4= +517,

Wkxv/ rqh fdq lqwhusuhw wkh pdujlqdo frvw ri frqvxpswlrq  xfwxdwlrqv dv d udwlr
ri wkh ydoxhv ri wzr vhfxulwlhv= d fodlp wr wkh frqvxpswlrq wuhqg/ Yf ^i(j`/ dqg d
frqvxpswlrq htxlw| fodlp/ Yf ^iFj`1

Zh wklqn wkdw wkhvh jhqhudol}dwlrqv ri Oxfdv* frvw ri exvlqhvv f|fohv kdyh vrph
dwwudfwlyh ihdwxuhv1 Iluvw/ irfxvlqj rq d pdujlqdo frvw/ zh fdq krsh wr phdvxuh lw
e| xvlqj lqirupdwlrq rq wkh uhsuhvhqwdwlyh djhqw*v pdujlqdo hydoxdwlrq frqwdlqhg
lq vhfxulw| sulfhv1 Vhfrqg/ zh fdq qrz wklqn ri wkh ehqh�wv ri sduwldo uhgxfwlrq
lq frqvxpswlrq  xfwxdwlrqv1 Pruhryhu/ dv rxu dqdo|vlv lq wkh qh{w vhfwlrq vkrzv/
zh fdq xvh rxu phdvxuh ri wkh pdujlqdo frvw wr erxqg wkh vwdqgdug wrwdo frvw ri
exvlqhvv f|fohv iru d odujh fodvv ri suhihuhqfh vshfl�fdwlrqv/ zlwkrxw wkh qhhg wr
ixoo| sdudphwhul}h wkhvh suhihuhqfhv1

61 Frpsdulqj Pdujlqdo Frvw dqg Wrwdo Frvw ri Frqvxpswlrq Ioxf0

wxdwlrqv

Wkh pdujlqdo frvw gh�qhg lq wkh suhylrxv vhfwlrq fdq eh phdvxuhg xvlqj dvvhw
sulfhv/ zkloh wkh wrwdo frvw uhtxluhv d ixoo| vshfl�hg xwlolw| ixqfwlrq1 Lq wklv vhfwlrq
zh vkrz wkdw xqghu vrph dvvxpswlrqv lw lv srvvleoh wr jdlq lqirupdwlrq derxw
wkh wrwdo frvw rqfh zh nqrz wkh pdujlqdo frvw1 Dowhuqdwlyho|/ wkh pdujlqdo frvw
pd| eh lqwhuhvwlqj lq lwvhoi/ vlqfh vrph srolflhv pd| rqo| pryh sduwldoo| lq wkh
gluhfwlrq ri holplqdwlqj  xfwxdwlrqv1 Iru lqvwdqfh/ li prvw ri wkh ehqh�wv iurp
vwdelol}dwlrq rffxu douhdg| iru orz ydoxhv ri �/ wkhq lpsohphqwlqj d srolf| wkdw
pryhv lq wklv gluhfwlrq�hyhq li lw grhv qrw pdnh frqvxpswlrq htxdo wr wkh wuhqg
ydoxh�zloo eh zruwkzkloh1

Wkh pdlq uhvxowv ri wklv vhfwlrq duh wkh iroorzlqj1 Iluvw/ frqfdylw| ri X lpsolhv
wkdw  lv frqfdyh iru vpdoo �/ dqg khqfh wkh pdujlqdo frvw $6 lv dq xsshu erxqg
iru +�, @� iru vpdoo �1 Vhfrqg/ li X lv frqfdyh dqg krprwkhwlf/ vr wkdw wkh
wrwdo frvw grhv qrw ghshqg rq wkh vfdoh ri wkh hfrqrp|/ wkhq wkh wrwdo frvw +�,
lv frqfdyh/ vr wkdw wkh pdujlqdo frvw lv dq xsshu erxqg iru wkh wrwdo frvw/ l1h1

:



$6 @ � +3, � $ @ +4,1 Pdq| suhihuhqfh vshfl�fdwlrqv xvhg lq txdqwlwdwlyh
dvvhw sulflqj vwxglhv vdwlvi| wklv dvvxpswlrq/ vlqfh pdq| uhvhdufkhuv lpsrvh wkh
vdph irup ri vfdoh lqyduldqfh1 Wklug/ zh frqvlghu wkh fdvh zkhq X lv jlyhq e|
wkh h{shfwhg ydoxh ri d frqfdyh xwlolw| dqg wkh wuhqg lv jlyhq e| wkh h{shfwhg
ydoxh ri frqvxpswlrq1 Lq wklv fdvh/  lv qrw rqo| frqfdyh iru � forvh wr }hur/ exw
dovr iru � forvh wr rqh1 Li lq dgglwlrq/ zh kdyh wlph vhsdudeoh xwlolw|/ zh vkrz
wkdw iru vpdoo yduldqfh $ @ �

2
$6 dqg wkh wrwdo frvw lv jlyhq e| wkh lqvxudqfh ulvn

suhplxp1
Zh pdnh wkh iroorzlqj lqlwldo dvvxpswlrqv= X +iFj, lv lqfuhdvlqj dqg frq0

fdyh lq iFj1 Zh dovr dvvxph wkdw wkh surfhvv i(j lv suhihuuhg wr iFj/ wkdw
lv/ X +i(j, A X +iFj,1 Xqghu wkhvh frqglwlrqv/ lw lv vwudljkwiruzdug wr vhh wkdw
+�, � 31 Rxu �uvw uhvxow lv wkdw  lv frqfdyh iru vpdoo �1

Sursrvlwlrq 6141 Ohw X eh lqfuhdvlqj/ frqfdyh dqg wzlfh gl�huhqwldeoh1Wkhq

�� +3, � 31

Wklv sursrvlwlrq lpsolhv wkdw $6 � � +3, � lEk�
@

/ wkdw lv/ wkh pdujlqdo frvw/

$6 � � +3, / lv odujhu wkdq wkh dyhudjh frvw/ lEk�
@

1

6141 Krprwkhwlf suhihuhqfhv dqg vfdoh0iuhh frvw ixqfwlrqv

Li zh uhtxluh wkdw wkh frvw ri  xfwxdwlrqv +�, eh wkh vdph iru wkh surfhvvhv iFj
dqg i(j dv iru wkh surfhvvhv i�Fj dqg i�(j/ zkhuh � lv dq| srvlwlyh vfdodu/ wkhq
zh pxvw lpsrvh vrph dgglwlrqdo uhvwulfwlrqv rq wkh xwlolw| ixqfwlrq X 1 Wklv uh0
txluhphqw lpsolhv wkdw wkh frvw ri frqvxpswlrq  xfwxdwlrqv zloo qrw gl�hu phuho|
ehfdxvh hfrqrplhv duh ulfk dqg srru1 Vshfl�fdoo|/ zh uhtxluh X wr eh krprwkhwlf>
wkdw lv/ X lv krprjhqhrxv ri ghjuhh 4� �/ l1h1/ iru dq| srvlwlyh vfdodu � A 3/ dqg
iru � iFj gh�qhg dv � iFj|

�
}|
�
@ �F|

�
}|
�
iru hdfk }| zh kdyh

X +� iFj, @ ��3�X +iFj, =

Xqghu wklv dvvxpswlrq/ zh rewdlq wkdw wkh pdujlqdo frvw lv kljkhu wkdq wkh wrwdo
frvw1

Sursrvlwlrq 6151 Dvvxph wkdw X lv lqfuhdvlqj/ frqfdyh dqg krprwkhwlf1 Dovr

dvvxph wkdw i(j lv suhihuuhg wr iFj > l1h1 X +i(j, A X +iFj, Wkhq +�, lv

frqfdyh/ dqg wkxv

$6 � �+3, � +4, � $=

H{dpsohv iurp wkh olwhudwxuh wkdw vdwlvi| wklv krprjhqhlw| surshuw| duh wkh
suhihuhqfhv xvhg lq Deho +4<<<,/ Hsvwhlq dqg ]lq +4<<4,/ Phkud dqg Suhvfrww

;



+4<;8,/ dqg Wdoodulql +4<<;,1 Vrph xwlolw| ixqfwlrqv zlwk dgglwlyh kdelw vxfk dv
Fdpsehoo dqg Frfkudqh +4<<;,/ Frqvwdqwlqlghv +4<<4, dqg Mhupdqq +4<<;, gr
qrw vdwlvi| wklv surshuw| iru d suhghwhuplqhg kdelw ohyho18

6151 Wkh frvw ri doo xqfhuwdlqw| zlwk h{shfwhg xwlolw|

Lq wklv vxe0vhfwlrq zh suhvhqw vrph lpsolfdwlrqv iru wkh wrwdo dqg pdujlqdo frvw
 dqg � zkhq wkh xwlolw| X lv jlyhq e| h{shfwhg xwlolw|1 Zh dovr dvvxph wkdw
wkh wuhqg i(jlv jlyhq e| wkh h{shfwhg ydoxh ri frqvxpswlrq/ vr zh hydoxdwh wkh
holplqdwlrq ri doo xqfhuwdlqw|1

Ohw X eh jlyhq e| wkh h{shfwhg ydoxh ri d ixqfwlrq x = U"n $ U1 Wklv
vshfl�fdwlrq doorzv wlph qrq0vhsdudelolwlhv/ lqfoxglqj prghov zkhuh frqvxpswlrq
glvsod| kdelw irupdwlrq ru gxudelolw|1 Qrwlfh wkdw li x lv frqfdyh/ wkhq X lv
frqfdyh dqg khqfh iurp rxu suhylrxv sursrvlwlrq  lv frqfdyh iru � forvh wr }hur1
Qrz zh rewdlq d frpsohphqwdu| uhvxow/ e| vkrzlqj wkdw  lv frqfdyh iru ydoxhv
ri � forvh wr 41

Sursrvlwlrq 6161 Ohw X eh jlyhq e| wkh h{shfwhg ydoxh ri d frqfdyh dqg gl�hu0

hqwldeoh ixqfwlrq x/ dqg ohw (|

�
}|
�
@ Hf +F|, iru doo }| dqg w=Wkhq � +4, @ 3 dqg

+�, lv frqfdyh iru � forvh wr rqh1

Lq wkh uhvw ri wklv vxe0vhfwlrq/ zh ixuwkhu vshfldol}h x e| holplqdwlqj wlph
qrq0vhsdudelolwlhv dqg e| frqvlghulqj wkh fdvh zkhuh frqvxpswlrq  xfwxdwlrqv
duh vpdoo1 Zh vkrz wkdw/ iru dq dssur{lpdwlrq xs wr rughu ri wkh yduldqfh ri
frqvxpswlrq/ wkh wrwdo frvw ri xqfhuwdlqw| lv kdoi ri wkh pdujlqdo frvw/ wkdw lv
+4, @ 4@5 � +3,1 Pruhryhu/ zh vkrz wkdw lq wklv fdvh wkh pdujlqdo frvw lv
jlyhq e| d zhljkwhg dyhudjh ri wkh surgxfw ri ulvn dyhuvlrq dqg wkh yduldqfh ri
frqvxpswlrq iru gl�huhqw shulrgv1 Zh dovr frqvlghu d kljkhu rughu dssur{lpdwlrq
wr h{dplqh wkh uroh ri vnhzqhvv lq frqvxpswlrq  xfwxdwlrqv1 Zh vkrz wkdw li wkh
shulrg xwlolw| ixqfwlrq x glvsod|v �suxghqfh�/ l1h1 x��� A 3/ dqg li frqvxpswlrq
 xfwxdwlrqv kdyh qhjdwlyh vnhzqhvv/ wkhq zh rewdlq d vwurqjhu lqhtxdolw|/ l1h1

+4, ? �

2
� +3,1 Wklv frpelqdwlrq ri dvvxpswlrqv kdv ehhq xvhg lq wkh olwhudwxuh

wr rewdlq kljk htxlw| suhplxp zlwk orz ulvn dyhuvlrq1 Lq sduwlfxodu/ Ulhw} +4<;;,
dvvxphv wkdw wkhuh lv d vpdoo suredelolw| ri d odujh gurs lq frqvxpswlrq/ prwl0
ydwhg e| wkh juhdw ghsuhvvlrq/ dqg kh lv deoh wr vxevwdqwldoo| lqfuhdvh wkh h{fhvv
uhwxuqv rq htxlw|1 Rxu uhvxow vkrzv wkdw vnhzqhvv lpsdfwv wkh pdujlqdo frvw dqg
wkh wrwdo frvw gl�huhqwo|1

8 Li wkh kdelw ohyho lv d ixqfwlrq ri rqo| d ihz odjv dqg zkhq wkhuh lv vrph vhsdudelolw| dfurvv

wlph/ vxfk dv iru lqvwdqfh lq Mhupdqq +4<<;,/ lw fdq eh vkrzq wkdw d uhvxow vlplodu wr sursrvlwlrq
6151 krogv diwhu d vxlwldeoh uhvwdwhphqw ri wkh sursrvlwlrq1

<



Ohw*v frqvlghu �uvw wkh rqh shulrg fdvh/ zkhuh frqvxpswlrq lv jlyhq e|

F @ �F +4 . �%,

iru d }hur phdq udqgrp yduldeoh %1 Wkh sdudphwhu � lqgh{hv wkh dprxqw ri ulvn1
Wkh �wuhqg� lv jlyhq e| wkh h{shfwhg ydoxh/ l1h1 ( @ �F � H ^F`1 Qrwlfh wkdw wkh
yduldqfh ri F lv sursruwlrqdo wr �2/ l1h1 Y du

�
F@ �F

�
@ �2H%2/ dqg wkdw lwv wklug

prphqw lv sursruwlrqdo wr ��1 Zh lqfoxgh � dv dq dujxphqw ri wkh wrwdo dqg wkh
pdujlqdo frvw/ zklfk duh jlyhq e|

H ^x +F +4 . +4> �,,,` � H
�
x
�
�F +4 . �%, +4 .  +4> �,,

��
@ x

�
�F
�
> +614,

dqg

�
�
3> �2

�
@

H
�
x� +F,

�
�F �F

��
H ^x� +F,F`

�

H
�
x�

�
�F +4 . �%,

� �
�F �F

��
H
�
x�

�
�F . �%

� �
�F . �%

�� = +615,

Sursrvlwlrq 6171 Li H
�
x����

�
�F +4 . %,

�
%e
�
lv �qlwh/ wkhq

+4> �, @
4

5

%
�

�Fx��
�
�F
�

x�

�
�F
� �2H%2 �

4

6

�F2x���
�
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�

x�

�
�F
� ��H%�

&
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�
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�
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x�
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� �2H%2 �

4
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&
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�
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�

zkhuh k +�, @ i +�, . r +�R, phdqv wkdw olpj<f ^k +�,� i +�,` @�R @ 31

Qrwlfh wkdw wkhvh h{suhvvlrqv lpso| wkdw

� +3> �, @ 5 +4> �,�
��

9

�F2x���
�
�F
�

x�
�
�F
� H%� . r

�
��
�
=

Wkxv/ ljqrulqj doo wkh whupv vpdoohu wkdq �2>wkh wrwdo pdujlqdo frvw lv wzlfh wkh

wrwdo frvw/ � +3> �, @ 5 +4> �,1 Ixuwkhupruh/ frqvlghulqj kljkhu prphqwv/ dqg

xqghu wkh dvvxpswlrqv wkdw x���
�
�F
�
A 3 dqg H%� ? 3/ zh rewdlq � +3> �, A

5 +4> �,1
Wkh qh{w h{dpsoh looxvwudwhv wkhvh dssur{lpdwlrqv iru d glvwulexwlrq zlwk

dssur{lpdwho| }hur wklug prphqw1
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H{dpsoh 6181 Ohw xeh jlyhq d xwlolw| zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq �/
l1h1 x +F, @ ��3�

�3�
/ dqg orjF eh glvwulexwhg dv Q

�
�> a�2

�
1 Uhfdoo wkdw li F lv iru

orj0qrupdo/

Y du
�
F@ �F

�
�

Y du +F,

^H +F,`2
@
�
h	j

2

� 4
�
@ a�2 . r

�
a��
�

Qrwh wkdw iru vpdoo �> �% �@ orjF> zklfk lv qrupdo glvwulexwhg/ dqg khqfh lw kdv

}hur wklug prphqw1 Vlpsoh frpsxwdwlrqv vkrz wkdw/

+4> �, @ h
�

2
�	j2 � 4 @

4

5
�a�2 . r

�
a��
�
>

� +3> �, @ h�	j
2

� 4 @ �a�2 . r
�
a��
�
=

Dv wkh suhylrxv sursrvlwlrq vwdwhv/ vlqfh wkh fhqwhuhg wklug prphqwv duh }hur/

wkh pdujlqdo frvw lv wzlfh wkh wrwdo frvw/ dqg erwk frvwv duh sursruwlrqdo wr wkh

yduldqfh ri frqvxpswlrq uhodwlyh wr lwv h{shfwhg ydoxh1

Qrz zh frqvlghu wkh pxowlshulrg fdvh/ zkhuh

X +iFj, @
A[
|'�

�|Hf ^x +F|,`

zkhuh F| @ �F| +4 . �%|,/ zlwk %| d udqgrp yduldeoh vdwlvi|lqj Hf ^%|` @ 31 Zh

nhhs wkh dvvxpswlrq wkdw (| @ �F| � Hf ^F|`1 Wkh qh{w sursrvlwlrq vd|v wkdw

h{suhvvlrqv iru wkh frvw lq wkh pxowlshulrg fdvh duh htxdo wr d zhljkwhg dyhudjh

ri wkh rqhv iru wkh rqh shulrg fdvh1

Sursrvlwlrq 6191 Li
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zkhuh wkh zhljkwv �z| duh gh�qhg dv
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44



Qrwlfh wkdw wklv sursrvlwlrq lpsolhv wkdw

� +3> �, @ 5 +4> �, .
A[
|'�

�z|

+
�

��

9

�F2
| x

���
�
�F|

�
x�
�
�F|
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zklfk qhjohfwlqj wkh whupv ri rughu kljkhu wkdq �2> fdq eh vwdwhg dv � +3> �, @
5 +4> �,1 Wkh iroorzlqj h{dpsoh xvhv wklv dssur{lpdwlrq iru d FUUD xwlolw|

ixqfwlrq1

H{dpsoh 61:1 Ohw xeh d xwlolw| ixqfwlrq zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq �/
vr wkdw x +F, @ F�3�@ +4� �,1 Lq wklv fdvh/ qhjohfwlqj wkh whupv ri rughu kljkhu

wkdq ��>

� +3> �, @
[
|

�z|

�
��2Hf%

2

| �
4

5
� +4 . �,��Hf%
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�
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Zh hqg wklv vhfwlrq zlwk d qxphulfdo h{dpsoh wkdw looxvwudwhv wkh dffxudf| ri

wkh dssur{lpdwlrq iru vpdoo �21 Lq hdfk sdqho ri Iljxuh 4 zh sorw wkh wrwdo frvwv/

+�,/ wkh pdujlqdo frvw/ � +�,/ dv d ixqfwlrq ri wkh iudfwlrq ri ulvn uhpryhg/ �=
Wkh glvwulexwlrq ri frqvxpswlrq kdv wkh vdph phdq dqg yduldqfh lq wkh wkuhh

sdqhov/ exw lw gl�huv lq lwv vnhzqhvv1 Lq sduwlfxodu/ wkh vwdqgdug ghyldwlrq lv

619(/ wkh phdq ri 4/ dqg x lv jlyhq e| d FUUD ixqfwlrq zlwk ulvn dyhuvlrq

� @ 431 Zh lqwurgxfh vnhzqhvv e| pdnlqj grzq0pryhv 7 wlphv dv odujh d xs0

pryhv iru qhjdwlyh vnhzqhvv1 Qrwlfh wkdw/ dv rxu sursrvlwlrq vd|v/ wrwdo frvw duh

yhu| forvh kdoi ri wkh ydoxh ri wkh pdujlqdo frvw �lqglfdwhg e| grwhg olqhv � l1h1
�

2
$6 @ �

2
� +3, � +4, @ $1 Lq sduwlfxodu/ iru wkh �uvw sdqho zkhuh vnhzqhvv lv

}hur/ wkh wrwdo frvw lv derxw 319(/ doprvw h{dfwo| kdoi ri wkh pdujlqdo frvw/ zklfk

lv derxw 319(1 Iru wkh vhfrqg sdqho/ zkhuh vnhzqhvv lv qhjdwlyh/ wkh wrwdo frvw lv

vpdoohu wkdq kdoi ri wkh pdujlqdo frvw/ zklfk lv wkh suhylrxv sursrvlwlrq vd|v iru

xwlolw| ixqfwlrqv/ vxfk dv FUUD/ iru zklfk x��� A 3=Wkh wklug sdqho vkrzv wkdw iru

srvlwlyh vnhzqhvv wkh rssrvlwh krogv1 Lq d uhodwhg frpsdulvrq/ Kdqvhq/ Vdujhqw
dqg Wdoodulql +4<<<, frpsxwh orfdo dqg joredo phdq0ulvn wudgh0r� iru frqvxphuv
zlwk ulvn0vhqvlwlyh suhihuhqfhv/ wkh| �qg wkhlu orfdo phdvxuh wr eh ehwzhhq 5 dqg
7 wlphv kljkhu wkdq wkh joredo rqh1

6161 Frvw ri  xfwxdwlrqv zlwk frqvxpswlrq h{whuqdolwlhv

Xs wr qrz/ zh kdyh frqvlghuhg wkh fdvh ri d uhsuhvhqwdwlyh djhqw hfrqrp| zlwk0
rxw frqvxpswlrq h{whuqdolwlhv1 Zh gh�qh djjuhjdwh frqvxpswlrq h{whuqdolwlhv e|
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lqfoxglqj djjuhjdwh frqvxpswlrq
�
�F
�
lq wkh xwlolw| ixqfwlrq dv d vhsdudwh du0

jxphqw/ wrjhwkhu zlwk wkh djhqw*v frqvxpswlrq iFj > vr wkdw xwlolw| lv jlyhq e|
X
�
iFj >

�
�F
��

=

Zlwk h{whuqdolwlhv/ wkh lqwhusuhwdwlrq ri wkh frpshqvdwlrq  ghshqgv rq wkh
h{dfw qdwxuh ri wkh h{shulphqw1 Lq sduwlfxodu/ wkhuh duh wzr zd|v ri wklqnlqj
derxw uhgxflqj  xfwxdwlrqv lq frqvxpswlrq1 Rqh h{shulphqw lv wr vwdelol}h frq0
vxpswlrq ri rqo| rqh djhqw/ nhhslqj djjuhjdwh frqvxpswlrq xqfkdqjhg1 Dqrwkhu
h{shulphqw lv wr vwdelol}h frqvxpswlrq ri doo wkh djhqwv1 Lq wkh �uvw h{shulphqw/
wkh wrwdo frvw ixqfwlrq lv jlyhq e|

X + +4 .  +�,, iFj > iFj , @ X +� iFj. +4� �, i(j > iFj , = +616,

Wkhq/ wkh ehqh�w ri d vpdoo uhgxfwlrq lq  xfwxdwlrqv fdq eh phdvxuhg e| wkh
fruuhvsrqglqj pdujlqdo frvw1 Dv h{sodlqhg deryh/ wkh pdujlqdo frvw � +3, htxdov
wkh udwlr ri wkh sulfhv ri wzr vhfxulwlhv/ dv lq +517, zkhuh X5| +iFj, lv uhsodfhg e|
X5| +iFj > iFj, gh�qhg dv

X5|

�
iFj >

�
�F
��

�
CX

�
iFj >

�
�F
��

CF|+}|,
=

Lq wkh vhfrqg h{shulphqw/ wkh wrwdo frvw ixqfwlrq � lv gh�qhg dv

X
��

4 . �+�,
�
iFj > iFj

�
@ X +� iFj. +4� �, i(j > � iFj. +4� �, i(j , =

+617,
Wkh ixqfwlrq � gl�huv iurp / vlqfh lw lqfoxghv wkh h�hfw ri wkh h{whuqdolw|1 Krz0
hyhu/ ehfdxvh pdunhw sulfhv gr qrw lqwhuqdol}h wkh h�hfw ri djjuhjdwh frqvxpswlrq/
wkh| gr qrw htxdo �� +3,1

Zkloh frqvxpswlrq h{whuqdolwlhv fdq eh ri ydulrxv irupv/ wkh frqvxpswlrq
h{whuqdolwlhv xvhg wr dffrxqw iru wkh ghwhuplqdqwv ri djjuhjdwh ulvn duh ri d sdu0
wlfxodu w|sh1 Zh fdoo �hqy|� d jhqhudo w|sh ri h{whuqdolw| wkdw lv uhodwhg wr wkh
rqhv xvhg lq wkh olwhudwxuh/ vxfk dv wkh �fdwfklqj xs zlwk wkh Mrqhvhv� lq Deho
+4<<<,/ dqg wkh �h{whuqdo kdelw� lq Fdpsehoo dqg Frfkudqh +4<<8,1

Gh�qlwlrq 61;1 Zh vd| wkdw wkh uhsuhvhqwdwlyh djhqw h{klelwv hqy| li iru dq| F

dqg aF vxfk

X
�q

aF
r
> iFj

�
� X +iFj > iFj, >

wkhq

X
�q

aF
r
> iFj

�
� X

�q
aF
r
>
q
aF
r�

=
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Wkh lqwhusuhwdwlrq ri wklv gh�qlwlrq lv wkdw hdfk djhqw xvhv wkh frqvxpswlrq
ri wkh uhsuhvhqwdwlyh djhqw dv d ehqfkpdun iru klv rzq frqvxpswlrq1 Wkh qh{w
sursrvlwlrq vkrzv wkdw li wkh uhsuhvhqwdwlyh djhqw h{klelwv hqy|/ wkh wrwdo ehqh�w
ri vwdelol}lqj hyhu|erg|*v frqvxpswlrq duh hyhq vpdoohu wkdq wkh ehqh�wv iurp
vwdelol}lqj rqh shuvrq*v frqvxpswlrq1

Sursrvlwlrq 61<1 Ohw*v dvvxph wkdw wkh wuhqg frqvxpswlrq i(j lv vxfk wkdw

X +i(j > iFj, A X +iFj > iFj, =

Li X lv lqfuhdvlqj lq lwv �uvw dujxphqw dqg frqfdyh/ dqg li Gh�qlwlrq 61; krogv/

wkhq

+�, � � +�,

iru � 5 ^3> 4` =

Dv d fruroodu| ri wkh suhylrxv sursrvlwlrq/ li X i�> Fj kdv wkh surshuwlhv ri
X +�, lq Sursrvlwlrq 615/ wkhq

$6 � � +3, � +4, � � +4, =

Wkxv/ wkh udwlr ri wkh pdunhw sulfhv ri wkh vhfxulwlhv lq +517, lv dq xsshu erxqg iru
wkh wrwdo frvw ri  xfwxdwlrqv lq erwk h{shulphqwv/ wkdw lv/ zkhwkhu frqvxpswlrq
lv vwdelol}hg iru rqh djhqw ru iru doo djhqwv1

71 Frpsdulqj wkhPdujlqdo Frvw ri Frqvxpswlrq Xqfhuwdlqw| zlwk

wkh Htxlw| Suhplxp

Lw vhhpv zlgho| uhfrjql}hg wkdw wkhuh lv d uhodwlrqvkls ehwzhhq wkh htxlw| suh0
plxp dqg wkh frvw ri frqvxpswlrq xqfhuwdlqw|1 Lqghhg/ erwk duh phdvxuhv ri wkh
frpshqvdwlrq uhtxluhg wr ehdu djjuhjdwh ulvn1 Wr rxu nqrzohgjh krzhyhu qr gh0
wdlohg frpsdulvrq kdv ehhq pdgh lq wkh olwhudwxuh1 Lq wklv vhfwlrq/ zh frpsduh wkh
pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| zlwk wkh htxlw| suhplxp1 Wr idflolwdwh
wkh frpsdulvrq/ zh vhohfw dq htxlw| zkrvh glylghqgv duh lghqwlfdo wr frqvxpswlrq/
zklfk zh fdoo frqvxpswlrq0htxlw|1 Rxu dqdo|vlv fohduo| h{srvhv wkh gl�huhqfhv/
frqfhswxdoo| dqg txdqwlwdwlyho|/ ehwzhhq wkh pdujlqdo frvw ri frqvxpswlrq xq0
fhuwdlqw| dqg wkh htxlw| suhplxp1 Rxu dqdo|vlv dovr surylghv lqvljkwv lqwr krz
wr h{wudfw lqirupdwlrq frqwdlqhg lq wkh htxlw| suhplxp wr ohduq derxw wkh frvw
ri exvlqhvv f|fohv1

Zh dssurdfk wkh frpsdulvrq iurp wzr frpsohphqwdu| dqjohv1 Iluvw/ lq Vhf0
wlrq +714,/ zh xvh d ghfrpsrvlwlrq lqwr wkh ixqgdphqwdo ulvn frpsrqhqwv lqvsluhg
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e| Fdpsehoo +4<;9, dqg Mhupdqq +4<<;,1 Wklv fkdudfwhul}dwlrq kdv wzr lpsru0
wdqw lpsolfdwlrqv iru hvwlpdwlqj wkh pdujlqdo frvw xvlqj dvvhw sulfh gdwd1 Wkh
�uvw lpsolfdwlrq lv wkdw wkh vorsh ri wkh whup vwuxfwxuh lv dq lpsruwdqw ghwhu0
plqdqw iru wkh htxlw| suhplxp/ exw lw lv qrw d ghwhuplqdqw iru wkh pdujlqdo
frvw1 Wkh vwhhshu wkh whup vwuxfwxuh lv/ wkh odujhu wkh htxlw| suhplxp fdq eh/
uhodwlyh wr wkh pdujlqdo frvw ri xqfhuwdlqw|1 Wkh vhfrqg lpsolfdwlrq lv wkdw wkh
ghjuhh ri shuvlvwhqfh ri wkh sulflqj nhuqho dqg ri wkh frqvxpswlrq surfhvvhv kdyh
gl�huhqw lpsdfwv rq wkh pdujlqdo frvw dqg lq wkh htxlw| suhplxp1 Wkh pruh
shuvlvwhqw wkhvh surfhvvhv duh/ wkh odujhu wkh pdujlqdo frvw fdq eh/ uhodwlyh wr
wkh htxlw| suhplxp1 Vhfrqg/ lq Vhfwlrq +715,/ zh ghulyh vlpsoh h{suhvvlrqv iru
wkh htxlw| suhplxp dqg wkh pdujlqdo frvw dv ixqfwlrqv ri wkuhh hohphqwv= wkh
glylghqg2sulfh udwlr/ wkh uhdo |lhog dqg wkh h{shfwhg jurzwk udwh ri wkh hfrqrp|1
Zh dovr suhvhqw d �uvw hvwlpdwh ri wkh ehqh�wv ri holplqdwlqj doo xqfhuwdlqw| lq
X1V1 frusrudwh glylghqgv zkhuh zh �qg yhu| kljk frvwv1

7141 Ghfrpsrvlwlrq lqwr wkh ixqgdphqwdo ulvn frpsrqhqwv

Uhfdoo wkdw lq +517, zh kdyh gh�qhg Yf ^i[j` dv wkh wlph }hur lpsolflw sulfh ri dq
dvvhw wkdw sd|v glylghqgv i[j1 Gh�qh Yf ^[|` dv wkh wlph }hur sulfh ri dq dvvhw
wkdw sd|v d vlqjoh glylghqg [| dw wlph w1 Lq wklv vxevhfwlrq/ zh dovr frqvlghu wkhvh
sulfhv dw wlphv gl�huhqw iurp }hur/ iru lqvwdqfh Y� ^[|` ghqrwhv wkh sulfh dw wlph
w @ 4 ri d vhfxulw| wkdw sd|v [| dw wlph w= E| d qr0duelwudjh dujxphqw wkh sulfh
ri d frqvxpswlrq htxlw| fodlp htxdov wkh ydoxh ri d sruwirolr ri fodlpv wr d vlqjoh
glylghqg htxdo wr wkh frqvxpswlrq ri hdfk shulrg/ zklfk zh fdoo/ e| dqdorj| wr
wkh whupv xvhg iru erqgv/ htxlw| vwulsv1 Wkxv/

Yf ^iFj
"

|'�` @
"[
|'�

Yf ^F|` =

Wr xvh wkh vdph qrwdwlrq iru wkh sulfhv ri erqgv/ zh ghqrwh e| 4| d glylghqg wkdw
lv htxdo wr rqh dw w iru doo }| 5 ]| dqg }hur rwkhuzlvh1 Gh�qh dv Ufc| ^[|` wkh wlph
}hur uhwxuq xqwlo pdwxulw| ri dq dvvhw zlwk d vlqjoh sd|phqw [| dw w/ l1h1

Ufc| ^[|` �
Y| ^[|`

Yf ^[|`
@

[|

Yf ^[|`
=

Vshfldol}lqj wkh suhylrxv gh�qlwlrq/ ghqrwh wkh rqh0shulrg kroglqj uhwxuq ri dq
dvvhw zlwk vlqjoh sd|phqw [| dw w dv

Ufc� ^[|` �
Y� ^[|`

Yf ^[|`
=
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Xvlqj wkhvh gh�qlwlrqv/ ghqrwh e| �f wkh pxowlsolfdwlyh h{fhvv h{shfwhg htxlw|
suhplxp/

4 . �f �
Hf +Ufc� ^iFj

"

|'�`,

Ufc� ^4�`
=

Sursrvlwlrq 7141 Gh�qh wkh zhljkwv z�v dv iroorzv

zf ^F|` �
Yf ^F|`

Yf ^iFj
"

|'�`
> +714,

wkh pxowlsolfdwlyh frqvxpswlrq0htxlw| suhplxp fdq eh zulwwhq dv

4 . �f @
"[
|'�

zf ^F|`

�
Hf +Ufc� ^F|`,

Ufc� ^4�`

�
> +715,

dqg wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| fdq eh zulwwhq dv

4 . $6
f @

"[
|'�

zf ^F|`

�
Hf +Ufc| ^F|`,

Ufc| ^4|`

�
= +716,

Htxdwlrq +716, vd|v wkdw wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| htxdov
d zhljkwhg vxp ri glylghqg vwuls uhwxuq suhpld zlwk kroglqj shulrg

xqwlo pdwxulw|1 Lq frqwudvw/ wkh pxowlsolfdwlyh htxlw| suhplxp wr d vkduh wkdw
sd|v djjuhjdwh frqvxpswlrq/ lv htxdo wr d zhljkwhg vxp ri glylghqg vwuls

suhpld iru rqh0shulrg kroglqj uhwxuqv1 Qrwh/ wkh zhljkwv/ zf ^F|`/ duh lqghhg
wkh vdph iru wkh pdujlqdo frvw dqg iru wkh htxlw| suhplxp$

Zkhq frpsdulqj wkh wzr h{suhvvlrqv/ +715, dqg +716,/ iru wkh htxlw| suhplxp
dqg wkh pdujlqdo frvw/ uhvshfwlyho|/ dqrwkhu ixqgdphqwdo gl�huhqfh ehfrphv ds0
sduhqw1 Li wkh sd|rxwv duh qrw udqgrp/ wkhq wkh kroglqj uhwxuqv xqwlo pdwxulw|/
wkdw ghwhuplqh wkh pdujlqdo frvw/ duh qrw udqgrp hlwkhu/ wkdw lv/

Ufc| ^[|` @ Ufc| ^4|` �
4|

Yf ^4|`
>

dqg wkxv/ wkh pxowlsolfdwlyh vwuls suhplxp lv }hur/

Hf +Ufc| ^4|`, @
Hf +Ufc| ^4|`,

Ufc| ^4|`
@ 4=

Wkhuhiruh/ wkh pdujlqdo frvw lv sxuh frpshqvdwlrq iru sd|rxw ulvn1 Wklv lv lq
frqwudvw wr wkh rqh shulrg kroglqj uhwxuqv wkdw pdnh xs wkh htxlw| suhplxp1
Uhdol}hg uhwxuqv ghshqg rq wkh ydoxdwlrq dw wlph 4/

Ufc� ^[|` @ Ufc� ^4|` �
Y� ^4|`

Yf ^4|`
>
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vr wkdw suhpld duh lq jhqhudo qrq0}hur/

Hf +Ufc� ^4|`, @
Hf +Ufc� ^4|`,

Ufc� ^4�`
9@ 4=

Wklv frpsdulvrq vkrzv wkdw wkh gl�huhqfh ehwzhhq htxlw| suhplxp dqg pdujlqdo
frvw zloo eh d ixqfwlrq ri wkh vorsh ri wkh whup vwuxfwxuh/ dv zh glvfxvv lq pruh
ghwdlo iru wkh orjolqhdu fdvh lq wkh qh{w vxevhfwlrq1

714141 Orj0olqhdu hqylurqphqw

Zh lqwurgxfh d orj0olqhdu hqylurqphqw iru wzr uhdvrqv1 Iluvw/ lw doorzv xv wr
vkdushq wkh frpsdulvrq pdgh lq wkh suhylrxv vhfwlrq ehwzhhq wkh htxlw| suhplxp
dqg pdujlqdo frvw1 Lq sduwlfxodu/ lw khosv wr h{sodlq wkh gl�huhqw lpsdfw ri wkh
whup vwuxfwxuh ulvn dqg wkh sd|rxw xqfhuwdlqw| ulvn rq wkh pdujlqdo frvw dqg
wkh htxlw| suhplxp1 Zkloh wkh glvwlqfwlrq ehwzhhq sd|rxw xqfhuwdlqw| ulvn dqg
whup vwuxfwxuh ulvn lv d jhqhudo frqfhsw/ lq wkh orj0olqhdu hqylurqphqw wkhvh ulvn
suhpld fdq eh h{suhvvhg lq d vhsdudeoh zd|19 Dgglwlrqdoo|/ zh zloo xvh wkh orj0
olqhdu hqylurqphqw odwhu lq wkh sdshu iru hvwlpdwlqj wkh pdujlqdo frvw ri exvlqhvv
f|fohv1

Dv lw lv zhoo nqrzq/ li wkhuh duh qr duelwudjh rssruwxqlwlhv/ xqghu whfkqlfdo
uhjxodulw| frqglwlrqv/ wkhuh pxvw h{lvwv d qrq0qhjdwlyh surfhvv �|P| vxfk wkdw doo
sulfhv vdwlvi|

Yf ^i[j` @
"[
|'�

�|Hf

�
P|

Pf

[|

�
=

Zh fdoo wkh surfhvv �|P| d vwrfkdvwlf sulflqj nhuqho1 Zh dvvxph wkdw wkh orjd0
ulwkp ri wkh nhuqho dqg wkh orjdulwkp ri wkh glylghqgv ri wkh dvvhwv ri lqwhuhvw
fdq eh uhsuhvhqwhg dv olqhdu ixqfwlrqv ri d olqhdu YDU prgho1 Vshfl�fdoo|/ ohw v|
eh d vwdwh yhfwru iroorzlqj d pxowlyduldwh/ krprvfhgdvwlf YDU

v| @ Dv|3� . %|> +717,

zkhuh %| lv d pxowlyduldwh qrupdo yhfwru/ l1l1g1 wkurxjk wlph1 Wkh vtxduh pdwul{
D ghwhuplqhv wkh g|qdplfv ri wkh v|vwhp1 Zh uhtxluh wkh urrwv ri D wr eh doo
vpdoohu ru htxdo wr rqh/ wkxv doorzlqj iru L+4, qrqvwdwlrqdulw|1 Dvvxph wkdw

oq+F|, @ +oq +4 . j,|, . oS � v|>

oq+P|, @ o6 � v|>

9Vhh Fdpsehoo +4<;9,/ Mhupdqq +4<<;, dqg Deho +4<<<, iru vwxglhv wkdw irfxv rq wkh glvwlqf0
wlrqv ehwzhhq wkhvh wzr w|shv ri ulvn1

4:



zkhuh wkh ordglqjv/ oS dqg o6/ duh urz yhfwruv dqg j lv wkh wuhqg jurzwk udwh1
Iroorzlqj wkh fdofxodwlrqv lq Mhupdqq +4<<;,/ wkh pxowlsolfdwlyh suhplxp iru

rqh0shulrg kroglqj uhwxuqv ri d ulvn| vwuls fdq eh vhsdudwhg lq wzr sduwv1 Rqh
sduw lv wkh whup suhplxp/ l1h1 wkh h{fhvv uhwxuq ri d orqj erqg ryhu wkh vkruw
udwh/ dqg wkh rwkhu lv d frpshqvdwlrq iru wkh ulvnlqhvv ri wkh sd|rxw1 Wkxv/ wkh
htxlw| suhplxp fdq eh zulwwhq dv

4.�f +vf, @
"[
|'�

z ^F|` +vf,

�
Hf +Ufc� ^4|`,

Ufc� ^4�`
h{s +�fryf +orjP�>H� orjF|,,

�
+718,

zkhuh zh xvh wkh qrwdwlrq �f +vf,/ dqg z ^F|` +vf, wr lqglfdwh wkdw wkh htxlw|
suhplxp dqg wkh zhljkwv ghshqg rq wkh fxuuhqw vwdwh yhfwru vf1 Qrwlfh wkdw wkh
htxlw| suhplxp lv d zhljkwhg dyhudjh ri wzr whupv1 Wkh �uvw whup lv wkh h{shfwhg
uhwxuq ri d w shulrg uhdo }hur frxsrq erqg ryhu wkh vkruw udwh1 Wklv whup lv kljkhu/
zkhq wkh uhdo whup vwuxfwxuh lv vwhhshu1 Wkh vhfrqg whup/ �fryf +orjP�>H� orjF|, >
phdvxuhv krz xqglyhuvl�deoh wkh ulvn derxw qhzv rq shulrg w frqvxpswlrq lv1:

E| vlplodu fdofxodwlrqv wkh pdujlqdo frvw htxdov

4 . $6
f +vf, @

"[
|'�

zf ^F|` +vf, h{s +� fryf+orjP|> orjF|,, +719,

zkhuh � fryf+orjP|> orjF|, phdvxuhv krz xqglyhuvl�deoh frqvxpswlrq ulvn dw
krul}rq w lv1 Qrwlfh wkdw iru wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw|/ wkhuh
lv qr whup lqyroylqj wkh uhdo whup vwuxfwxuh1

Lq wkh fdvh zkhuh orjP| dqg orjF| duh yhu| shuvlvwhqw/ wklv fryduldqfh fdq eh
pxfk odujhu lq devroxwh ydoxh wkdq wkh fryduldqfh lq wkh h{suhvvlrq iru wkh htxlw|
suhplxp1

Ohw xv frpsduh wkh fryduldqfhv lq wkh h{suhvvlrqv iru wkh pdujlqdo frvw +718,
dqg wkh htxlw| suhplxp +719,1 E| gh�qlwlrq ri d wkh frh!flhqw ri fruuhodwlrq/

fryf+orjP|> orjF|, @ �f +orjP|> orjF|,�f +orjP|,�f +orjF|,

fryf +orjP�>H� orjF|, @ �f +orjP�> H� orjF|,�f +orjP�,�f +H� orjF|,

Wkh pruh shuvlvwhqw wkh surfhvvhv iru orjP|> orjF| duh wkh eljjhu wkh gl�huhqfhv
�f +orjP|,��f +orjP�, dqg �f +orjF|,��f +H� orjF|, =Wkxv/ wkh pruh shuvlvwhqw
wkhvh surfhvvhv duh/ wkh odujhu wkh pdujlqdo frvw lv/ uhodwlyh wr wkh htxlw| suhplxp1
Iru lqvwdqfh/ li erwk orjP| dqg orjF| duh L +4, > wkhq wkh vwdqgdug ghyldwlrqv lq
wkh pdujlqdo frvw/ �f +orjP|, dqg �f +orjF|, > jurz zlwkrxw erxqg/ zkloh wkh
vwdqgdug ghyldwlrqv iru wkh htxlw| suhplxp/ �f +orjP�, dqg �f +H� orjF|,/ duh
erxqghg1

:Jlyhq wkh dvvxpswlrqv ri wkh orj0olqhdu/ krprvnhgdvwlf v|vwhp/ wkh fryduldqfh lv lqghshqghqw

ri wkh vwdwh rf dqg ghshqgv rqo| rq wkh pdwxulw| ri wkh vwuls1
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H{dpsoh= Vhsdudeoh FUUD xwlolw|1 Zh looxvwudwh wkh gl�huhqfh ehwzhhq wkh
pdujlqdo frvw ri xqfhuwdlqw| dqg wkh htxlw| suhplxp xvlqj wkuhh vshfl�fdwlrqv
ri d zhoo xqghuvwrrg hfrqrp|1 Zlwk wlph vhsdudeoh h{shfwhg glvfrxqwhg FUUD
xwlolw|/ wkh nhuqho vdwlv�hv oq+P|@Pf, @ �� oq+F|@Ff

b,1 Wkh iroorzlqj uhvxowv fdq
eh vkrzq e| gluhfw fdofxodwlrqv1

41 Iluvw/ dvvxph wkdw frqvxpswlrq iroorzv d udqgrp zdon1 Lq wklv fdvh/ lqwhuhvw
udwhv duh frqvwdqw dqg wkxv wkhuh duh qr whup suhpld1 Sd|rxw xqfhuwdlqw|
suhpld iru n0shulrg kroglqj duh uhodwhg wr wkh rqh0shulrg uhwxuq suhpld e|

�fryf +orjP|> orjF|, @ � w fryf +orjP�>H� orjF|, @ w ��20

Fohduo|/ lq wklv fdvh/ wkh pdujlqdo frvw/ w ��20/ lv eljjhu/ olnho| vxevwdqwldoo|
vr/ wkdq wkh frqvxpswlrq0htxlw| suhplxp/��201

51 Vhfrqg/ dvvxph wkdw frqvxpswlrq jurzwk udwhv iroorz dq DU+4, zlwk srvl0
wlyh vhuldo fruuhodwlrq1 Lw fdq wkhq hdvlo| eh vkrzq wkdw wkh whup vwuxfwxuh
lv grzqzdug vorslqj/ vr wkdw

Hf +Ufc� ^4|`,

Ufc� ^4�`
? 4>

dqg
�fryf +orjP|> orjF|, A � w fryf +orjP�> H� orjF|, A 3>

vr wkdw wkhuh duh hyhq pruh uhdvrqv iru zklfk wkh pdujlqdo frvw lv eljjhu
wkdq wkh frqvxpswlrq0htxlw| suhplxp1

61 Wklug/ wkh rqh fdvh zkhuh wkh frqvxpswlrq0htxlw| suhplxp pljkw dfwxdoo|
eh eljjhu wkdq wkh frvw ri frqvxpswlrq xqfhuwdlqw| lv zlwk dq DU+4, lq
frqvxpswlrq ohyhov/ zlwk srvlwlyh vhuldo fruuhodwlrq/ l1h1 wkh jurzwk udwh ri
frqvxpswlrq lv qhjdwlyho| dxwrfruuhodwhg 1 Lq wklv fdvh/ wkh whup vwuxfwxuh
lv xszdug vorslqj/

Hf +Ufc� ^4|`,

Ufc� +4�,
A 4>

dqg
3 ? �fryf +orjP|> orjF|, ? � w fryf +orjP�> H� orjF|, =
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7151 Ghfrpsrvlwlrq lqwr |lhogv dqg jurzwk udwhv

Dv vkrzq lq htxdwlrq +517,/ wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw|/ fdq/ e|
gh�qlwlrq/ eh ylhzhg dv wkh udwlr ri wkh sulfhv ri wzr vhfxulwlhv1 Iru wkh sduwlfxodu
fdvh ri frpsdulqj dfwxdo frqvxpswlrq wr lwv h{shfwhg jurzwk sdwk wkhvh wzr
vhfxulwlhv kdyh lqwxlwlyh lqwhusuhwdwlrq dqg forvh uhdo0zruog frxqwhusduwv1 Lqghhg/
wkh dssursuldwh yhuvlrq ri htxdwlrq +517, lv

4 . $6
f @

Yf +iHf +F,j,

Yf +iFj,
=

Lq wkh qxphudwru/ Yf +iHf +F,j, lv d shushwxdo erqg zlwk frxsrqv wkdw duh jurz0
lqj dw wkh h{shfwhg frqvxpswlrq jurzwk udwh1 Lq wkh ghqrplqdwru/ Yf +iFj, lv d
frqvxpswlrq htxlw| fodlp1 Glylglqj erwk vlghv ri wkh iudfwlrq e| Ff zh kdyh

4 . $6
f @

Yf +iHf +F,j, @Ff
Yf +iFj, @Ff

>

vxjjhvwlqj wkdw wkh pdujlqdo frvw lv d ixqfwlrq ri wzr �sulfh2glylghqg udwlrv/� ru/
uhflsurfdoo|/ wzr |lhogv1 Li zh dvvxph wkdw djjuhjdwh frqvxpswlrq kdv d frqvwdqw
h{shfwhg wuhqg jurzwk udwh/ jf/ wklv fdq eh zulwwhq dv

4 . $6
f @

S
"

�'�

�
�n}f
�nof

��
�

_Rf

@ +4 . jf,

�
gsf

uf � jf

�
> +71:,

zkhuh uf lv wkh uhdo |lhog ri d erqg zlwk wkh gxudwlrq ri wkh jurzlqj shushwxlw|/
dqg zkhuh gsf lv wkh glylghqg |lhog ri wkh frqvxpswlrq0htxlw|1

Lq jhqhudo/ wkh h{shfwhg h{fhvv uhwxuq ri htxlw| fdqqrw eh zulwwhq dv d ixqfwlrq
ri uf> gsf dqg jf= Qhyhuwkhohvv li zh pdnh vrph vlpsoli|lqj dvvxpswlrq zh rewdlq
dq h{suhvvlrq wkdw ghshqgv rq vlplodu idfwruv1 Li zh dvvxph wkdw glylghqg |lhogv
duh frqvwdqw/ zh fdq zulwh wkh h{shfwhg uhwxuq ri htxlw| dv +4 . jf, � +4 . gsf,1
E| gh�qlwlrq/ wkh htxlw| suhplxp lv wkh h{shfwhg h{fhvv uhwxuq ri htxlw| ryhu d
ulvn0ohvv lqyhvwphqw/ |lhoglqj d nqrzq uhwxuq ri |f= Wkxv/

4 . �f @
+4 . jf, � +4 . gsf,

+4 . |f,
= +71;,

Lq jhqhudo |f zloo eh vpdoohu wkdq wkh |lhog ri wkh orqj whup erqg uf xvhg lq
htxdwlrq +71:,1 Wkh| zloo eh htxdo rqo| lq vshfldo fdvhv/ iru lqvwdqfh/ li wkh whup
vwuxfwxuh lv  dw1 Fohduo| wkh irupxodh iru wkh htxlw| suhplxp lq +71;, lv gl�huhqw
iurp wkh rqh iru wkh pdujlqdo frvw lq +71:,1 Qrwlfh wkdw wkh htxlw| suhplxp �f/
lq +71;, lv dssur{lpdwho| �f * jf . gsf � |f/ dqg khqfh lw fdqqrw h{fhhg d ihz
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shufhqwdjh srlqwv1 Wklv lv txlwh gl�huhqw iru wkh pdujlqdo frvw/ $6
f / lq htxdwlrq

+71:,/ zklfk lv dssur{lpdwho|/ $f * gsf@ +uf � jf, > dqg khqfh lw frxog eh pxfk
odujhu1 Lq wkh qh{w vxevhfwlrq/ zh surylgh txdqwlwdwlyh frqwhqw wr htxdwlrq +71:,
e| phdvxulqj wkh pdujlqdo frvw1

715141 D phdvxuh ri wkh pdujlqdo frvw ri glylghqg xqfhuwdlqw|

Iru d �uvw txdqwlwdwlyh fxw/ zh soxj klvwrulf dyhudjhv lqwr wkh irupxod iru wkh
pdujlqdo frvw jlyhq e| htxdwlrq +71:,1 Lqghhg/ zh fdq frqvlghu wkh glylghqg0
sulfh udwlr/ gs/ wr eh wkh klvwrulfdo glylghqg0sulfh udwlr ri wkh ydoxh zhljkwhg X1V1
vwrfn pdunhw1 Ri frxuvh/ zh duh wkxv orrnlqj dw krz glylghqg xqfhuwdlqw| uhgxfhv
wkh sulfh ri htxlw| uhodwlyh wr d shushwxdo erqg sd|lqj dv frxsrqv wkh h{shfwhg
glylghqgv/ zh zloo irfxv rq frqvxpswlrq  xfwxdwlrqv lq wkh qh{w vhfwlrq1;

Frpelqlqj wkh dyhudjh klvwrulfdo glylghqg0sulfh udwlr zlwk d klvwrulfdo orqj0
whup uhdo |lhog dqg wkh glylghqg jurzwk udwh/ zh uhsruw lq Wdeoh 4 d pdujlqdo
frvw iru glylghqg xqfhuwdlqw| ri 94<( dqg 4:7( iru wkh shulrgv 4;;<04<<: dqg
4<8704<<: uhvshfwlyho|1 Wkdw lv/ iru wkh orqj vdpsoh shulrg/ wkh ex|hu ri dq htxlw|
fodlp zrxog kdyh wr eh jlyhq d pruh wkdq vl{ wlphv kljkhu glylghqg wr pdnh klp
ydoxh htxlw| dv pxfk dv d shushwxdo erqg sd|lqj frxsrqv jurzlqj dw wkh 4164(
wuhqg jurzwk udwh ri glylghqgv1 Qrwlfh wkdw wkh orzhu frvw ri glylghqg xqfhu0
wdlqw| iru wkh srvw0zdu shulrg fruuhvsrqgv lqghhg wr d shulrg ri orzhu yrodwlolw|
dv phdvxuhg e| wkh vwdqgdug ghyldwlrqv ri wkh jurzwk udwhv ri frqvxpswlrq dqg
glylghqgv1 Li glylghqgv zhuh htxdo wr djjuhjdwh frqvxpswlrq/ zh zrxog kdyh kdg
khuh rxu hvwlpdwh ri wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw|1 Wkh dggl0
wlrqdo vwdwlvwlfv lq Wdeoh 4 grfxphqw vrph dvshfwv ri glylghqg dqg frqvxpswlrq
ehkdylru1

81 Phdvxulqj wkh Pdujlqdo Frvw ri Exvlqhvv F|fohv

Wkh dssurdfk xvhg wr phdvxuh wkh frvw ri exvlqhvv f|fohv lq wkh suhylrxv vhfwlrq
kdv wkh dgydqwdjh ri ehlqj vlpsoh dqg lqwxlwlyh/ exw lw kdv vhyhudo vkruwfrp0
lqjv1 Iluvw/ lw phdvxuhv wkh holplqdwlrq ri doo wkh xqfhuwdlqw|/ dv rssrvhg wr wkh
holplqdwlrq ri exvlqhvv f|foh  xfwxdwlrqv rqo|1 Vhfrqg/ wkh wkhru| uhtxluhv wkh
xvh ri dq dvvhw zkrvh glylghqgv duh shuihfwo| fruuhodwhg zlwk frqvxpswlrq1 Wkh
phdvxuhphqw lq wkh suhylrxv vhfwlrq xvhv d glyhuvl�hg htxlw| sruwirolr/ zkrvh gly0
lghqgv glvsod| srvlwlyh fruuhodwlrq zlwk frqvxpswlrq/ exw wkdw lw lv pxfk vpdoohu

;Wr eh suhflvh/ wkh h{shfwhg pdujlqdo frvw vkrxog eh hvwlpdwhg e| wkh dyhudjh ri wkh fru0

uhvsrqglqj pdujlqdo frvwv1 Khuh zh frpsxwh wkh pdujlqdo frvw iru wkh dyhudjh |lhogv/ dyhudjh

glylghqg sulfh udwlrv dqg dyhudjh jurzwk udwhv/ vlqfh zh rqo| revhuyh h{0srvw uhdo |lhogv dqg

jurzwk udwhv1
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wkdq rqh1 Wklug/ wkh fdofxodwlrq ri wkh pdujlqdo frvw fdq eh yhu| vhqvlwlyh wr
vpdoo lqfrqvlvwhqflhv lq wkh phdvxuhphqw ri wkh gl�huhqw |lhogv dqg jurzwk udwhv1
Wklv lv gxh wr wkh qrq0olqhdulwlhv lq +71:,/ zkhuh gsf lv glylghg e| uf � jf1 Iru
lqvwdqfh/ wkh fdofxodwlrq ri wkh gxudwlrq dgmxvwhg |lhog/ uf> lv qrw vwudljkwiruzdug
zlwkrxw vshfli|lqj mrlqwo| wkh whup vwuxfwxuh dqg wkh h{shfwhg jurzwk udwh ri
frqvxpswlrq1

Lq wklv vhfwlrq zh dgguhvv wkhvh wkuhh vkruwfrplqjv1 Iluvw/ zh zloo lvrodwh
wkh frvw ri frqvxpswlrq  xfwxdwlrqv fruuhvsrqglqj wr exvlqhvv f|foh iuhtxhqflhv
dqg frpsduh lw wr wkh frvw ri doo frqvxpswlrq xqfhuwdlqw| wkdw lv xvxdoo| frp0
sxwhg lq wkh olwhudwxuh1 Vshfl�fdoo|/ zh lvrodwh f|folfdo frqvxpswlrq pryhphqwv
fruuhvsrqglqj wr f|fohv ri dw prvw ; |hduv e| xvlqj d edqg0sdvv �owhu dssurdfk1
Vhfrqg/ zh zloo sulfh dq dvvhw wkdw sd|v djjuhjdwh frqvxpswlrq/ dv rssrvhg wr
djjuhjdwh glylghqgv1 Wklug/ e| h{solflwo| prgholqj d sulflqj nhuqho/ rxu hvwlpdwhv
ri glylghqg |lhogv dqg jurzwk udwhv zloo eh frqvlvwhqw zlwk hdfk rwkhu1 Dv d zd|
wr fkhfn rxu txdqwlwdwlyh uhvxowv/ dqg wr surylgh lqwxlwlrq/ zh dovr h{dplqh wkh
vshfldo fdvh zkhuh wkh orjdulwkpv ri frqvxpswlrq dqg wkh sulflqj nhuqho iroorz
udqgrp zdonv1 Zh ghulyh d vlpsoh h{suhvvlrq iru wkh pdujlqdo frvw ri frqvxps0
wlrq  xfwxdwlrqv/ dqg zh surylgh dq hvwlpdwh zlwk d sulflqj nhuqho wkdw lv uhtxluhg
wr �w wkh h{fhvv uhwxuqv ri gl�huhqw FUVS sruwirolrv1

Ohw xv vwduw khuh e| ryhuylhzlqj wkh gl�huhqw vwhsv lqyroyhg lq rxu hvwlpd0
wlrq surfhgxuh/ d pruh ghwdlohg vwhs0e|0vwhs glvfxvvlrq iroorzv lq wkh vxevhtxhqw
vxevhfwlrqv1 Edvhg rq wkh orj0olqhdu hqylurqphqw gh�qhg lq Vhfwlrq +71414,=

41 Zh vhohfw vwdwh yduldeohv wkdw ghwhuplqh pdujlqdo xwlolw| ri frqvxpswlrq
edvhg rq srsxodu prghov/ dqg zh hvwlpdwh d olqhdu dxwruhjuhvvlyh odz ri
prwlrq iru wkh orjdulwkp ri wkhvh vwdwh yduldeohv/ v|1

51 Zh hvwlpdwh wkh ordglqj yhfwru iru wkh sulflqj nhuqho/ o6/ dqg wkh h�hf0
wlyh wlph glvfrxqw udwh/ �/ iurp d vhw ri dvvhw sulflqj prphqw frqglwlrqv
ghwhuplqhg e| wkh wkhruhwlfdo frqvlghudwlrqv glvfxvvhg deryh1

61 Zh vshfli| wkh wuhqg i(�j
"

|'�
/ frpsxwh Y| +i(�j

"

�'�
, +v|, dqg Y| +iF�j

"

�'�
, +v|,

iru hyhu| v| ri rxu gdwd0vhw/ dqg uhsruw wkh vdpsoh phdq ri wkh pdujlqdo
frvwv1

8141 Wkh vwdwh yduldeohv

Zh fkrrvh d pxowlglphqvlrqdo vwdwh yhfwru wr fdswxuh wkh ghshqghqfh ri pdujlqdo
xwlolw| rq qrq0frqwhpsrudqhrxv frqvxpswlrq1 Wkhvh ghshqghqfh kdv ehhq hp0
skdvl}hg lq wkh olwhudwxuh lq prghov zlwk kdelw irupdwlrq dqg lq prghov zlwk
qrq0h{shfwhg xwlolw|1
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Wkh vwdwh yduldeohv lqfoxgh +4, djjuhjdwh frqvxpswlrq/ +5, djjuhjdwh glyl0
ghqgv/ +6, wkh glylghqg0sulfh udwlr/ +7, wkh orqj0vkruw jryhuqphqw erqg |lhog
vsuhdg dqg +8, wkh ydoxh0zhljkwhg uhdol}hg vwrfn uhwxuq1 Wklv fkrlfh lv prwlydwhg
e| hpslulfdo zrun rq lqwhuwhpsrudo dvvhw sulflqj1 Iru lqvwdqfh/ Fdpsehoo +4<<9,
kdv xvhg glylghqg0sulfh udwlrv/ |lhog vsuhdgv/ uhdol}hg vwrfn uhwxuqv/ dqg djjuh0
jdwh rxwsxw dv klv vwdwh1 Zh lqfoxgh frqvxpswlrq lq wkh vwdwh vsdfh vlqfh zh
qhhg wr hvwlpdwh wkh sulfh ri dq dvvhw zlwk sd|rxwv htxdo wr frqvxpswlrq1

Zh xvh dqqxdo wlph vhulhv fryhulqj 4;;<04<<:/ gdwd vrxufhv dqg gh�qlwlrqv
duh ghvfulehg lq ghwdlo lq wkh Gdwd Dsshqgl{1 Zh vwduw e| uhprylqj d olqhdu
ghwhuplqlvwlf jurzwk wuhqg iurp frqvxpswlrq dqg glylghqgv1 Vshfl�fdoo|/ zh
h{wudfw d guliw wkdw lv frpsxwhg dv wkh phdq ri wkh +orj, jurzwk udwhv1 Zh dovr
ghphdq doo yduldeohv1 Iru lqvwdqfh/ vwduwlqj zlwk udz frqvxpswlrq F|/ zh jhw
f| @ orj +F|, � ff � �w/ zkhuh wkh guliw dqg wkh phdq duh gh�qhg uhvshfwlyho|
dv � � phdq +orj�f|, dqg phdq +f|> ff, @ 31 Zh wkhq hvwlpdwh e| ROV d YDU
iru jurzwk udwhv iru frqvxpswlrq dqg glylghqgv dqg iru ohyhov iru wkh uhpdlqlqj
yduldeohv1 Zh hvwlpdwh v|vwhpv zlwk dqg zlwkrxw dq huuru0fruuhfwlrq whup wkdw
irufhv frlqwhjudwlrq ehwzhhq frqvxpswlrq dqg glylghqgv1 D v|vwhp lq ohyhov/
dv lq htxdwlrq +717,/ lv wkhq uhfryhuhg1 Wkh yduldqfh0fryduldqfh pdwul{ ri wkh
lqqrydwlrqv lv rewdlqhg iurp wkh uhvlgxdov ri wkh hvwlpdwhg YDU1

E| hvwlpdwlqj wkh YDU lq jurzwk udwhv iru frqvxpswlrq dqg glylghqgv/ zh
kdyh lqwurgxfhg rqh ru wzr xqlw urrwv lqwr wkh pdwul{ D/ ghshqglqj rq zkhwkhu
zh lqwurgxfh dq huuru0fruuhfwlrq whup1 Wklv ghflvlrq wr prgho frqvxpswlrq dqg
wkh sulflqj nhuqho dv qrq0vwdwlrqdu| kdv �uvw0rughu txdqwlwdwlyh lpsolfdwlrqv iru
wkh phdvxuhphqw ri wkh frvw ri frqvxpswlrq xqfhuwdlqw|1 Lq wkh qh{w vxevhfwlrq/
zh h{sodlq wkh uhdvrqv zk| zh fkrrvh wr prgho wkhp dv qrq0vwdwlrqdu|1

814141 Vwdwlrqdu| yhuvxv qrqvwdwlrqdu| nhuqhov

Lw lv fhuwdlqo| srvvleoh wr dujxh rq vwdwlvwlfdo jurxqgv wkdw frqvxpswlrq dqg2ru
glylghqgv fdq eh prghoohg dv +wuhqg, vwdwlrqdu| surfhvvhv1 Krzhyhu/ zh zloo vhohfw
d qrqvwdwlrqdu| uhsuhvhqwdwlrq iru frqvxpswlrq gxh wr wkh idfw wkdw d vwdwlrqdu|
sulflqj nhuqho fdqqrw srvvleo| h{sodlq vlpxowdqhrxvo| wkh uhodwlyho|  dw klvwrulfdo
whup vwuxfwxuh ri lqwhuhvw udwhv dqg wkh uhodwlyho| odujh klvwrulfdo htxlw| suhplxp/
dv zh vkrz ehorz1 Lqwxlwlyho|/ d vwdwlrqdu| sulflqj nhuqho wkdw lv yrodwloh hqrxjk
wr jhqhudwh kljk htxlw| ulvn suhpld kdv wrr pxfk suhglfwdeoh pryhphqwv wr eh
frqvlvwhqw zlwk wkh uhodwlyho| orz whup vsuhdg1 Lq rwkhu zrugv/ orqj whup lqwhuhvw
udwhv frqwdlq ydoxdeoh lqirupdwlrq derxw h{shfwhg jurzwk udwhv ri wkh sulflqj
nhuqho dw orqj krul}rqv1 Wklv uhvxow dssolhv qrw rqo| wr wkh sduwlfxodu vshfl�fdwlrq
frqvlghuhg khuh/ exw wr dq| vwdwlrqdu| sulflqj nhuqho1 Jlyhq wkh uhtxluhphqw
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ri d qrqvwdwlrqdu| sulflqj nhuqho/ zh fkrrvh frqvxpswlrq dqg glylghqgv wr eh
qrqvwdwlrqdu|1 Zh wklqn wkdw vshfli|lqj frqvxpswlrq wr eh vwdwlrqdu| zkloh
kdylqj d qrq0vwdwlrqdu| sulflqj nhuqho zrxog eh dq d sulrul xqdsshdolqj surshuw|
ri dq| uhsuhvhqwdwlrq1

Wkh uhvw ri wklv vxevhfwlrq pdnhv wkh fodlpv lq wkh suhylrxv sdudjudsk suhflvh1
Iluvw zh vhw xs vrph gh�qlwlrqv iru wkh whup vwuxfwxuh1 Zh gh�qh wkh frqwlqx0

rxvo| frpsrxqghg whup suhplxp iru d n�shulrg glvfrxqw erqg dv

kSS
| +n, @ H|

�
orj

�
U|c|n� ^4|n&`

U|c|n� ^4|n�`

��

zkhuh U|c|n� ^4|n&` phdvxuh wkh jurvv uhwxuq iurp kroglqj iurp wlph w wr w. 4 d
fodlp wr rqh xqlw ri wkh frqvxpswlrq jrrg wr eh gholyhuhg dw wlph w. n= Gh�qh
wkh frqwlqxrxvo| frpsrxqghg |lhog gl�huhqwldo ehwzhhq d n0shulrg glvfrxqw
erqg dqg d rqh0shulrg/ ulvn0ohvv erqg dv

|SS| +n, @ orj

#
Y| ^4|n�`

+Y| ^4|n&`,
�*&

$
=

Zh vd| wkdw d nhuqho lv vwdwlrqdu| li iP|n�j lv vwdwlrqdu| dqg hujrglf1 Zh
vkrz khuh wkdw zlwk d vwdwlrqdu| sulflqj nhuqho wkh h{fhvv uhwxuqv iru d glvfrxqw
erqg wkdw pdwxuhv yhu| idu lq wkh ixwxuh wdnhv d yhu| vlpsoh irup1

Sursrvlwlrq 8141 Li wkh sulflqj nhuqho lv vwdwlrqdu| wkhq

kSS
| +4, @ orjH| ^P|n�`�H| orjP|n�>

|SS| +4, @ orjH| ^P|n�`� orjP|=

Qrz zh uhodwh rxu h{suhvvlrq iru wkh orqj0uxq whup suhpld zlwk vrph rwkhu
revhuydeoh txdqwlwlhv1 Zh iroorz d vlplodu dujxphqw dv lq Frfkudqh +4<<5, ru
Edqvdo dqg Ohkpdqq +4<<:, wr uhodwh wkh vl}h ri wkh whup suhpld zlwk wkh uhwxuq
rq wkh jurzwk rswlpdo sruwirolr1

Sursrvlwlrq 8151 Li wkh sulflqj nhuqho lv vwdwlrqdu|/ wkhq

H ^kSS
| +4,` @ H ^|SS| +4,` A H

k
orj

�
U

�
|c|n�

�l
�H ^orj +U|c|n� ^4|n�`,` = +814,

zkhuh U
�
|c|n� lv wkh kroglqj uhwxuq rq dq| dvvhw1
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Htxdwlrq +814, lpsolhv wkdw/ li wkh sulflqj nhuqho lv vwdwlrqdu|/ wkh dyhudjh orqj0
vkruw whup vsuhdg lv vxshulru wr wkh frqwlqxrxvo| frpsrxqghg h{shfwhg h{fhvv
uhwxuq ri dq| dvvhw/ iru lqvwdqfh wkh htxlw| suhplxp1 Wklv lqhtxdolw| fdq hdvlo|
eh uhmhfwhg e| klvwrulfdo dyhudjhv1 Frqvlghu wkh uhwxuq rq wkh djjuhjdwh X1V1
vwrfn pdunhw dv wkh dvvhw U�

|c|n�1 Lq wklv fdvh/ wkh erxqg lv fohduo| ylrodwhg dv
vkrzq lq wkh wdeoh ehorz=

4<;<04<<: 4<5904<<:

+4, H
k
orj

�
U.^
|c|n�

�l
313999 313:43

+5, H ^orj +U|c|n� +4|n�,,` 31344; 31338;

+4,0+5, 31387; 313985

H ^|SS| +4,` 31338< 313473
H ^kSS| +4,` 313378 3134691

8151 Hvwlpdwlqj wkh ordglqj yhfwru o6 dqg �

Rqfh wkh odz ri prwlrq ri wkh vwdwh yhfwru lv hvwlpdwhg/ zh qhhg wr hvwlpdwh wkh
ydulrxv ordglqj frh!flhqwv rq wkh vwdwhv/ o6/ soxv wkh wlph glvfrxqw idfwru/ �1 Zh
zloo fkrrvh +o6> �, lq rughu wr plqlpl}h @ @ ^� � i+o6> �,`

� �Z � ^� � i+o6> �,`/
zkhuh � lv d yhfwru ri prphqwv wr pdwfk/ i+o6> �, frqwdlqv wkh fruuhvsrqglqj
prphqwv jhqhudwhg e| rxu dvvhw sulflqj prgho dqg Z lv d zhljkwlqj pdwul{1

Rxu dqdo|vlv lq Vhfwlrq 7 ri wkh ixqgdphqwdo frpsrqhqwv ri wkh htxlw| suh0
plxp dqg ri wkh pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw| vxjjhvwv zh irfxv rq
d sulflqj nhuqho wkdw lv jrrg dw h{sodlqlqj klvwrulfdo djjuhjdwh vwrfn sulfh ehkdy0
lru dqg wkh uhdo whup vwuxfwxuh1 Vshfl�fdoo|/ zh fkrrvh wkh dvvhw sulflqj nhuqho
wr uhsolfdwh wkh X1V1 dyhudjh glylghqg0sulfh udwlr dqg wkh htxlw| suhplxp1 Zh
frqvlghu wzr zd|v ri uhsolfdwlqj wkh htxlw| suhplxp1 Iluvw/ e| dsso|lqj wkh sulf0
lqj nhuqho wr wkh hvwlpdwhg surfhvv ri glylghqgv/ rxu prgho jhqhudwhv d vhulhv ri
frqglwlrqdo htxlw| suhpld iru zklfk zh frpsxwh wkh vdpsoh phdq

i�+o6> �, @
4

W

A[
|'�

k
4 . �_| +v|> o6> �,

l
>

zkhuh �_| +=, lv gh�qhg dv � +=, lq htxdwlrq +718, h{fhsw wkdw wkh sd|rxw surfhvv
uhsuhvhqwv djjuhjdwh glylghqgv lqvwhdg ri djjuhjdwh frqvxpswlrq1 Rxu vhfrqg
prphqw frqglwlrq uhodwlyh wr wkh htxlw| suhplxp dssolhv wkh sulflqj nhuqho wr
uhdol}hg X1V1 h{fhvv vwrfn uhwxuqv/ YZU|c|n� �Us

|c|n�/ vr wkdw

i�+o6> �, @
4

W

A[
|'�

� h{s +o6 +v|n� � v|,, �
�
YZU|c|n� �Us

|c|n�

�
>
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zlwk �� @ 31 Lq Wdeoh 5/ zh uhihu wr wkhvh wzr frqglwlrqv dv H
�
U_@Us

�
dqg

H
�
YZU�Us

�
uhvshfwlyho|1 Zh dovr pdnh wkh nhuqho �w wkh dyhudjh uhdo uhwxuq

rq d ulvn0ohvv vkruw whup erqg dqg wkh dyhudjh uhdo |lhog rq d 53 |hdu erqg1<

8161 Gh�qlqj exvlqhvv f|fohv

Zh qrz ghvfuleh krz zh vshfli| wkh surfhvv fruuhvsrqglqj wr wkh frqvxpswlrq
wuhqg i(j1 Zh fkrrvh wzr dssurdfkhv1 Dv rxu �uvw dssurdfk/ zh vshfli| wkh
orjdulwkp ri wkh frqvxpswlrq wuhqg wr eh d rqh0vlghg prylqj dyhudjh ri fxuuhqw
dqg sdvw frqvxpswlrq/ oq +E� , @

Sg
&'f d& � f�3&/ iru dssursuldwh prylqj dyhudjh

frh!flhqwv143 Dv rxu vhfrqg dssurdfk/ zh vhw wuhqg frqvxpswlrq htxdo wr lwv
frqglwlrqdo h{shfwdwlrq/ (� @ H| +F� ,1

Zh gh�qh exvlqhvv f|fohv wr eh wkh f|folfdo pryhphqwv wkdw odvw ; |hduv dqg
ohvv/ vr wkdw rxu wuhqg i(j frqwdlqv pryhphqwv ri ; |hduv dqg pruh1 Dvvxplqj
exvlqhvv f|fohv wr odvw xs wr ; |hduv lv frqvlvwhqw zlwk wkh gh�qlwlrq ri Exuqv dqg
Plwfkho +4<79, dqg zlwk pdq| uhfhqw vwxglhv ghvfulelqj exvlqhvv f|foh surshuwlhv1
Wklv dovr fruuhvsrqgv dssur{lpdwho| wr wkh gh�qlwlrq ri exvlqhvv f|fohv lpsolhg
e| wkh zlgho| xvhg Krgulfn0Suhvfrww �owhu iru txduwhuo| gdwd zlwk d vprrwklqj sd0
udphwhu ri 49331 Iru frpsdulvrq zh dovr uhsruw uhvxowv iru wuhqgv zlwk iuhtxhqf|
fxwr�v dw 45/ 49 dqg 53 |hduv1

Zh fkrrvh wkh prylqj0dyhudjh frh!flhqwv/ id&j/ vr dv wr uhsuhvhqw d edqg0
sdvv �owhu wkdw ohwv sdvv iuhtxhqflhv wkdw fruuhvsrqg wr f|fohv ri \ |hduv dqg
pruh1 Edqg0sdvv �owhuv duh uhsuhvhqwhg lq wkh wlph grpdlq e| lq�qlwh rughu wzr0
vlghg prylqj dyhudjhv1 Krzhyhu/ d uhtxluhphqw ri rxu dqdo|vlv lv wr kdyh wuhqg
frqvxpswlrq dw wlph w wr eh ixqfwlrq ri lqirupdwlrq dydlodeoh dw wlph w> wkxv rxu
fkrlfh ri d rqh0vlghg prylqj dyhudjh1

Zh fkrvh wkh prylqj dyhudjh frh!flhqwv ri rxu wuhqg frqvxpswlrq xvlqj wkh
surfhgxuhv suhvhqwhg e| Ed{whu dqg Nlqj +4<<8/ ;,1 Ohw � +$, eh wkh iuhtxhqf|
uhvsrqvh ixqfwlrq ri wkh ghvluhg orz0sdvv �owhu/ zklfk lq rxu fdvh lv htxdo wr
rqh iru iuhtxhqflhv orzhu wkdq \ |hduv dqg }hur rwkhuzlvh1 Ohw �g +$, eh wkh
iuhtxhqf| uhvsrqvh ixqfwlrq dvvrfldwhg zlwk d vhw ri prylqj dyhudjh frh!flhqwv
id&j

g

&'�
1 Zh vhohfw wkh prylqj dyhudjh frh!flhqwv id&j vr wkdw �g dssur{lpdwhv

�1 Lq sduwlfxodu/ rxu fkrlfh ri id&j plqlpl}hv]
3Z

Z

m� +$,� �g +$,m2 i +$, g$>

<Sudfwlfdoo|/ zh pdnh wkh prgho �w wkh dyhudjh |lhog ri d }hur frxsrq erqg ri 46 |hduv

pdwxulw|/ jlyhq wkdw wklv fruuhvsrqgv dssur{lpdwho| wr wkh gxudwlrq ri wkh 53 |hdu jryhuqphqw

frxsrq erqg lq rxu klvwrulfdo gdwd vhw1
43Zlwk wklv gh�qlwlrq ri wkh wuhqg ( / .f E�|� �' .f E(|�/ ehfdxvh ( lv d qrqolqhdu ixqfwlrq ri

�1 Txdqwlwdwlyho|/ krzhyhu/ wklv gl�huhqfh lv qhjoljleoh dv zh vkrz lq wkh dsshqgl{1
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zkhuh i +$, lv d zhljkwlqj ixqfwlrq uhsuhvhqwlqj +dq dssur{lpdwlrq wr, wkh vshf0
wudo ghqvlw| ri wkh vhulhv wr eh �owhuhg1 Lq wklv plqlpl}dwlrq/ zh lpsrvh wkh
frqglwlrq �g +3, @ 4/ zklfk lpsolhv wkdw

S
g

&'f
d& @ 41

Zh �{ wkh qxpehu ri odjjlqj prylqj dyhudjh frh!flhqwv wr eh �iwhhq + l1h1/
N @ 48,/ dqg zh xvh wkh vshfwudo ghqvlw| ri dq DU+4, zlwk dxwrfruuhodwlrq 3=<<
iru wkh zhljkwlqj ixqfwlrq i / ehfdxvh wklv pdwfkhv dssur{lpdwho| wkh vshfwudo
ghqvlw| ri frqvxpswlrq1

Xqiruwxqdwho|/ rqh0vlghg �owhuv duh idu iurp shuihfw orz0sdvv �owhuv1 Ehlqj
rqh0vlghg/ wkhvh �owhuv fdqqrw dyrlg wr lqwurgxfh d skdvh vkliw/ l1h1 wkh wuhqg
dqg lwv dvvrfldwhg ghyldwlrqv zloo eh odjjlqj wkh vhulhv1 Wkh remhfwlyh ixqfwlrq
glvsod|hg deryh lv forvho| uhodwhg wr wkh yduldqfh ri wkh gl�huhqfh ri wkh ghvluhg
vhulhv dqg wkh lpsolhg �owhuhg vhulhv1 Wkxv/ wklv remhfwlyh ixqfwlrq wudghv0r� wkh
skdvh vkliw ri wkh �owhuhg vhulhv zlwk wkh ghvluhg vkdsh ri wkh vshfwudo ghqvlw|144

Wklv fdq eh vhhq e| sorwwlqj wkh wudqvihu ixqfwlrq ri wkh �owhu dv lq Iljxuh 5
lq wkh ohiw sdqho1 Wkh wudqvihu ixqfwlrq vkrxog eh rqh lq0ehwzhhq wkh ghvluhg
iuhtxhqflhv dqg }hur iru kljkhu iuhtxhqflhv1 Lqvwhdg/ lw whqgv wr ohw sdvv xs wr
63( ri wkh yduldqfh dw kljkhu iuhtxhqflhv/ vr wkdw wkh frpsxwhg wuhqg frqwdlqv d
vxevwdqwldo dprxqw ri f|folfdo yduldelolw|1 Dv vkrzq lq wkh uljkw sdqho ri Iljxuh
5/ wkh fruuhvsrqglqj wzr0vlghg edqg0sdvv �owhu �wv wkh lghdo �owhu*v vwhs ixqfwlrq
pxfk forvhu�uhphpehu wkdw d v|pphwulf wzr0vlghg �owhu grhv qrw lqwurgxfh d
skdvh vkliw1 Wkh fruuhvsrqglqj wlph0grpdlq uhsuhvhqwdwlrq lv lq Iljxuh 6D lq
wkh �uvw sdqho1 Fohduo|/ wkh rqh0vlghg �owhu jhqhudwhv f|folfdo pryhphqwv wkdw
duh ohvv yrodwloh wkdq wkrvh iurp wkh fruuhvsrqglqj wzr0vlghg �owhu vkrzq e| wkh
wklq olqh1 Wkh vhfrqg sdqho lq Iljxuh 6D dqg Iljxuh 6E suhvhqw frqvxpswlrq
ghyldwlrqv iurp wuhqgv fruuhvsrqglqj wr fxwr�v ri 45/ 49 dqg 53 |hduv/ doorzlqj
iru frpsdulvrqv zlwk wkh ghyldwlrqv rewdlqhg zlwk wkh wzr0vlghg �owhu iru ; |hdu

44Wklv fdq eh vhhq e| uhzulwlqj wkh remhfwlyh ixqfwlrq dv iroorzv=

]
Z

3Z

�q E/�3 kg E/��2 s E/� _/

'

]
Z

3Z

E�q E/�� 3 �kg E/���2 s E/� _/

n

]
Z

3Z

2q E/� �kg E/�� d�3 ULt E�
g
E/��o s E/� _/

zkhuh �
g
E/� ghqrwhv wkh skdvh vkliw ri wkh �owhu1 Wkxv/ wkh remhfwlyh ixqfwlrq fdq eh zulwwhq

dv wkh vtxduh ri wkh gl�huhqfhv ri wkh jdlqv ri wkh �owhuv/ E�q E/�� 3 �kg E/���2/ soxv d whup wkdw
ghshqgv rq wkh skdvh vkliw1 Wklv vhfrqg whup lv }hur/ li wkh �owhu kdv qr skdvh vkliw1 Iru lqvwdqfh/
d v|pphwulf wzr0vlghg �owhu kdv qr skdvh vkliw/ vr lw dovr �wv wkh jdlq ri wkh dssur{lpdwh �owhu
+dqg wkxv wkh wudqvihu ixqfwlrq,1 Lqvwhdg/ d rqh0vlghg �owhu kdv wr �qg wkh wudgh0r� ehwzhhq
wkhvh wzr irufhv1
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f|fohv1

Edvhg rq wklv frpsdulvrqv zh ghflgh wr pdnh dq dg krf dgmxvwphqw wr wkh rqh0

vlghg �owhu vr dv wr uhsolfdwh wkh dprxqw ri exvlqhvv f|foh yrodwlolw| rewdlqhg iurp

wkh pruh dffxudwh wzr0vlghg �owhu1 Dv vkrzq lq Iljxuh 5D/ wkh vhulhv jhqhudwhg

e| wkh rqh0vlghg �owhu lv vwurqjo| fruuhodwhg zlwk wkh rqh iurp wkh wzr0vlghg �owhu/

exw lw lv ohvv yrodwloh1 Wkxv zh fkrrvh wr vfdoh xs wkh yrodwlolw| e| pxowlso|lqj wkh

f|folfdo ghyldwlrqv e| d frqvwdqw � A 41 Wklv lv dfklhyhg e| gh�qlqj wkh dgmxvwhg

wuhqg/ EW
|
/ dv

E
W

|
@ +4� �, f| . �E|1

Zlwk � @ 4=7 wkh vwdqgdug ghyldwlrq ri wkh vfdohg rqh0vlghg �owhu lv derxw htxdo

wr wkh rqh iurp wkh wzr0vlghg �owhu1 Wkh lpsolhg wudqvihu ixqfwlrq ri wkh dgmxvwhg

orz0sdvv �owhu gh�qlqj wkh wuhqg lv suhvhqwhg lq Iljxuh 7= wkh ghyldwlrqv iurp

wkh lghdo �owhu duh vrphzkdw odujhu durxqg wkh fxwr� iuhtxhqflhv/ iru wkh exvlqhvv

f|foh iuhtxhqflhv wkh dgmxvwhg �owhu uhsuhvhqwv d vljql�fdqw lpsuryhphqw1 Dv

zh vkrz ehorz/ wkh dssur{lpdwh pdujlqdo frvw lpsolhg e| wkh dgmxvwhg �owhu lv

rewdlqhg e| wkh vdph vfdolqj vr wkdw $6W �@ � � $61

Zh dovr uhsruw uhvxowv edvhg rq vrph rwkhu srsxodu prylqj0dyhudjh �owhuv1

D jhrphwulf �owhu lv vshfl�hg vr wkdw d& @ �
&n�
} dqg

Sg
&'f d& @ 4/ iru N @ 8>

wkxv �} @ 3=83741 D olqhdu �owhu lv vshfl�hg vr wkdw d& @ �,

�
4� &

gn�

�
dqg

Sg
&'f d& @ 4/ zklfk jlyhv d vorsh vr wkdw wkh qh{w srwhqwldo zhljkw dgn� @ 3>

wkxv �, @ 3=5;8: zlwk N @ 81 Zh fkrrvh d odj ohqjwk ri N @ 8 ehfdxvh wkh
rqh0vlghg iuhtxhqf| grpdlq �owhuv zlwk 48 odjv wkdw zh xvh kdyh prylqj dyhudjh
frh!flhqwv wkdw duh qrw wrr gl�huhqw iurp }hur iru odjv odujhu wkdq 81 Iljxuh 6F
vkrzv wkh f|folfdo frqvxpswlrq frpsrqhqwv lq wkhvh fdvhv1

8171 Ilqglqjv dqg glvfxvvlrq

Lq wdeoh 5D wr 5G zh uhsruw hvwlpdwhv iru ydulrxv vwdwh0vsdfh v|vwhpv/ ydulrxv
ordglqj vwdwhv dqg ydulrxv prphqwv wr �w iru wkh frpsohwh vdpsoh dqg iru wkh
srvwzdu shulrg1 Zh kdyh fkrvhq wkh iroorzlqj dojrulwkp iru plqlpl}lqj wkh vxp ri
vtxduhv ri wkh glvfuhsdqflhv ehwzhhq prgho jhqhudwhg prphqwv dqg wkh gdwd/ @1
Zh vwduw e| hvwlpdwlqj v|vwhpv zlwk dv pdq| frh!flhqwv dv wkhuh duh prphqwv/
xvlqj d gldjrqdo zhljkwlqj pdwul{ wkdw dvvljqv d zhljkw ri 4@8 wr wkh prphqwv
lqyroylqj wkh htxlw| suhplxp/ dqg 4 iru wkh uhpdlqlqj prphqwv1 Dv vkrzq lq
wdeohv 5D wr 5G lq wkh odvw froxpq hqwlwohg �Ilw� / iru pdq| v|vwhpv zh duh
deoh wr gulyh @ wr 31 Dv d plqlpxp uhtxluhphqw iru �w zh lpsrvh d pd{lpxp
glvfuhsdqf| ri 4=8( iru wkh prphqwv lqyroylqj wkh htxlw| suhplxp dqg 3=6(
iru wkh rwkhuv1 Lq vrph fdvhv zh duh deoh wr rewdlq d vdwlvidfwru| �w rqo| diwhu
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uhprylqj rqh ri wkh iruhfdvwlqj yduldeohv ru fkdqjlqj voljkwo| wkh vdpsoh shulrg1
Li wklv h{dfwo| lghqwl�hg dssurdfk idlov wr surylgh d vdwlvidfwru| �w/ zh pryh wr
dq ryhulghqwl�hg v|vwhp pdunhg e| cRL*/ e| dgglqj rqh prphqw frqglwlrq/ dqg
zh uhsruw wkh uhvxow zlwk wkh orzhvw @1

Ryhudoo/ iru  xfwxdwlrqv gh�qhg e| wkh ;0|hdu �owhu zh �qg rq dyhudjh d
pdujlqdo frvw ri derxw 3=73( ri olihwlph frqvxpswlrq iru wkh shulrg 4;;<04<<:
dqg ri derxw 3=53( iru wkh shulrg 4<870<:1 Zlwk rxu dgmxvwphqw wr wkh rqh0vlghg
�owhu/ dv h{sodlqhg lq wkh suhylrxv vhfwlrq zlwk � @ 4=7/ zh hvwlpdwh wkh pdujlqdo
frvw ri exvlqhvv f|fohv wr eh derxw 3=88( edvhg rq wkh hqwluh vdpsoh dqg derxw
3=63( iru wkh srvw0zdu shulrg1 Lpsrvlqj frlqwhjudwlrq ehwzhhq frqvxpswlrq dqg
glylghqgv |lhogv dq hvwlpdwh ri d ihz edvlv srlqwv kljkhu wkdq zlwkrxw frlqwhjud0
wlrq145 Iru frpsdulvrq/ wkh olqhdu dqg wkh jhrphwulf �owhuv lpso| pdujlqdo frvwv
ri derxw 3=:8( dqg 4=:8( ri frqvxpswlrq iru wkh hqwluh vdpsoh dqg wkh srvw0zdu
shulrg/ uhvshfwlyho|1

Wkh froxpq odehoohg clqi* uhsruwv wkh frvw ri doo frqvxpswlrq xqfhuwdlqw|/
wkdw lv/ lqfoxglqj f|fohv ri dq| ohqjwk1 Vshfl�fdoo|/ (� @ H| +F� ,1 Zh �qg yhu|
odujh frvwv1 Zlwk frlqwhjudwhg frqvxpswlrq dqg glylghqgv/ pdq| v|vwhpv |lhog
frvwv dw durxqg 63( ri olihwlph frqvxpswlrq/ zlwkrxw frlqwhjudwlrq wkh| dprxqw
lq jhqhudo wr vhyhudo kxqguhg shufhqwv1 Wkhvh qxpehuv duh frqvlvwhqw zlwk wkh
rughuv ri pdjqlwxghv zh irxqg iru wkh frvw ri glylghqg xqfhuwdlqw| lq vhfwlrq
+71514,1 Wkhvh qxpehuv duh dovr frqvlvwhqw zlwk wkh lqwxlwlrq surylghg e| wkh orj0
olqhdu udqgrp zdon fdvh lq vhfwlrq +71414,1 Ixqgdphqwdoo|/ frqvxphuv yhu| pxfk
glvolnh wkh srvvlelolw| wkdw frqvxpswlrq fdq zdqghu r� yhu| idu iurp lwv h{shfwhg
sdwk�frqvlvwhqw zlwk wklv lqwhusuhwdwlrq/ wkh dgglwlrqdo vwuxfwxuh surylghg e|
wkh frlqwhjudwlrq uhvwulfwlrq |lhogv orzhu frvwv146

Orrnlqj dfurvv wkh gl�huhqw vshfl�fdwlrqv/ rxu phdvxuhv dsshdu urexvw iru
wkh gl�huhqw prylqj dyhudjh �owhuv/ hyhq wkrxjk wkh ordglqj frh!flhqwv rq vrph
vwdwhv gl�hu vrphwlphv vxevwdqwldoo| dfurvv fdvhv1 Wkhuh lv pruh yduldelolw| iru
phdvxuhv ri frqvxpswlrq xqfhuwdlqw|1 Rqh uhdvrq iru wkh yduldelolw| lq phdvxulqj
wkh frvwv ri frqvxpswlrq xqfhuwdlqw| lv wkdw lq vrph fdvhv sulfhv iru wkh shushwxdo
erqgv zlwk jurzlqj frxsrqv ehfrph yhu| odujh/ l1h1 orqj whup |lhogv duh orz
uhodwlyh wr wkh wuhqg jurzwk udwh1

45Wdnlqj dq dyhudjh ryhu doo uhsruwhg hvwlpdwhv fruuhvsrqglqj wr wkh ;0|hdu �owhu lq Wdeoh

5 zh kdyh 3168( dqg 3175( iru wkh shulrg 4;;<04<<: zlwkrxw dqg zlwk frlqwhjudwlrq ehwzhhq
frqvxpswlrq dqg glylghqgv/ 314:( dqg 3155( iru wkh shulrg 4;8704<<: zlwkrxw dqg zlwk frlq0
whjudwlrq ehwzhhq frqvxpswlrq dqg glylghqgv1

46Dv h{sodlqhg lq Vhfwlrq +815, zh prgho frqvxpswlrq dv qrq0vwdwlrqdu| ehfdxvh d vwdwlrqdu|
frqvxpswlrq surfhvv lv qrw frqvlvwhqw zlwk kdylqj d nhuqho wkdw fdq vlpxowdqhrxvo| h{sodlq d
odujh htxlw| ulvn suhplxp dqg d uhodwlyho|  dw uhdo whup vwuxfwxuh1
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8181 Wkh pdujlqdo frvw ri  xfwxdwlrqv lq d vlpsohu fdvh

Lq wklv vhfwlrq zh vshfldol}h wkh nhuqho dqg wkh sd|r�v e| dvvxplqj wkdw wkh| duh

jlyhq e| udqgrp zdonv1 Xqghu wkh udqgrp zdon dvvxpswlrq/ prvw ri wkh g|0

qdplfv duh holplqdwhg= lqwhuhvw udwhv/ glylghqg0sulfh udwlrv/ dqg h{shfwhg h{fhvv

uhwxuqv duh doo frqvwdqw1 Iru wklv uhdvrq/ zh fdq suhvhqw wkh pdujlqdo frvw lq d vlp0

soh dqg lqwxlwlyh irup1 Wkh pdujlqdo frvw ri  xfwxdwlrqv lv dssur{lpdwho| htxdo

wr wkh frqvxpswlrq htxlw| suhplxp pxowlsolhg e| d vlpsoh h{suhvvlrq ri id�j/ wkh
prylqj dyhudjh frh!flhqwv wkdw gh�qh i(|j dv d ixqfwlrq ri iF|j1 Iru lqvwdqfh/
iru wkh ;/ 45/ 49 dqg 53 |hdu �owhuv xvhg lq wkh suhylrxv vhfwlrq wkh pdujlqdo frvw

ri  xfwxdwlrqv htxdov dssur{lpdwho| 316;/ 31:5/ 3:: dqg 31;; wlphv wkh frqvxps0

wlrq htxlw| suhplxp1 Zh vkrz wkdw wkh frqvxpswlrq htxlw| suhplxp htxdov wkh

fryduldqfh ehwzhhq wkh sulflqj nhuqho dqg wkh frqvxpswlrq jurzwk udwh/ dqg zh

hvwlpdwh wklv fryduldqfh e| �wwlqj d sulflqj nhuqho wr dyhudjh h{fhvv uhwxuqv1 Zh

�qg wkdw wkh uhvxowv duh vlplodu wr wkh rqhv rewdlqhg �wwlqj d pruh jhqhudo yhu0

vlrq ri wkh sulflqj nhuqho lq wkh suhylrxv vhfwlrq1 Dgglwlrqdoo|/ zh h{soruh wkh

frqvhtxhqfhv ri lqwurgxflqj pruh dvvhwv/ qdpho| FUVS ghfloh sruwirolrv/ lq rxu

dqdo|vlv1

Zh vwduw e| vshfldol}lqj wkh orj0olqhdu iudphzrun wr wkh iroorzlqj=

v|n� @ v| . %|n�

zkhuh %|n� lv pxowlyduldwh qrupdo l1l1g wkurxjk wlph zlwk phdq }hur1 Lq wklv fdvh/

wkh sulflqj nhuqho fdq eh zulwwhq dv=

�p|n� � orj
P|n�

P|

@ o6 � %|n�=

Qrwlfh wkdw lpsolflw lq wklv vshfl�fdwlrq ri wkh vwdwh vsdfh lv wkh dvvxpswlrq wkdw

frqvxpswlrq dqg glylghqgv ri dq| dvvhw lqfoxghg lq wkh vwdwh vsdfh iroorz udqgrp

zdonv/ srvvleo| zlwk fruuhodwhg lqqrydwlrqv1 Ohw G| eh wkh glylghqg ri dq| vxfk

dvvhw dqg ohw �g|n� � orj
(|n�

(|

1 Xqghu wkhvh dvvxpswlrq zh kdyh wkh iroorzlqj

zhoo nqrzq uhvxowv1

Sursrvlwlrq 8161 Li wkh orj sulflqj nhuqho dqg wkh orj glylghqgv duh udqgrp

zdonv zlwk krprvnhgdvwlf lqqrydwlrqv wkhq lqwhuhvw udwhv/ glylghqg0sulfh udwlrv

dqg h{shfwhg uhwxuqv ri htxlwlhv duh doo frqvwdqw> pruhryhu/ h{shfwhg uhwxuqv ri

vwulsv duh doo htxdo wr wkh h{shfwhg uhwxuqv ri wkh fruuhvsrqglqj htxlw| fodlpv1

Ixuwkhupruh/ dvvxplqj wkdw wkh lqqrydwlrqv duh qrupdo/ wkh udwlr ri wkh h{shfwhg

uhwxuq ri d ulvn| vwuls sd|lqj G|nr dw gdwh w . v wr wkh rqh shulrg lqwhuhvw udwh

Us dqg wkh h{fhvv uhwxuq iru htxlw| sd|lqj glylghqgv htxdo wr wkh surfhvv iGj
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duh jlyhq e|

H| +U|n� ^iGj`,

Us

@
H| +U|n� ^G|nr`,

Us

@ h{s +�fry +p|n�> g|n�,, iru doo v � 4=

+815d,
Li H

�
Ue
|n�

�
lv d yhfwru ri h{fhvv h{shfwhg uhwxuqv wkhq wkh ordglqj yhfwru lv jlyhq

e|

orjH +U|n�, @ o6 �	 +816,

zkhuh 	 @ ^fry +�v|n�c�>�g|n�c�,`�c� lv wkh fryduldqfh pdwul{ ri wkh lqqrydwlrqv lq

wkh jurzwk udwh ri vwdwh l zlwk wkh lqqrydwlrqv lq wkh jurzwk udwh ri wkh glylghqgv

ri vwrfn m1

Xqghu wkh dvvxpswlrqv xvhg lq wkh suhylrxv sursrvlwlrq/ glylghqg jurzwk
udwhv dqg wrwdo uhwxuqv duh shuihfwo| fruuhodwhg/ vlqfh glylghqg0sulfh udwlrv duh
frqvwdqw1 Lq rxu lpsohphqwdwlrq/ zh xvh frqvxpswlrq dqg2ru uhwxuqv ri eurdg
lqglfhv dv vwdwhv1 Zlwk frqvxpswlrq dv wkh glylghqg/ wkh suhylrxv sursrvlwlrq
vd|v wkdw wkh pxowlsolfdwlyh h{fhvv uhwxuq ri frqvxpswlrq htxlw| htxdov plqxv wkh
fryduldqfh ri wkh nhuqho zlwk frqvxpswlrq jurzwk=

H +U|n� ^iF|nrj
"

r'�`,

Us

@ h{s +�fry +�p|n�>�f|n�,, =

Qrz zh suhvhqw d sursrvlwlrq wkdw olqnv wkh pxowlsolfdwlyh h{fhvv uhwxuq ri
frqvxpswlrq htxlw| wr wkh prylqj dyhudjh frh!flhqwv ri wkh wuhqg i(|j1

Sursrvlwlrq 8171 Ohw wkh wuhqg (| eh gh�qhg dv

orj(| @ � +w, .
g[
�'f

d� orjF|3�

zkhuh � +w, duh frqvwdqw fkrvhq vr wkdw

Hf +(|, @ Hf +F|, =

Xqghu wkh dvvxpswlrq ri wkh orj0olqhdu v|vwhp wkh udwlr ehwzhhq wkh sulfh ri d

ulvn| vwuls sd|lqj (| dqg rqh sd|lqj F| lv jlyhq e|

Yf ^(|`

Yf ^F|`
@ h{s

5
7fryf

3
Cp|>

a[
�'f

d�f|3�

4
D
� fryf +p|> f|,

6
8 =
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Ixuwkhupruh/ li wkh sulflqj nhuqho dqg frqvxpswlrq duh udqgrp zdonv wkhq iru

wkh vwulsv iru zklfk w A N/

Yf ^(|`

Yf ^F|`
@

�
H +U� ^F|`,

Us

�d�3@fn�3E@fn@��nuuu�3E@fn@���n@g�o

= +817,

Wkh uroh ri wkh frqvwdqwv � +w, lv wr hqvxuh wkdw (| kdv wkh vdph frqglwlrqdo
h{shfwdwlrq dv F|1 Wklv dgmxvwphqw lqyroyhv d Mhqvhq*v lqhtxdolw| fruuhfwlrq/
gxh wr rxu dvvxpswlrq wkdw wkh orjdulwkp ri (|/ dv rssrvhg wr mxvw lwv ohyho/ lv
d prylqj dyhudjh ri wkh orjdulwkpv ri F|1 Zh vkrz lq wkh dsshqgl{ wkdw wklv
dgmxvwphqw lv txdqwlwdwlyho| qhjoljleoh1

Wkhvh sursrvlwlrqv frpsohphqw rxu hduolhu uhvxowv1 Wkh �uvw sursrvlwlrq h{0
sodlqv krz zh lghqwli| wkh frqvxpswlrq htxlw| suhplxp e| xvlqj h{fhvv uhwxuq
rq vhfxulwlhv1 Wkh vhfrqg sursrvlwlrq h{sodlqv krz zh xvh wkdw lqirupdwlrq dqg
wkh ydoxhv ri wkh prylqj dyhudjh frh!flhqwv iru phdvxulqj wkh pdujlqdo frvw ri
 xfwxdwlrqv1 Lq sduwlfxodu/ uhfdoo wkdw wkh pdujlqdo frvw ri hfrqrplf  xfwxdwlrqv
lv jlyhq e| wkh udwlr ri wkh sulfhv ri d fodlp sd|lqj wuhqg frqvxpswlrq uhodwlyh
wr d fodlp zlwk sd|lqj frqvxpswlrq1 Wkh udwlr ri wkh sulfhv ri wkhvh orqj olyhg
vhfxulwlhv fdq eh zulwwhq dv

Yf ^i(j`

Yf ^iFj`
@

"[
|'�

z| ^F|`
Yf ^(|`

Yf ^F|`

zkhuh z| ^F|` @
Tfd�|o
Tfdt��o

1 Wkxv/ wkh pdujlqdo frvw ri hfrqrplf  xfwxdwlrqv lv jlyhq
e| d zhljkwhg dyhudjh ri wkh udwlr ri vwuls sulfhv1 Wkh udwlr ri wkhvh vwuls sulfhv/
zlwk wkh h{fhswlrq ri wkh vwulsv iru wkh �uvw N vhfxulwlhv/ duh lqghshqghqw ri
wkh gdwh zkhuh wkh| sd|/ dqg htxdo wr wkh h{suhvvlrq lq +817,1 Wkhuhiruh wklv
h{suhvvlrq lv dovr dssur{lpdwho| htxdo wr wkh pdujlqdo frvw

$6 �@ orj +4 . $6, �@ +uSe � us , ^4� df . 4� +df . d�, . � � � 4� +df . d�==. dg,` >
+818,

zkhuh +uSe � us , vwdqgv iru wkh gl�huhqfh ehwzhhq wkh qhw h{shfwhg uhwxuq ri
frqvxpswlrq htxlw| dqg wkh qhw ulvn iuhh lqwhuhvw udwh1 Wkh vhfrqg dssur{lpdwlrq
lv gxh wr wkh �uvw ihz vwulsv iru zklfk m � N1 Dv zh glvfxvv lq wkh dsshqgl{/ wkh
dssur{lpdwlrq huuru lv qhjoljleoh iru rxu dssolfdwlrqv1

Htxdwlrq +818, kdv wkh iroorzlqj lqwhusuhwdwlrq= +uSe � us , fdswxuhv wkh ulvn
suhplxp dvvrfldwhg zlwk frqvxpswlrq> wkh idfwru ^4� df . � � �` fdswxuhv wkh ydul0
delolw| ri wkh ghyldwlrqv iurp wuhqg1 Wr xqghuvwdqg krz wklv idfwru zrunv/ frq0
vlghu wkh fdvh ri prylqj dyhudjh frh!flhqwv id�j wkdw duh srvlwlyh dqg ghfuhdvlqj
lq l dqg frqvlghu wkh iroorzlqj fkdqjh= lqfuhdvh wkh ydoxhv ri d��v fruuhvsrqglqj
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wr orqj odjv +odujh l, dqg ghfuhdvh wkh rqhv fruuhvsrqglqj wr hduolhu odjv +vpdoo l,1
Wklv rshudwlrq lqfuhdvhv wkh idfwru dqg wkxv wkh pdujlqdo frvw1 Wklv rshudwlrq
dovr pdnhv wkh wuhqg vprrwkhu/ vlqfh lw glvwulexwhv wkh zhljkwv pruh hyhqo|1 Frq0
vhtxhqwo|/ wkh ghyldwlrqv iurp wuhqg duh pruh yrodwloh dqg wkxv d kljkhu pdujlqdo
frvw pdnhv vhqvh1

Lq Wdeoh 6/ zh suhvhqw frpsxwdwlrqv iru wkh h{suhvvlrq +818,, uhsuhvhqwlqj wkh
pdujlqdo frvw1 Dv vwdwhv zh xvh frqvxpswlrq dqg2ru uhwxuqv wr ydulrxv FUVS
sruwirolrv1 Wkh ordglqj yhfwru lv �wwhg wr wkh phdq orj h{fhvv uhwxuqv ri ydulrxv
FUVS uhwxuq sruwirolrv1 Wkh wdeoh dovr frqwdlqv vxppdu| vwdwlvwlfv/ vxfk dv
vwdqgdug ghyldwlrqv dqg fruuhodwlrqv ri frqvxpswlrq jurzwk udwhv dqg wkh pdunhw
uhwxuqv wkdw vkrz lqwxlwlyho| zkdw idfwruv duh gulylqj wkh hvwlpdwhv1

Zh zrxog olnh wr kljkoljkw wkuhh w|shv ri �qglqjv1 Iluvw/ hvwlpdwhv ri wkh
frqvxpswlrq htxlw| suhplxp olh ehwzhhq 3=55( dqg 4=99(/ zklfk lv zhoo ehorz
wkh suhplxp iru wkh pdunhw uhwxuq zklfk lv deryh :(1 Wklv lv gxh wr wkh uhodwlyho|
orz frqvxpswlrq yrodwlolw| dqg wkh fruuhodwlrq surshuwlhv ri frqvxpswlrq/ uhwxuqv
dqg wkh vwdwhv1 Vhfrqg/ uhvxowv iru wkh pdujlqdo frvw ri frqvxpswlrq  xfwxdwlrqv
duh vlplodu wr rxu hvwlpdwhv rewdlqhg iurp wkh pruh jhqhudo vshfl�fdwlrq lq wkh
suhylrxv vhfwlrq1 Dqg wklug/ dgglqj dgglwlrqdo htxlw| sruwirolrv vxfk dv wkh FUVS
vl}h ghfloh sruwirolrv/ grhv qrw fkdqjh pxfk wkh uhvxowv1 Wklv lv gxh wr wkh idfw
wkdw rqfh d sruwirolr kdv ehhq lqfoxghg/ dgglwlrqdo sruwirolrv kdyh vpdoo h{wud
srzhu h{sodlqlqj wkh yduldqfh ri wkh frqvxpswlrq jurzwk udwh1

Lq vhfwlrq +816,/ zh kdyh sursrvhg dq dg krf dgmxvwphqw iru wkh rqh0vlghg
�owhu wkdw frqvlvwv lq vfdolqj xs wkh yrodwlolw| ri wkh f|folfdo frpsrqhqw e| wkh
frqvwdqw �1 Wkh qh{w sursrvlwlrq vkrzv krz wklv dgmxvwphqw d�hfwv wkh lpsolhg
pdujlqdo frvw1

Sursrvlwlrq 8181 Ohw wkh wuhqg (W
|
eh gh�qhg dv

orj(W
|
@ �W +w, . +4� �, orjF| . � orj(|

@ �W +w, . +4� �, orjF| . �

g[
�'f

d� orjF|3�

zkhuh wkh �W +w, duh frqvwdqw fkrvhq vr wkdw

Hf +(
W

| , @ Hf +F|, =

Xqghu wkh dvvxpswlrq ri wkh orj0olqhdu v|vwhp wkh udwlr ehwzhhq wkh sulfh ri d

ulvn| vwuls sd|lqj (| dqg rqh sd|lqj F| lv jlyhq e|

Yf ^(|`

Yf ^F|`
@ � h{s
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Ixuwkhupruh/ li wkh sulflqj nhuqho dqg frqvxpswlrq duh udqgrp zdonv wkhq iru

wkh vwulsv iru zklfk w A N/

Yf ^(|`

Yf ^F|`
@

�
H +U� ^F|`,

Us

�wd�3@fn�3E@fn@��nuuu�3E@fn@���n@g�o

= +819,

Jlyhq wkdw wkh Mhqvhq*v lqhtxdolw| whupv ghwhuplqlqj �W +w, duh ri vhfrqg0rughu
lpsruwdqfh/ wkh pdujlqdo frvw zlwk wkh dgmxvwhg wuhqg lv wkhuhiruh dssur{lpdwho|
htxdo wr ruljlqdo pdujlqdo frvw vfdohg e| �/ wkdw lv/

$W6 �@ � � $6= +81:,

Zh hqg wklv vhfwlrq e| looxvwudwlqj wkh h�hfw ri d �skdvh vkliw� iru wkh �owhu
wkdw gh�qhv wkh wuhqg frqvxpswlrq1 Jlyhq wkdw zh kdyh gh�qhg wkh wuhqg dv
d rqh0vlghg prylqj dyhudjh/ zh kdyh lqwurgxfhg d skdvh vkliw1 Wkh h�hfw ri
vxfk d skdvh vkliw lv wr pdnh wkh pdujlqdo frvw odujhu1 Wkh lqwxlwlrq lv wkdw d
skdvh vkliw pdnhv wuhqg frqvxpswlrq pruh ghvludeoh vlqfh lw ehfrphv forvhu wr
wkh h{shfwhg ydoxh1 Wr eh suhflvh/ zh vkrz wkdw li d wuhqg�gh�qhg e| prylqj
dyhudjh frh!flhqwv id�j�lv odjjhg e| rqh shulrg/ wkhq wkh frvw ri  xfwxdwlrqv
jrhv xs e| wkh ydoxh ri wkh frqvxpswlrq htxlw| suhplxp1

Sursrvlwlrq 8191 Ohw dg @ id�j
g
�'f eh wkh prylqj dyhudjh frh!flhqwv wkdw

gh�qh wkh frqvxpswlrq wuhqg/ dqg ohw p
�
dg

�
eh wkh idfwru wkdw pxowlsolhv wkh

frqvxpswlrq htxlw| suhplxp jlylqj wkh fruuhvsrqglqj pdujlqdo frvw ri  xfwxd0

wlrqv1 Frqvlghu wkh prylqj dyhudjh frh!flhqwv dgn� vdwlvi|lqj

dgn�
f @ 3> dqg dgn�

�n� @ dg� iru l @ 4> 5> ===>N=

Wkhq p
�
dgn�

�
@p

�
dg

�
. 41

Ghqrwlqj e| $6 +d, wkh pdujlqdo frvw iru d wuhqg fruuhvsrqglqj wr prylqj
dyhudjh frh!flhqwv d/ wkh wzr suhylrxv sursrvlwlrqv lpso| wkdw

$6
�
dgn�

�
� $6

�
dg

�
�@ uSe � us =

Wklv phdqv wkdw zlwk d skdvh vkliw ri d |hdu/ wkh frvw ri exvlqhvv f|fohv lqfuhdvh
e| dq dprxqw htxdo wr wkh frqvxpswlrq htxlw| suhplxp1

91 Jurzwk dqg Hfrqrplf Ioxfwxdwlrqv

Lq wklv vhfwlrq zh dqdo|}h wkh uhodwlrqvkls ehwzhhq jurzwk dqg hfrqrplf  xf0
wxdwdwlrqv11 Zh frqvlghu wklv lvvxh dorqj wzr glphqvlrqv1 Iluvw/ zh xvh rxu
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iudphzrun wr hvwlpdwh wkh ehqh�w iurp lqfuhdvlqj jurzwk1 Zh �qg wkh ehqh�w
iurp dq lqfuhdvh lq wkh dqqxdo jurzwk udwh ri 4( wr eh vxevwdqwldo1 Lw lv derxw
83( ri olihwlph frqvxpswlrq zlwk frlqwhjudwhg glylghqgv dqg frqvxpswlrq/ dqg
hyhq odujhu zlwkrxw frlqwhjudwlrq1 Vhfrqg/ zh suhvhqw d prgl�hg yhuvlrq ri rxu
iudphzrun wkdw doorzv xv wr gluhfwo| hvwlpdwh wkh wudgh0r� ehwzhhq orqj whup
jurzwk dqg  xfwxdwlrqv1 Zh �qg wkdw uhgxflqj exvlqhvv f|foh  xfwxdwlrqv lv ydo0
xhg dw ohvv wkdq 4 edvlv srlqw lqfuhdvh lq wkh shu dqqxp orqj whup jurzwk udwh
ri frqvxpswlrq1

913141 Wkh ehqh�wv iurp lqfuhdvlqj jurzwk

Zh fdq xvh rxu gh�qlwlrq ri  wr dqdo|}h wkh ehqh�wv ri d shupdqhqw lqfuhdvh lq
wkh jurzwk udwh ri wkh hfrqrp|/ dv lq Oxfdv +4<;:,1 Iru wkdw zh vlpso| ohw i(j
eh gh�qhg dv

(|

�
}|
�
@ ^4 . {`|F|

�
}|
�
=

Dvvxplqj { A 3/ wklv lv d vshfldo fdvh ri rxu iudphzrun dqg doo wkh uhvxowv ghulyhg
lq vhfwlrq 6 iru wkh jhqhudo fdvh gluhfwo| dsso|1

Wkh pdujlqdo frvw fdq eh zulwwhq dv

4 . � +3, @

S
"

|'�
Yf
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+4 . {,|F|
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S
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|'�
Yf ^F|`
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S
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|'�
+4 . {,| Yf ^F|`S
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Yf ^F|`
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|'�

+4 . {,|zf ^F|` >

zkhuh wkh zhljkwv zf/

zf ^F|` @
Yf ^F|`S
"

�'� Yf ^F� `
>

duh wkh vdph dv lq wkh htxlw| suhplxp dqg wkh frvw ri frqvxpswlrq xqfhuwdlqw|1
Edvhg rq rxu hvwlpdwhg sulflqj nhuqho Wdeoh 6 uhsruwv wkh +pdujlqdo, ehqh�wv
ri lqfuhdvlqj wkh jurzwk udwh e| 4( wkdw lv iru { @ 3=341 Wkh hvwlpdwhv duh
yhu| kljk/ derxw 83( ri olihwlph frqvxpswlrq zlwk frlqwhjudwhg glylghqgv dqg
frqvxpswlrq/ dqg kljkhu zlwkrxw frlqwhjudwlrq1 Wkhvh qxpehuv duh pxfk odujhu
wkdq wkh rqh frpsxwhg e| Oxfdv/ zklfk lv 4:(1

Wr jdlq vrph lqwxlwlrq derxw wkhvh uhvxowv zh frqvlghu djdlq wkh udqgrp zdonv
vshfl�fdwlrq/ zkhuh

� +3, @
"[
|'�

+4 . {,|zf ^F|`� 4 @
� +4 . uSe,

4 . uSe � +4 . jS, +4 . {,
�@

{

uSe � jS � {

zlwk jS @ H
k
�|n�

�|

l
� 4 lv wkh qhw udwh ri frqvxpswlrq jurzwk147 Lq wkh suhylrxv

vhfwlrq/ zh hvwlpdwh uSe�us wr eh ohvv wkdq 4=8(1 Wkxv li wkh ulvn iuhh udwh lv us @

47
Qrwh wkdw orjqrupdolw| lv qrw uhtxluhg iru wklv ghulydwlrq1
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5=8( dqg wkh jurzwk udwh ri frqvxpswlrq jS @ 5( wkhq � +3, @ 3=34@+3=348 .
3=358 � 3=35 � 3=34, htxdov 433(> zlwk d vpdoohu frqvxpswlrq htxlw| suhplxp
wkh pdujlqdo frvw ixuwkhu lqfuhdvhv148

9141 Wudgh0r� ehwzhhq  xfwxdwlrqv dqg jurzwk

Lq rughu wr gluhfwo| phdvxuh wkh wudgh0r� ehwzhhq  xfwxdwlrqv dqg jurzwk zh
prgli| khuh rxu iudphzrun1 Lqvwhdg ri phdvxulqj wkh frvw ri  xfwxdwlrqv e|
wkh xqlirup frpshqvdwlrq / wkh frpshqvdwlrq iru  xfwxdwlrqv lv h{suhvvhg lq
whupv ri dgglwlrqdo orqj whup jurzwk1 Zh �qg wkdw holplqdwlqj exvlqhvv f|foh
 xfwxdwlrqv lv zruwk ohvv wkdq 4 edvlv srlqw lq dgglwlrqdo jurzwk149 Holplqdwlqj
doo frqvxpswlrq xqfhuwdlqw| lv ydoxhg dw 4 shufhqw lq dgglwlrqdo jurzwk ru pruh>
ru htxlydohqwo|/ wkh frvw ri doo frqvxpswlrq xqfhuwdlqw| uhsuhvhqwv derxw kdoi wkh
ydoxh ri orqj0whup klvwrulfdo jurzwk1

Gh�qh � +�, dv wkh vroxwlrq wr

X
��
^4 . � +�,`|F|

��
@ X ++4� �, iFj. � i(j, +914,

zkhuh
�
^4 . � +�,`|F|

�
lv wkh surfhvv zklfk kdv ydoxh ^4 . � +�,`|F|

�
}|
�
dw wlph w/

hyhqw }|1 Qrwlfh wkdw e| gh�qlwlrq � +3, @ 31 Dvvxplqj wkdw X +�, lv gl�huhqwldeoh/
gl�huhqwldwlqj erwk vlghv ri +914, dqg hydoxdwlqj wkhp dw � @ 3 zh rewdlq

�� +3,
[

|D�

[

5|M~|

X5| +iFj, F|

�
}|
�
w @

[

|D�

[

5|M~|

X5| +iFj,
�
(|

�
}|
�
�F|

�
}|
��
=

Uhduudqjlqj whupv/ zh fdq zulwh wklv h{suhvvlrq dv

�� +3, @
$6

S
"

|'�
w zf ^F|`

> +915,

zkhuh zf duh wkh vwuls zhljkwv dv lq 7141 Zh fdoo
S

"

|'�
w zf ^F|` wkh gxudwlrq ri

wkh frqvxpswlrq htxlw|/ e| dqdorj| zlwk wkh gh�qlwlrq ri gxudwlrq lq wkh frqwh{w
ri frxsrq erqgv1 Wkxv wkh wudgh0r� ehwzhhq jurzwk dqg  xfwxdwlrqv lv jlyhq e|
wkh udwlr ri wkh pdujlqdo frvw ri  xfwxdwlrqv wr wkh gxudwlrq ri wkh frqvxpswlrq
htxlw|1 Ehiruh suhvhqwlqj hvwlpdwhv ri �� +3, > zh qrwlfh wkdw � lv frqfdyh iru vpdoo
�1 Lq wklv fdvh �� +3, � � +�, @� iru vpdoo �/ wkdw lv/ wkh pdujlqdo frvw lv odujhu
wkdq wkh dyhudjh frvw1

48Zh vhohfw wklv kljk ydoxh iru wkh ulvn iuhh udwh os fruuhvsrqglqj wr wkh orqj whup |lhog vlqfh

lq wkh udqgrp zdon fdvh wkh whup vwuxfwxuh lv  dw1
49Zh wkdqn Mrkq Frfkudqh iru vxjjhvwlqj wklv h{whqvlrq1
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Sursrvlwlrq 9141 Ohw X eh lqfuhdvlqj/ frqfdyh dqg wzlfh gl�huhqwldeoh1Wkhq

��� +3, � 3=

Xvlqj rxu hvwlpdwhg sulflqj nhuqhov lq Wdeoh 5D wr 5G zh fdq vhh wkh gxudwlrq
ri frqvxpswlrq htxlw| wr eh derxw 83 |hduv> zlwk frlqwhjudwlrq wkhvh qxpehuv
duh xvxdoo| vpdoohu/ zlwkrxw frlqwhjudwlrq wkhuh duh odujhu lq pdq| fdvhv1 Wkhvh
gxudwlrqv fdq eh frpelqhg zlwk wkh hvwlpdwhv ri wkh pdujlqdo frvw ri  xfwxd0
wlrqv wr duulyh dw wkh wudgh0r� ehwzhhq jurzwk dqg f|folfdo yduldwlrqv1 Edvhg rq
wklv/ holplqdwlqj exvlqhvv f|foh  xfwxdwlrqv lv zruwk ohvv wkdq 4 edvlv srlqw lq
dgglwlrqdo jurzwk1 Holplqdwlqj doo frqvxpswlrq xqfhuwdlqw| lv ydoxhg dw 4 shu0
fhqw lq dgglwlrqdo jurzwk ru pruh> ru htxlydohqwo|/ wkh frvw ri doo frqvxpswlrq
xqfhuwdlqw| uhsuhvhqwv derxw kdoi wkh ydoxh ri orqj0whup klvwrulfdo jurzwk1

Xqghu wkh udqgrp zdon dvvxpswlrq iru frqvxpswlrq dqg wkh sulflqj nhuqho
wkh gxudwlrq ri wkh frqvxpswlrq htxlw| dovr kdv d sduwlfxoduo| vlpsoh irup

"[

|'�

w zf ^F|` @
4 . uSe
uSe � jS

=

Wr jhw vrph txdqwlwdwlyh ihho/ zh soxj lq djdlq wkh vdph hvwlpdwhv dv lq wkh
suhylrxv vxevhfwlrq1 Zh frqvlghu uSe � us dw 4=8(/ wkh ulvn iuhh udwh us @ 5=8(
dqg wkh jurzwk udwh ri frqvxpswlrq jS @ 5(1 Lq wklv fdvh/ wkh gxudwlrq ri wkh
frqvxpswlrq htxlw|/

S
"

|'� w zf ^F|`/ lv derxw 83/ wkdw lv/
�noSe
oSe3}S

@ 4=37@+3=37 �
3=35, @ 851 Wkxv/ zlwk wkh pdujlqdo frvw ri exvlqhvv f|foh  xfwxdwlrqv iru wkh
;0|hdu �owhu xvxdoo| ehorz 83 edvlv srlqwv lq whupv ri wkh xqlirup frpshqvdwlrq
� +3,/ holplqdwlqj exvlqhvv f|fohv lv zruwk ohvv wkdq 4 edvlv srlqw lq whupv ri
dgglwlrqdo orqj0whup jurzwk �� +3,1

:1 Vxppdu| dqg Frqfoxvlrqv

Lq wklv sdshu zh kdyh phdvxuhg wkh frvw ri exvlqhvv f|foh  xfwxdwlrqv xvlqj dvvhw
sulfhv1 Zh xvh d qhz dssurdfk wkdw irfxvhv rq wkh pdujlqdo frvw ri frqvxpswlrq
 xfwxdwlrqv/ ehfdxvh dvvhw sulfhv fruuhvsrqg wr pdujlqdo ydoxdwlrqv ri pdunhw
sduwlflsdqwv1 Zh kdyh vkrzq wkdw wkh pdujlqdo frvw ri frqvxpswlrq  xfwxdwlrqv
fruuhvsrqgv wr wkh udwlr ri wzr dvvhw sulfhv1 Zh hvwdeolvk wkdw wkh pdujlqdo frvw
ri frqvxpswlrq  xfwxdwlrqv surylghv dq xsshu erxqg wr wkh ehqh�wv ri uhgxflqj
 xfwxdwlrqv frpsohwho|1 Rxu dqdo|vlv vkrzv wkdw wkh htxlw| suhplxp dqg wkh
frvw ri frqvxpswlrq xqfhuwdlqw| duh uhodwhg/ exw fohduo| glvwlqfw/ frqfhswxdoo|
dqg txdqwlwdwlyho|1 Wkh vwhhsqhvv ri wkh whup vwuxfwxuh dqg wkh shuvlvwhqfh ri
wkh vkrfnv duh wzr ri wkh ihdwxuhv wkdw pdnh wkh htxlw| suhplxp gl�hu iurp wkh
pdujlqdo frvw ri frqvxpswlrq xqfhuwdlqw|1
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Zh kdyh hvwlpdwhg d sulflqj nhuqho/ dv d zd| wr lqwhusrodwh iurp h{lvwlqj
dvvhw sulfhv wkh sulfhv ri wkh dvvhwv wkdw phdvxuh wkh pdujlqdo frvw ri frqvxps0
wlrq  xfwxdwlrqv1 Zh xvh d qrq0vwdwlrqdu| sulflqj nhuqho1 Wklv lv prwlydwhg e|
d erxqg wkdw zh kdyh ghyhorshg/ vlplodu lq vslulw wr wkh Kdqvhq0Mdjdqqdwkdq
erxqg1 Wklv erxqg vkrzv wkdw/ wr eh frqvlvwhqw zlwk wkh whup vwuxfwxuh/ wkh
sulflqj nhuqho fdqqrw eh vwdwlrqdu|1 Rxu txdqwlwdwlyh dqdo|vlv kljkoljkwv wkdw dg0
guhvvlqj pruh vshfl�fdoo| wkh lvvxh ri zkdw exvlqhvv f|foh  xfwxdwlrqv fruuhvsrqg
wr lv ri �uvw0rughu lpsruwdqfh1 Vshfl�fdoo|/ zh hvwlpdwhg wkh pdujlqdo frvw ri doo
frqvxpswlrq xqfhuwdlqw| wr eh yhu| odujh1 Qhyhuwkhohvv/ zkhq zh gh�qh exvlqhvv
f|fohv dv  xfwxdwlrqv zlwk iuhtxhqflhv ohvv wkdq ru htxdo wr ; |hduv zh hvwlpdwh
wkh pdujlqdo frvw ri exvlqhvv f|fohv  xfwxdwlrqv wr derxw rqh kdoi ri d shufhqw ri
olihwlph frqvxpswlrq ru ohvv1 Dowhuqdwlyho|/ wkh ehqh�wv ri holplqdwlqj wklv w|sh
ri  xfwxdwlrqv duh vpdoohu wkdq wkh ehqh�wv ri d shupdqhqw lqfuhdvh ri wkh jurzwk
udwh ri frqvxpswlrq ri 4 edvlv srlqwv shu |hdu1

Lq wklv sdshu zh phdvxuh wkh frvw ri  xfwxdwlrqv iru d uhsuhvhqwdwlyh djhqw/
l1h1/ dq djhqw zkrvh frqvxpswlrq lv sursruwlrqdo wr djjuhjdwh frqvxpswlrq dqg
wkdw sduwlflsdwhv lq iulfwlrqohvv dvvhw pdunhwv1 Wudfwdeoh jhqhudo htxloleulxp prg0
hov wkdw lqfrusrudwh khwhurjhqhrxv djhqwv dqg dvvhw pdunhw iulfwlrqv kdyh ehhq
lqwurgxfhg wr vwxg|/ dprqj rwkhu wklqjv/ wkh ghwhuplqdqwv ri htxlw| suhpld1 Zh
ohdyh wkh lqyhvwljdwlrq ri wkh h�hfwv ri khwhurjhqhlw| dqg dvvhw pdunhw iulfwlrqv
lq wkh phdvxuhphqw ri wkh frvw ri  xfwxdwlrqv iru ixwxuh uhvhdufk1
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Gdwd Dsshqgl{
Wkh gdwd xvhg lq wklv sdshu lv dqqxdo/ fryhulqj wkh shulrg 4;;<04<<: dqg

frphv pdlqo| iurp wzr vrxufhv= Vkloohu +4<<;, dqg Leerwvrq Dvvrfldwhv1 Wkh
euhdngrzq e| wlph vhulhv lv jlyhq khuhdiwhu1 Iru dgglwlrqdo ghwdlov zh uhihu wkh
uhdghu wr wkh ruljlqdo vrxufhv1

Frqvxpswlrq lv uhdo shu fdslwd frqvxpswlrq iru qrqgxudeohv dqg vhuylfhv iurp
Vkloohu1 Zh xsgdwhg wklv vhulhv iru wkh shulrg diwhu 4<;8 zlwk QLSD gdwd
dqg srsxodwlrq gdwd iurp wkh XV1 Exuhdx ri wkh Fhqvxv1

Vwrfn sulfhv dqg fruuhvsrqglqj glylghqgv duh wkh Vwdqgdug dqg Srru Frpsrvlwh
Vwrfn Sulfh Lqgh{hv iurp Vkloohu1

Vkruw whup udwhv duh rqh0|hdu uhwxuqv edvhg rq 90prqwk frpphufldo sdshu uh0
wxuqv iurp Vkloohu/ dgmxvwhg iru d ghidxow suhplxp iru wkh shulrg ehiruh
4<59> diwhu 4<59/ wkh| duh edvhg rq prqwko| kroglqj shulrgv iru W0Eloov
iurp Leerwvrq Dvvrfldwhv1

Wkh orqj0vkruw |lhog vsuhdgv iru jryhuqphqw erqgv duh iurp Fdpsehoo +4<<9,
iru wkh shulrg ehiruh 4<59> diwhu 4<59/ iurp Leerwvrq Dvvrfldwhv1

Doo vhulhv wkdw kdyh qrw ehhq ruljlqdoo| gh dwhg zhuh gh dwhg e| wkh surgxfhu
sulfh lqgh{ iurp Vkloohu iru wkh shulrg ehiruh 4<59> diwhu 4<59 e| wkh FSL
iurp Leerwvrq Dvvrfldwhv1
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Dsshqgl{
Surri ri Sursrvlwlrq 6141 Uhjduglqj F @ iFj dv d yhfwru rq U" ohw

YLE��
Y�

dqg Y2LE��
Y�Y��

eh wkh �uvw dqg vhfrqg ghulydwlyhv hydoxdwhg dw F1 Gh�qh
Fk @ +4� �,(. �F1 Wkhq wzlfh gl�huhqwldwlqj zlwk uhvshfw wr � wkh htxdwlrq
gh�qlqj /

C2+�,

C�C�

CX +^4 .  +�,`F,

CF
F .

�
C+�,

C�
F

�
� C2X +^4 .  +�,`F,

CFCF�

�
C+�,

C�
F

�

@ +(�F,�
C2X +Fk,

CFCF �
+(�F,

Wdnlqj � & 3 vlqfh Ff @ ^4 .  +3,`F @ F>

C2+3,

C�C�

CX +F,

CF
F @

�
(� ^4 .

C+3,

C�
`F

�
� C2X +F,

CFCF �

�
(� ^4 .

C+3,

C�
`F

�
� 3

zkhuh wkh lqhtxdolw| iroorzv iurp wkh frqfdylw| ri X 1 Vlqfh X lv lqfuhdvlqj
Y2lEf�
YkYk

� 31 E| frqfdylw| +�, � +3, . � +3,� iru vpdoo �1
Surri ri Sursrvlwlrq 6151 Li X lv lqfuhdvlqj dqg frqfdyh lq iFj wkhuh

pxvw h{lvw d krprjhqrxv ri ghjuhh rqh/ srvlwlyh dqg txdvl0frqfdyh xwlolw| y wkdw
vdwlv�hv

X +iFj, @
^y +iFj,`�3�

4� �
1

Iluvw/ zh vkrz wkdw +�, lv frqfdyh lq �1 E| krprjhqhlw| ri X

+4 . +�,,�3�
^y +iFj,`�3�

4� �
@

^y ++4� �, iFj. � i(j,`�3�

4� �

wkxv/ diwhu pxowlso|lqj e| +4� �, > wdnlqj wkh 4@+4 � �, srzhu dqg glylglqj e|
y +iFj, lq erwk vlghv/ zh rewdlq

4 . +�, @
y ++4� �, iFj. � i(j,

y +iFj,
=

Vlqfh y +�, lv srvlwlyh/ txdvl0frqfdyh dqg krprjhqrxv ri ghjuhh rqh/ lw lv frqfdyh1
Zlwk +4 � �, iFj . � i(j olqhdu lq �/ y+=, lw lv dovr frqfdyh lq �/ wkxv +�, lv
frqfdyh1 Qrz zh xvh wkh frqfdylw| wr rewdlq wkh ghvluhg lqhtxdolwlhv/

+4, @ +3, .

] �

f
�+�,g� � �+3,>

zkhuh wkh lqhtxdolw| xvhv +3, @ 3/ wkh frqfdylw| ri  dqg wkdw � � 41
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Surri ri Sursrvlwlrq 6161 Iurp wkh frqfdylw| ri x dqg wkh gh�qlwlrq ri (

X ++4� �, iFj. � i(j,

@ H ^x ++4� �,F� . �(�> +4� �,F2 . �(2> ===> +4� �,F| . �(|> ===,`

� x +(�>(2> ===>(|> ===, @ X +i(j,

iru dq| �= E| wkh gh�qlwlrq ri  dqg wkh prqrwrqlflw| ri X /  kdv wr uhdfk d
pd{lpxp rq � @ 4 dqg wkxv � +4, @ 3 dqg +�, lv frqfdyh iru � forvh wr 41

Surri ri Sursrvlwlrq 6171 Wr vlpsoli| wkh qrwdwlrq ghqrwh � +3> �, e|
� +�, dqg +3> �, e| +�, = Ohw*v �uvw frqvlghu wkh wrwdo frvw +�,1 Zh xvh
Wd|oru h{sdqvlrqv iru wkh uljkw dqg ohiw kdqg vlgh ri wkh gh�qlwlrq ri wkh wrwdo
frvw wr �qg dqg h{suhvvlrq iru +�,1 Wkh xwlolw| x

�
�F
�
fdq eh dssur{lpdwhg

durxqg �F +4 . +�,, dv

x
�
�F
�
@ x

�
�F +4 .  +�,,

�
� x�

�
�Fj

�
�F+�,

zkhuh �Fj 5
�
�F> �F +4 . +�,,

�
dqg olpj<f

�Fj @ �F1 Wkh xwlolw| x
�
�F +4 . �%, +4 .  +�,,

�
fdq

eh dssur{lpdwhg durxqg �F +4 . �%, iru hdfk % dv

x
�
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�
@ x

�
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�
. x�

�
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.
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5
x��
�
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x����

�
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�e

zkhuh �Fj +%, 5
�
�F +4 . �%, > �F +4 . �%, +4 .  +�,,

�
iru srvlwlyh % dqg lq ^ �F +4 . �%, +4 . +�,, >

�F +4 . �%,` iru qhjdwlyh rqh/ dqg olpj<f
�Fj +%, @ �F 1Wkhq wdnlqj h{shfwhg ydoxhv/

H
�
x
�
�F +4 . �%, +4 .  +�,,
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@ x
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Xvlqj wkh gh�qlwlrq ri +�, >

�x�
�
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ru

+�, @ �
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�Fx��
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�F2x���
�
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�
�Fj
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Dv dq lqwhuphgldwh vwhs zh �uvw vkrz wkdw

+�, @
�2

5

�Fx��
�
�F
�

x�
�
�F
� H%2 . r

�
�2
�
� n�2 . r

�
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�

zklfk iroorzv vlqfh +�,$ 3>dqg �Fj $ �F dv � $ 3=Qrz zh vkrz wkdw
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�
�Fj

�
�F+�, @ x�

�
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�
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�
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�
=Uhfdoo wkdw e| gh�qlwlrq ri �Fj
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�
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�
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iru vrph frqvwdqw n= Dovr zh vkrz wkdw wkdw
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�
�F +4 . +�,,

�
+4 .  +�,,2

@ x��
�
�F
�
. r

�
��
�
>

zklfk iroorzv iurp

x��
�
�F +4 . +�,,

�
+4 . +�,,2

@ x��
�
�F +4 . +�,,

� �
4 . 5n�2 . r

�
�2
�
. r

�
�e
�
. n2�e

�

dqg iurp

x��
�
�F +4 . +�,,

�
@ x��

�
�F
�
. x���

�
�F +�,

�
�F+�,

@ x��
�
�F
�
. x���

�
�F +�,

� �
n�2 . r

�
�2
��

=

75



Xvlqj wkhvh odvw wzr uhvxowv zh fdq zulwh +:14, dv

�x�
�
�F
�
�F+�, . r

�
��
�

@
4

5
x��
�
�F
�
H
�
�F�%

�2
.

�2r +�,

5
H
�
�F%
�2

.
4

9
x���

�
�F +4 .  +�,,

�
H
�
�F�%

��
. r

�
��
�
>

glylglqj e| x�
�
�F
�
lq erwk vlghv zh rewdlq

+�, @ �
�2

5

�Fx��
�
�F
�

x�
�
�F
� H%2 �

��

9

�F2x���
�
�F
�

x�
�
�Fj

� H%� . r
�
��
�
=

Qrz ohw*v frqvlghu wkh pdujlqdo frvw � +�,

� +�, @ �
H
�
x�
�
�F +4 . �%,

�
�F�%

�
H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

� =
Ohw*v dssur{lpdwh x�

�
�F +4 . �%,

�
durxqg �F iru hdfk % wr rewdlq

x�
�
�F +4 . �%,

�
@ x�

�
�F
�
. x��

�
�F
�

�F�%

.
4

5
x���

�
�F
� �

�F�%
�2

.
4

9
x����

�
�Fj +%,

� �
�F�%

��

zkhuh �Fj +%, 5
�
�F> �F +4 . �%,

�
iru srvlwlyh % dqg

�
�F +4 . �%, > �F

�
iru qhjdwlyh %

dqg zkhuh olpj<f
�Fj +%, @ �F= Wkhq

H
�
x�
�
�F +4 . �%,

�
�F�%

�
@ x��

�
�F
� �

�F�
�2

H%2 .
4

5
x���

�
�F
� �

�F�
��

H%� . r
�
��
�

Wkhq wkh pdujlqdo frvw fdq eh h{suhvvhg dv

� +�, @ �
x��
�
�F
� �

�F�
�2

H%2 . �
2x

���
�
�F
� �

�F�
��

H%� . r
�
��
�

H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

� = +:15,

Dv dq lqwhuphgldwh vwhs zh vkrz wkdw

� +�, @ �
�Fx��

�
�F
�
�2H%2

x�
�
�F
� . r

�
�2
�
@ t�2 . r

�
�2
�

iru d frqvwdqw t> zklfk iroorzv vlqfh

H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

�
@ x�

�
�F
�
�F . r +4,

76



dqg wkxv

� +�, @ �
x��
�
�F
� �

�F�
�2

H%2 . �
2x

���
�
�F
� �

�F�
��

H%� . r
�
��
�

x�
�
�F
�
�F . r +4,

=

Qrz zh dujxh wkdw

H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

�
@ x�

�
�F
�
�F . s�2 . r

�
�2
�

iru vrph frqvwdqw s/ zklfk iroorzv e| xvlqj d �uvw rughu dssur{lpdwlrq rq x�
�
�F +4 . �%,

�
durxqg � @ 3

x�
�
�F +4 . �%,

�
@ x�

�
�F
�
. x��

�
�F
�
�%. r +�,

dqg wdnlqj h{shfwhg ydoxhv/

H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

�
@ x�

�
�F
�
�F . x��

�
�F
�
� �FH% +4 . �%, . r

�
�2
�

@ x�
�
�F
�
�F . x��

�
�F
�
�2 �F2H%2 . r

�
�2
�

@ x�
�
�F
�
�F . s�2 . r

�
�2
�
=

Qrz frqvlghu wkh h{suhvvlrq

H
�
x�
�
�F +4 . �%,

�
�F +4 . �%,

�
x�
�
�F
�
�F

� +�,

@

�
x�
�
�F
�
�F . s�2 . r

�
�2
��

x�
�
�F
�
�F

� +�,

@ � +�, .
st�e

x�
�
�F
�
�F
.

r
�
�2
�
r
�
�2
�

x�
�
�F
�
�F

@ � +�, . r
�
��
�
=

Wkhq/ uhsodflqj wkhvh h{suhvvlrqv lq +:15,/ zh jhw

� +�, . r
�
��
�
@ �

x��
�
�F
� �

�F�
�2

H%2 . �
2x

���
�
�F
� �

�F�
��

H%�

x�
�
�F
�
�F

. r
�
��
�

zklfk �qlvkhv wkh surri1
Surri ri Sursrvlwlrq 6191 Wkh fruh ri wklv surri lv yhu| vlplodu wr wkh rqh

shulrg fdvh/ vr zh rqo| vnhwfk wklv fdvh1 Wr vlpsoli| wkh qrwdwlrq ghqrwh � +3> �,
e| � +�, dqg +4> �, e| +�, = Ohw*v �uvw frqvlghu wkh wrwdo frvw +�, gh�qhg dv

A[
|'�

�|Hf

�
x
�
�F| +4 . �%|, +4 .  +�,,

��
@

A[
|'�

�|x
�
�F|

�

77



Xvlqj h{dfwo| wkh vdph dujxphqwv wkdq wkh rqh shulrg fdvh iru hdfk shulrg w zh
fdq zulwh x

�
�F|

�
dv

x
�
�F|

�
@ x

�
�F| +4 . +�,,

�
� x�

�
�F
|cj

�
�F+�,

zkhuh olpj<f
�F|cj @ �F| iru doo w 1 Dovr iru hdfk w zh fdq zulwh Hf ^x +F| +4 .  +�,,,`

dv

Hf

�
x
�
�F| +4 . �%|, +4 .  +�,,

��
@ x

�
�F| +4 .  +�,,

�
.

4

5
x��
�
�F| +4 .  +�,,

�
Hf

�
�F|�%|

�2
.
4

9
x���

�
�F| +4 . +�,,

�
Hf

�
�F|�%|

��
. r|

�
��
�

Uhsodflqj wkh h{sdqvlrqv lqwr wkh gh�qlwlrq ri +�, >

A[
|'�

�
x
�
�F| +4 . +�,,

�
�+�,x�

�
�F
|cj

�
�F|

�

@
A[
|'�

�|

+
x
�
�F| +4 .  +�,,

�
. �

2x
��
�
�F| +4 .  +�,,

�
Hf

�
�F|�%|

�2
.�

Sx
���
�
�F| +4 . +�,,

�
Hf

�
�F|�%|

��
. r|

�
��
�

,

dqg vlpsoli|lqj

+�,
A[
|'�

�|x�
�
�F
|cj

�
�F|

@
A[
|'�

�|

+
�

�
2x

��
�
�F| +4 .  +�,,

�
Hf

�
�F|�%|

�2
�

�
Sx

���
�
�F| +4 .  +�,,

�
Hf

�
�F|�%|

��
,

. r
�
��
�

Gh�qlqj

z| +�, @
�|x�

�
�F|

�
SA

�'� �
|x�

�
�F
� cj

�
�F�

zh fdq zulwh zkhuh z| +�,$ �z|= E| iroorzlqj d wzr vwhs surfhgxuh vlplodu wr wkh

rqh lq wkh surri iru wkh rqh shulrg fdvh zh fdq zulwh +�, dv

+�, @
A[
|'�

z| +�,

;A?
A=
�

�
2

7�|�
��+ 7�|E�nlEj��,
��+ 7�|cj,

�2Hf ^%|`
2

�
�
S

7�2
| �

���+ 7�|E�nlEj��,
��+ 7�|cj,

��Hf ^%|`
�

<A@
A>. r

�
��
�

78



dqg xvlqj wkdw dv �$ 3/ +�,$ 3> z| +�,$ �z| dqg �F|cj $
�F| wkhq

+�,
A[
|'�

�|x�
�
�F|

�

@
A[
|'�

�
�

4

5
�F|x

��
�
�F|

�
�2Hf ^%|`

2
�

4

9
�F2
| x

���
�
�F|

�
��Hf ^%|`

�

�
. r

�
��
�

ru

+�, @
A[
|'�

�z|

;A?
A=
�

�
2

7�|�
��+ 7�|,

��+ 7�|,
�2Hf ^%|`

2

�
�
S

7�2

| �
���+ 7�|,

��+ 7�|,
��Hf ^%|`

�

<A@
A>. r

�
��
�
=

Qrz ohw*v frqvlghu wkh pdujlqdo frvw1 Qrwlfh wkdw zh fdq zulwh

� +�, @

SA
|'� �

|H
�
x� +F|,

�
�F| �F|

��
SA

|'� �
|H ^x� +F|,F|`

@
A[
|'�

d| +�,
Hf

�
x� +F|,

�
F| �

�F
��

x�

�
�F|

�
�F|

zkhuh d| duh gh�qhg dv

d| +�, @
�|Hf ^x

� +F|,F|`SA
�'� �

�Hf ^x� +F�,F� `

Iru ixwxuh uhihuhqfh qrwh wkdw olpj<f d| +�,$ �z|= Iru hdfk wxvlqj wkh wkh vdph

h{sdqvlrqv wkdq lq wkh rqh shulrg fdvh zh fdq zulwh Hf

�
x� +F|,

�
�F| �F|

��
dv

�Hf

�
x�
�
�F| +4 . �%|,

�
�F�%|

�
@ �x��

�
�F|

� �
�F|�
�2
Hf%

2
| �

4

5
x���
�
�F|

� �
�F|�
��
Hf%

�
| . r|

�
��
�

Wkhq

� +�, @
A[
|'�

d| +�,

+
�x��

�
�F|

� �
�F|�
�2

Hf%
2
| �

�
2x

���
�
�F|

� �
�F|�
��
Hf%

�
| . r|

�
��
�

x�
�
�F|

�
�F|

,
=

Xvlqj d wzr vwhs surfhgxuh dqdorjrxv wr wkh rqh xvhg lq wkh surri iru wkh rqh

shulrg fdvh zh vkrz wkdw

� +�, @
A[
|'�

�z|

+
�

�F|x
��
�
�F|

�
x�
�
�F|

� �2Hf%
2
| �

4

5

�F2
| x

���
�
�F|

�
x�
�
�F|

� ��Hf%
�
| . r|

�
��
�,

=

79



Surri ri Sursrvlwlrq 61<1 Qrwlfh wkdw wkh ohiw kdqg vlgh ri +616, dqg
+617, duh wkh vdph1 Frqvlghu dq| duelwudu| �= E| gh�qlwlrq ri hqy|/ pdnlqjq
aF
r
@ +4� �, iFj. � i(j/ zh rewdlq wkh ghvluhg uhvxow1

Surri ri Sursrvlwlrq 7141 Xvlqj wkh gh�qlwlrq ri wkh z�v lq htxdwlrq +714,/
pxowlso|lqj dqg glylglqj e| Hf +F|, dqg xvlqj wkh gh�qlwlrqv ri Ufc| ^F|` dqg
Ufc| ^4|` zh kdyh/

4 . $6f @

S"
|'� Yf ^Hf +F|,`S"

|'� Yf ^F|`

@
"[
|'�

zf ^F|`

�
Yf ^Hf +F|,`

Yf ^F|`

�

@
"[
|'�

zf ^F|`

�
Hf +F|,

Yf ^F|`
@

Hf +F|,

Yf ^Hf +F|,`

�

@
"[
|'�

zf ^F|` +Ufc| ^F|` @Ufc| ^4|`, =

Xvlqj wkh gh�qlwlrq ri wkh htxlw| suhplxp/ wkh ghfrpsrvlwlrq ri wkh sulfh ri
htxlw| dv wkh vxp ri wkh vwulsv/ wkh gh�qlwlrqv ri zf ^F|` > dqg wkh gh�qlwlrq ri
h{fhvv rqh0shulrg kroglqj uhwxuqv/ zh kdyh=

4 . �f @
Hf +Y� ^iF|j`,

Yf ^iF|j`
@

4

Yf +4�,

@
Hf +

S"
|'� Y� ^F|`,

Yf ^iF|j`
@

4

Yf +4�,

@
Yf ^iF|j`Hf

�S"
|'�

Tfd�|o
Tfdt�|�o

T�d�|o
Tfd�|o

�
Yf ^F|`

@
4

Yf +4�,

@ Hf

#
"[
|'�

zf ^F|`
Y� ^F|`

Yf ^F|`

$
@

4

Yf +4�,

@
"[
|'�

zf ^F|`
Hf +Y� ^F|`,

Yf ^F|`
@

4

Yf +4�,

@
"[
|'�

zf ^F|`

�
Hf +Ufc� ^F|`,

Ufc� ^4�`

�
=

Surri ri Sursrvlwlrq 8141 E| gh�qlwlrq

kSS| +4, @ olp
&<"

�
H|

�
orj

�
U|c|n� ^4|n&`

U|c|n� ^4|n�`

���

7:



@ olp
&<"

;?
=H| orj

5
7
3
C q&3�u.|n�d�|n&o

�|n�

q&.|d�|n&o
�|

�H| ^P|n�`

P|

4
D
6
8
<@
>

@ olp
&<"

�
H|

�
orj

�
H|n�^P|n&`

P|n�

H| ^P|n�`

H|^P|n&`

���
@ olp

&<"
iH| +orjH|n�^P|n&`� orjP|n� . orjH| ^P|n�`� orjH|^P|n&`,j

@ olp
&<"

iH| orjH|n�^P|n&`�H| orjP|n� . orjH| ^P|n�`� orjH|^P|n&`j

@ orjH| ^P|n�`�H| orjP|n� . olp
&<"

iH| orjH|n�^P|n&`j � olp
&<"

iorjH|^P|n&`j

@ orjH| ^P|n�`�H| orjP|n�>

zkhuh wkh odvw vwhs sdvvhv �uvw wkh olplw wkurxjk wkh h{shfwdwlrqv rshudwru�zh
dvvxph hqrxjk uhjxodulw| iru wklv wr eh dgplvvleoh +Ohehvjxh grplqdwhg frqyhu0
jhqfh,1 Vhfrqg/ dvvxplqj wkdw vwdwlrqdu| lv gh�qhg dv uhtxlulqj wkh h{lvwhqfh
ri d �qlwh xqfrqglwlrqdo phdq/ zklfk lpsolhv wkdw olp&<" iorjH|n�^P|n&`j @
olp&<" iorjH|^P|n&`j @ orjH^P `1 Wklv odvw htxdolw| vkrzv krz wkh sulfh ri d
glvfrxqw erqg pdwxulqj lq wkh glvwdqw ixwxuh lv ghwhuplqlvwlf lq xqlwv ri xwlolw|1

Zlwk |lhog gl�huhqwldov

|SS| +4, @ olp
&<"

+
orj

%
Y| ^4|n�`

+Y| ^4|n&`,
�*&

&,

@ olp
&<"

;?
=orj

5
7�H| ^P|n�`

P|

#
�& �H|^P|n&`

P|

$
3�*&

6
8
<@
>

@ olp
&<"

iorjH| ^P|n�`� orjP| . +4@n, orjH|^P|n&`� +4@n, orjP|j

@ orjH| ^P|n�`� orjP|=

Wklv frqfoxghv wkh surri1
Surri ri Sursrvlwlrq 8151 Iluvw/ wkdw H ^kSS| +4,` @ H ^|SS| +4,` fdq

eh vkrzq e| wdnlqj xqfrqglwlrqdo h{shfwdwlrqv rq wkh h{suhvvlrq rewdlqhg lq
Sursrvlwlrq +814,1 Wkh frqwlqxrxvo| frpsrxqghg kroglqj suhplxp fdq eh zulwwhq
dv

kSS| +4, @ orjH| ^P|n�`�H| orjP|n�> +:16,

@ orj �H|

�
P|n�

P|

�
� orj � �H| orj

P|n�

P|
+:17,

@ � orjU|c|n� +4|n�,� orj � �H| orj
P|n�

P|
=

7;



Iru dq| ulvn| jurvv dvvhw uhwxuq U�
|c|n�=

4 @ �H|

�
U�

|c|n�

P|n�

P|

�

vr wkdw/

3 @ orj +4, @ orj

�
�H|

�
U�

|c|n�

P|n�

P|

��

A H|

�
orj �

�
U�

|c|n�

P|n�

P|

��
@ H|

�
orj

�
P|n�

P|

��
. orj� .H|

k
orj

�
U�

|c|n�

�l

zkhuh wkh vwulfw lqhtxdolw| iroorzv iurp wkh vwulfw frqfdylw| ri orj = Wkhq

�H|

�
orj

�
P|n�

P|

��
� orj � A H|

k
orj

�
U�

|c|n�

�l
= +:18,

Frpelqlqj wkh wzr h{suhvvlrqv zh rewdlq

kSS| +4, A H|

k
orj

�
U�

|c|n�

�l
� orjU|c|n� +4|,

iru dq| dvvhw uhwxuq U�
|c|n�= Wdnlqj xqfrqglwlrqdo h{shfwdwlrqv zh frqfoxgh wkh

surri1
Surri ri Sursrvlwlrq 8161 Iluvw qrwlfh wkdw wkh udqgrp zdon dvvxpswlrq

lpsolhv wkdw lqwhuhvw udwh duh frqvwdqw/ vlqfh

H|

�
P|n�

P|

�
@ H

�
P|n�

P|

�

dqg khqfh wkh whup suhplxp lv }hur1 Wkhq

H| +U|n� ^G|nr`,

H|U|n� +4|n�,
@

H| +U|n� ^G|nr@G|`,

H|U|n� +4|n�,
@ H|

�
�
P|n�

P|

� H|

�
(|n�

(|

H|n�

k
�r3��|nr

�|n�

(|nr

(|n�

l�
H|

k
�r�|nr

�|

(|n�

(|

(|nr

(|n�

l
@ h{s

�
�fry|

�
orj

P|n�

P|

> H|

�
orj

G|nr

G|

���
@ h{s +�fry| +p|n�> g|n�,, iru doo v � 4

zkhuh wkh �uvw lqhtxdolw| iroorzv vlqfh G| lv nqrzq dw w> wkh vhfrqg iurp wkh
gh�qlwlrq ri uhwxuqv dqg sulflqj nhuqho/ wkh wklug iurp wkh orj0qrupdolw| ri G�v
dqg P �v dv lq +718, vlqfh wkh whup suhplxp lv }hur/ dqg wkh iruwk iroorzv e| wkh

7<



udqgrp zdon dvvxpswlrqv1 Iurp wklv zh rewdlq wkdw wkh h{fhvv h{shfwhg uhwxuq
ri d vwrfn sd|lqj iG|nrj lv

H| +U|n� ^iG|nrj
"

r'�`,

H|U|n� +4|n�,
@

"[
r'�

z +^G|nr`,
H| +U|n� ^G|nr`,

H|U|n� +4|n�,
@

H| +U|n� ^G|nr`,

H|U|n� +4|n�,

zkhuh wkh zhljkwv z ^G|nr` @ Y| ^iG|nrj` @Y
k
iG|n�j

"

�'�

l
dgg xs wr rqh1 Iru wklv

vwrfn/ wkh sulfh0glylghqg udwlr lv jlyhq e|

Y| ^iG|nrj
"

r'�` @G| @
"[
r'�

�rH|

�
P|nr

P|

G|nr

G|

�
@

"[
r'�

r\
�'�

H|

�
�

P|n�

P|n�3�

G|n�

G|n�3�

�

@
"[
r'�

�
H

�
�
P|n�

P|

G|n�

G|

��r

@
H
k
��|n�

�|

(|n�

(|

l
4�H

k
��|n�

�|

(|n�

(|

l
zkhuh wkh wklug lqhtxdolw| xvhv wkh udqgrp zdon dvvxpswlrq1 Ilqdoo|/ qrwlfh iru
hdfk dvvhw l zh kdyh

orjH| +U|n�c�, @ �fry|
�
�p|n�>�g�|n�

�
@ �fry

�
o � %|n�>�g�|n�

�
=

Surri ri Sursrvlwlrq 8171 Iluvw zh �qg dq h{suhvvlrq iru � +w, = Qrwlfh wkdw
xvlqj orjqrupdolw| zh jhw

Hf +(|, @ h{s +�,Hf h{s

#
g[
�'�

d�f|3�

$
@ h{s +� +w,, h{s

#
g[
�'�

d�Hf +f|3�, .
4

5
yduf

#
g[
�'�

d�f|3�

$$

dqg

Hf +F|, @ Hf h{s +f|, @ h{s

�
Hff| .

4

5
yduf +f|,

�

wkxv � +w, vroyhv Hf +(|, @ Hf +F|, vr

� +w, @ h{s

#
Hff| �

g[
�'�

d�Hf +f|3�, .
4

5
yduf +f|,�

4

5
yduf

#
g[
�'�

d�f|3�

$$
=

Xvlqj wkh gh�qlwlrq ri wkh sulflqj nhuqho dqg orjqrupdolw|

Yf ^(|`

Yf ^F|`
@

83



@
Hf h{s

k
� +w, .Hfp| �pf .

Sg
�'f d�f|3�

l

Hf h{s ^p| �pf . f|`

@
h{s

k
� +w, .Hf

�
p| �pf .

Sg
�'f d�f|3�

�
. �

2yduf +p|,
l

h{s
�
Hf +p| �pf . f|, .

�
2yduf +p|, .

�
2yduf +f|, . fryf +p|> f|,

�

� h{s

5
74
5
yduf

3
C

g[
�'f

d�f|3�

4
D. fryf

3
Cp|>

g[
�'f

d�f|3�

4
D
6
8

@ h{s

5
9997

Hf

�Sg
�'f d�f|3�

�
�Hf +f|,.

� +w, . �
2yduf

�Sg
�'f d�f|3�

�
�

�
2yduf +f|,

.fryf

�
p|>

Sg
�'f d�f|3�

�
� fryf +p|> f|,

6
:::8 =

dqg e| gh�qlwlrq ri � +w, zh jhw

Yf ^(|`

Yf ^F|`
@ h{s

5
7fryf

3
Cp|>

g[
�'f

d�f|3�

4
D� fryf +p|> f|,

6
8 =

E| gluhfw frpsxwdwlrq lq wkh udqgrp zdon fdvh=

@ h{s

5
7fryf

3
Cp|>

g[
�'f

d�f|3�

4
D� fryf +p|> f|,

6
8

@ h{s

5
7fryf

3
C

|[
&'E|3g�

%6& >

|[
&'E|3g�

g[
�'f

d�%
S
&3�

4
D� fryf

3
C

|[
&'E|3g�

%6& >

|[
&'E|3g�

%S
&3�

4
D
6
8

@ h{s

5
997

fryf
�
%6| > df%

S
&

�
� fryf

�
%6| > %

S
|

�

fryf

�
%6|3�> +df . d�, %

S
|3�

�
� fryf

�
%6|3g3�> %

S
|3�

�
. � � �

fryf

�
%6|3g > +df . d� . � � �. dg, %

S
|3g3�

�
� fryf

�
%6|3g > %

S
|3g

�

6
::8

@ h{s
�
�{S{6 ^df � 4 . +df . d�,� 4 . � � �. +df . d� . � � �. dg,� 4`

�

zkhuh %6 dqg %S duh wkh lqqrydwlrqv ri wkh orj ri wkh sulflqj nhuqho dqg wkh orj

ri frqvxpswlrq1 Zkhuh wkh �uvw vwhs xvhv wkh idfw wkdw wkh �uvw w�N vkrfnv duh

frpprq wr erwk fryduldqfhv> wkh vhfrqg vhsdudwhv wkh fryduldqfhv/ dqg wkh wklug

uhrughuv dqg xvhv wkh uhvxow wkdw iru odvw whup wkh vxp ri doo wkh doskdv htxdov 41

Ilqdoo|/ e| wkh suhylrxv sursrvlwlrq zh kdyh wkdw

H +U� ^F|`,

Us

@ h{s +�fry +�p|>�f|,, � h{s +��{Sc{6,

84



zklfk frpelqhg zlwk wkh suhylrxv htxdolw| �qlvkhv wkh surri1
Surri ri Sursrvlwlrq 8181 Wkh surri lv d vwudljkwiruzdug yduldwlrq ri wkh

surri ri sursrvlwlrq 8171
Surri ri Sursrvlwlrq 8191 Gluhfw frpsxwdwlrq vkrzv wkdw

p
�
d&n�

�
@

�
dgn�
f � 4

�
.
�
dgn�
f . dgn�

� � 4
�
.
�
dgn�
f . dgn�

� . dg2 � 4
�
.

. � � �.
�
dgn�
f . dgn�

� . � � �. dggn� � 4
�

@ �4 .
�
dgf � 4

�
.
�
dgf . dg� � 4

�
. � � �.

�
dgn�
f . dgn�

� . � � �. dgg � 4
�

@ p
�
dg

�
. 4=

Surri ri Sursrvlwlrq 9141 Uhjduglqj F @ iFj dv d yhfwru rq U" ohw
YLE��
Y�

dqg Y2LE��
Y�Y��

eh lwv �uvw dqg vhfrqg ghulydwlyhv hydoxdwhg dw F= Gh�qh Fk @

+4� �,(.�F dqg
�
F| ^4 . � +�,`|

�
eh wkh yhfwru zkhuh hdfk frpsrqhqw frqvlvwv

ri F|
�
}|
�
^4 . � +�,`| = Wkhq wzlfh gl�huhqwldwlqj zlwk uhvshfw wr � wkh htxdwlrq

gh�qlqj �>

C� +�,

C�

CX
��
^4 . � +�,`|F|

��
CF

�
F| ^4 . � +�,`|3� w

�
@

CX +Fk,

CF
+(�F,

dqg

C2� +�,

C�C�

CX
��
^4 . � +�,`|F|

��
CF

�
F| ^4 . � +�,`|3� w

�
.

�
C� +�,

C�

�2 CX
��
^4 . � +�,`|F|

��
CF

�
F| ^4 . � +�,`|32 w +w� 4,

�

.

�
C� +�,

C�

�
F| ^4 . � +�,`|3� w

��� C2X ��
^4 . � +�,`|F|

��
CFCF�

�
C� +�,

C�

�
F| ^4 . � +�,`|3� w

��

@ +(�F,�
C2X +Fk,

CFCF �
+(�F,

Wdnlqj � & 3 vlqfh Fk @ F dqg � +3, @ 3 wkhq>

C2� +3,

C�C�

CX +F,

CF
+F|w, @ �

�
C� +�,

C�

�2
CX +F,

CF
+F|w +w� 4,,

.

�
(�F �

C� +�,

C�
+F| w,

�
�
C2X +F,

CFCF�

�
(�F �

C� +�,

C�
+F w,

�
� 3

85



zkhuh wkh lqhtxdolw| iroorzv iurp wkh frqfdylw| ri X dqg wkh prqrwrqlflw| ri X

= Vlqfh X lv lqfuhdvlqj / wkhq Y2bEf�
YkYk

� 3
Ghwdlov derxw dssur{lpdwlrqv pdgh zlwk wkh orj0olqhdu v|vwhp

D1 Eldv lq wkh wuhqg

Lq vhfwlrq +816, lq wkh sdshu zh gh�qh wkh wuhqg dv d rqh0vlghg prylqj dyhudjh
ri fxuuhqw dqg sdvw frqvxpswlrq/ oq +E|, @

S
g

&'f d& � f|3&1 Zlwk wklv gh�qlwlrq ri
wkh wuhqg ( / Hf +F|, 9@ Hf +(|,/ ehfdxvh ( lv d qrqolqhdu ixqfwlrq ri F1 Zh vkrz
khuh wkdw wklv eldv lv txdqwlwdwlyho| qhjoljleoh iru rxu dssolfdwlrqv1

Dvvxplqj zh zdqw wr lpsrvh dv d frqvwudlqw wkdw wkh frqglwlrqdo phdq ri wkh
wuhqg dqg ri frqvxpswlrq duh htxdo/ wkhq wkh iroorzlqj frxog eh grqh1 Edvhg rq
rxu gh�qlwlrq ri wkh pdujlqdo frvw zh kdyh

4 . $6f @

S
"

|'� Yf ^[|`S
"

|'� Yf ^F|`
>

@
"[
|'�

z|

Yf ^[|`

Yf ^F|`
>

zkhuh z| � Yf ^F|` @
S

|'� Yf ^F|`1 Dvvxph zh zdqw wr dgmxvw hyhu| vwuls ri wkh
wuhqg vr wkdw

4 . $6f @
"[
|'�

z|

Yf ^[|`! +w,

Yf ^F|`
>

wkh lvvxh lv krz wr gh�qh wkh dgmxvwphqw ! +w,1 Rqh srvvlelolw| lv wr pdnh wkh
frqglwlrqdo phdq ri wkh wzr htxdo/ vr wkdw

! +w, @
Hf ^F|`

Hf ^[|`
>

lq wklv fdvh/ ! +w, lv d vwdwh ghshqghqw dgmxvwphqw1
Wkh udqgrp zdon fdvh fdq surylgh dq lghd ri wkh rughu ri pdjqlwxgh ri wkh

dgmxvwphqw/ lw lv hdv| wr frpsxwh dqg forvh wr wkh fdvhv dqdo|}hg lq wkh sdshu1
Lq wklv fdvh/ vlpsoh dojheud jlyhv wkdw iru w A N/

! +w, @
HfF|

Hf[|

@ h^�3Ekf�
2n�3Ekfnk��

2n�3Ekfnk�nk2�
2n���n�3Ekfn���nka �

2`j
2
S

2 � 4=

Lq zrugv/ h{shfwhg frqvxpswlrq lv odujhu ehfdxvh frqvxpswlrq lv pruh yrodwloh
wkdq wkh wuhqg/ jlyhq wkdw wkh wuhqg ghshqgv sduwldoo| rq hduolhu uhdol}dwlrqv wkdw
kdyh d orzhu yduldqfh1 Iru wkh �uvw ihz shulrgv zkhuh w � N/ wkh whupv duh d
elw gl�huhqw1 Wkh| zloo frlqflgh li zh wdnh wkh h{shfwdwlrqv frqglwlrqdo rq wlph
�N/ vr wkdw wkh odjv ri wkh wuhqg duh qrw nqrzq> rwkhuzlvh/ wkh| zloo ghshqg rq
uhfhqw uhdol}dwlrqv ri frqvxpswlrq1

86
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Htxlw| Suhplxp Sx}}oh/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <;/ 84<08761

88
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Table 1

Marginal Cost of Dividend Uncertainty

1889-1997 1954-1997
Dividend-Price ratio 4.60% 3.63%
Longterm yield 1.96% 2.51%
Consumption trend growth 1.68% 1.85%
Dividend trend growth 1.31% 1.17%

((1+g)*dp) / (r - g) 7.1937 2.7385
Marginal Cost of Dividend Uncertainty 619.37% 173.85%

Std (  ∆ log C ) 3.28% 1.15%
Std (  ∆ log D ) 12.01% 3.78%
Corr(  ∆ log C,∆ log D) 0.32 0.42

See the Appendix for data sources



Table 2A
             Marginal Cost of Consumption Fluctuations (1889-1997)

Marginal cost: Benefit Duration
Moments the kernel fits: Coefficients on states: Low pass filters Other Filters of 1% Consumption

c d trm d/p vwr β 8 years 12years 16 years 20 years infinite geometric linear growth Equity Fit

1. E(D/P),E(VWR-Rf),Y(1),Y(13), -9.31 -1.56 8.05 0.90 0.43% 0.79% 0.89% 1.06% 353.26% 1.01% 1.85% 227.60% 70.19 0

2. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -9.21 -1.58 8.19 0.90 0.43% 0.79% 0.89% 1.05% 347.07% 0.94% 1.73% 227.26% 70.16 0

3. E(D/P),E(Rd/Rf),Y(1),Y(13) -9.08 -1.59 8.31 0.90 0.42% 0.78% 0.88% 1.05% 341.72% 0.99% 1.83% 230.56% 70.47 0

4. E(D/P),E(VWR-Rf),Y(1),Y(13), -4.04 -2.37 9.64 0.91 0.32% 0.60% 0.67% 0.69% 543.28% 0.72% 1.41% 1560.88% 98.90 0

5. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -0.19 -3.31 10.09 0.90 0.24% 0.48% 0.54% 0.64% 604.27% 0.61% 1.15% 780.47% 115.55 0

6. E(D/P),E(Rd/Rf),Y(1),Y(13), -4.31 -2.57 10.22 0.90 0.35% 0.65% 0.73% 0.86% 1956.35% 0.82% 1.52% 4141.52% 109.09 1.43E-05

7. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) -9.60 -1.53 8.19 -0.49 0.90 0.43% 0.80% 0.90% 1.07% 362.85% 1.02% 1.88% 221.43% 69.59 0

8. E(D/P),E(VWR-Rf),Y(1),Y(13), -6.53 -1.93 -0.53 0.90 0.40% 0.73% 0.80% 0.93% 2862.13% 0.93% 1.68% 1344.64% 97.20 0

9. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), 0.06 -3.30 -0.70 0.89 0.26% 0.49% 0.54% 0.63% 1263.46% 0.63% 1.16% 16561.54% 123.50 0

10. E(D/P),E(Rd/Rf),Y(1),Y(13), -1.00 -2.88 -0.69 0.91 0.27% 0.51% 0.55% 0.64% 6151.07% 0.64% 1.19% 154985.17% 151.48 2.62E-05

11. E(D/P),E(VWR-Rf),Y(1),Y(13), -7.18 -1.98 -0.40 0.90 0.40% 0.71% 0.79% 0.93% 502.50% 0.90% 1.65% 571.11% 86.50 0

12. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -0.69 -3.24 -0.63 0.89 0.26% 0.49% 0.55% 0.65% 480.22% 0.63% 1.16% 8664.40% 116.65 0

13. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI+E(VWR-Rf)] -5.36 -2.25 -0.49 0.91 0.36% 0.64% 0.72% 0.84% 605.66% 0.82% 1.49% 1498.99% 98.47 2.72E-06

14. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) 0.06 -2.16 44.74 1.66 0.93 0.20% 0.43% 0.54% 0.68% 39.70% 0.49% 0.95% 109.37% 52.82 0

15. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) -13.44 -1.04 8.61 0.41 0.88 0.50% 0.92% 1.06% 1.27% 206.03% 1.18% 2.17% 110.82% 53.17 5.78E-08

Standard deviation of consumption deviations from trend 1.35% 1.68% 2.02% 2.36% 1.80% 2.92%

Moments Dividend/price ratio: E(D/P) = 0.046 States c = consumption Forecasting   1.-7.   c,d,trm,d/p
Equity premium: E(VWR-Rf) = 0.0677  d = dividends variables   8.-10.,14.   c,d,dp,vwr
Multiplicative equity premium: E(Rd/Rf-1) = 0.0698 trm=long-short term spread   11.-13,15.   c,d,trm,vwr
Riskless rate: E(logY(1))= 0.0108 d/p = dividend-price ratio
Yield spread: E(logY(13)-logY(1))= 0.0059 vwr = realized value weighted stock return Fit  stands for the sum of squared residuals from data moments



Table 2B

             Marginal Cost of Consumption Fluctuations (1954-1997)

Marginal cost: Benefit Duration
Moments the kernel fits: Coefficients on states: Low pass filters Other filters of 1% Consumption

c d trm d/p vwr β 8 years 12 years 16 years 20 years inf geometric linear growth Equity Fit

1. E(D/P),E(VWR-Rf),Y(1),Y(13), -28.64 -2.82 23.95 0.89 0.22% 0.42% 0.51% 0.62% 22.33% 0.51% 0.96% 6341.00% 39.28 0

2. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -19.30 6.49 41.62 0.85 0.15% 0.31% 0.35% 0.41% 302.10% 0.37% 0.70% 312531307.00% 211.65 0

3. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(VWR-Rf)] -12.61 -2.40 20.16 0.94 0.11% 0.22% 0.27% 0.33% 11.54% 0.26% 0.48% 103.93% 51.5078 6.38E-05

4. E(D/P),E(VWR-Rf),Y(1),Y(13), -10.94 -4.40 53.35 0.92 0.14% 0.22% 0.24% 0.26% 17.86% 0.24% 0.41% 203949.00% 102.06 0

5. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), [no trm, OI + E(VWR-Rf)] -15.96 -2.93 41.14 0.91 0.15% 0.27% 0.32% 0.39% 32.77% ,0036 0.66% 144.60% 59.76 6.63E-06

6. E(D/P),E(Rd/Rf),Y(1),Y(13), [no trm state] -7.19 -3.22 41.53 0.93 0.09% 0.16% 0.18% 0.23% 18.72% 0.21% 0.38% 217.64% 69.32 1.02E-06

7. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) no fit

8. E(D/P),E(VWR-Rf),Y(1),Y(13), -11.85 -4.28 -2.02 0.89 0.18% 0.34% 0.36% 0.41% 115570.55% 0.44% 0.81% 290802426.00% 508.09 0

9. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -36.53 -5.93 -2.13 0.75 0.32% 0.57% 0.60% 0.69% 1156.26% 0.72% 1.29% 2530.00% 103.28 0

10. E(D/P),E(Rd/Rf),Y(1),Y(13),   (1947-1997) -23.70 -5.20 -1.88 0.84 0.21% 0.34% 0.37% 0.42% 54.54% 0.43% 0.75% 23430.00% 70.94 7.66E-07

11. E(D/P),E(VWR-Rf),Y(1),Y(13),  (1947-1997) -8.62 -4.99 -2.04 0.92 0.14% 0.21% 0.24% 0.28% 18.32% 0.25% 0.43% 2965341.00% 129.94 0

12. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), [no trm, OI + E(D/P)] -0.95 -4.50 -1.90 0.92 0.07% 0.12% 0.12% 0.14% 248.02% 0.16% 0.27% 141029900.00% 419.44 8.78E-06

13. E(D/P),E(Rd/Rf),Y(1),Y(13), [no trm state] -0.88 -3.84 -1.72 0.93 0.07% 0.10% 0.11% 0.13% 38.50% 0.14% 0.23% 335717.05% 163.47 7.95E-06

14. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) -40.57 5.40 94.47 1.16 0.71 0.42% 0.73% 0.90% 1.01% 35.57% 0.97% 1.79% 3149.00% 24.44 0

15. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) no fit

Standard deviation of consumption deviations from trend 0.55% 0.69% 0.67% 0.70% 0.73% 1.21%

Moments Dividend/price ratio: E(D/P) =  0.0363 States c = consumption Forecasting   1.-7.   c,d,trm,d/p
Equity premium: E(VWR-Rf) =  0.0628  d = dividends variables   8.-10.,14.   c,d,dp,vwr
Multiplicative equity premium: E(Rd/Rf-1) =0.0613 trm=long-short term spread   11.-13,15.   c,d,trm,vwr
Riskless rate: E(logY(1))=  0.0121 d/p = dividend-price ratio
Yield spread: E(logY(13)-logY(1))=0.0123 vwr = realized value weighted stock return Fit  stands for the sum of squared residuals from data moments



Table 2C 

             Marginal Cost of Consumption Fluctuations: Dividends and Consumption Cointegrated (1889-1997)

Marginal cost: Benefit Duration
Moments the kernel fits: Coefficients on states: Low pass filters Other filters of 1% Consumption

c d trm d/p vwr β 8 years 12years 16 years 20 years infinite geometric linear growth Equity Fit

1. E(D/P),E(VWR-Rf),Y(1),Y(13), [OI + E(Rd/Rf) -11.55 -1.40 -8.19 0.90 0.36% 0.66% 0.78% 0.96% 47.68% 0.88% 1.60% 45.98% 31.74 2.19E-04

2. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), [OI + E(D/P)] -11.55 -1.40 -8.19 0.90 0.36% 0.66% 0.78% 0.96% 47.68% 0.88% 1.60% 45.98% 31.74 2.19E-04

3. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(WVR-Rf)] -11.55 -1.40 -8.19 0.90 0.36% 0.66% 0.78% 0.96% 47.68% 0.88% 1.60% 45.98% 31.74 2.19E-04

4. E(D/P),E(VWR-Rf),Y(1),Y(13), -17.93 -3.47 -32.32 0.81 0.37% 0.81% 0.98% 1.25% 196.30% 1.20% 2.29% 64.22% 39.12 0.00E+00

5. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13),  [OI + E(D/P)] -16.40 -1.18 -10.29 0.86 0.49% 0.90% 1.07% 1.31% 88.99% 1.19% 2.20% 51.31% 34.09 1.91E-04

6. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(WVR-Rf)] -16.40 -1.18 -10.29 0.86 0.49% 0.90% 1.07% 1.31% 88.99% 1.19% 2.20% 51.31% 34.09 1.91E-04

7. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) no fit

8. E(D/P),E(VWR-Rf),Y(1),Y(13), -10.28 -3.54 1.05 0.88 0.23% 0.56% 0.71% 0.93% 55.17% 0.84% 1.65% 40.02% 28.94 0

9. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -20.06 0.23 0.41 0.83 0.67% 1.22% 1.37% 1.63% 367250.00% 1.59% 2.90% 231.55% 70.40 0

10. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(WVR-Rf)] -8.80 -2.44 0.40 0.91 0.27% 0.55% 0.68% 0.86% 45.20% 0.75% 1.43% 44.36% 31.06 1.66E-04

11. E(D/P),E(VWR-Rf),Y(1),Y(13), [no trm state] -21.79 -3.54 3.17 0.75 0.43% 1.05% 1.23% 1.53% 560455113.38% 1.42% 0.0278 214.25% 66.59 0

12. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13),[no trm state] -21.95 0.03 1.03 0.81 0.66% 1.27% 1.39% 1.63% 1.17E+12 1.64% 3.02% 5.05E+04 224.70 5.37E-05

13. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(VWR-Rf)] -10.94 -2.20 0.95 0.90 0.28% 0.58% 0.70% 0.87% 61.68% 0.77% 1.46% 55.90% 35.95 2.77E-04

14. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) -10.50 1.79 75.51 3.09 0.90 0.51% 0.86% 1.08% 1.32% 19.94% 1.07% 1.96% 22.74% 18.86 0

15. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf) no fit

Standard deviation of consumption deviations from trend 1.35% 1.68% 2.02% 2.36% 1.80% 2.92%

Moments Dividend/price ratio: E(D/P) = 0.046 States c = consumption Forecasting   1.-7.   c,d,trm,d/p
Equity premium: E(VWR-Rf) = 0.0677  d = dividends variables   8.-10.,14.   c,d,dp,vwr
Multiplicative equity premium: E(Rd/Rf-1) = 0.0698 trm=long-short term spread   11.-13,15.   c,d,trm,vwr
Riskless rate: E(logY(1))= 0.0108 d/p = dividend-price ratio
Yield spread: E(logY(13)-logY(1))= 0.0059 vwr = realized value weighted stock return Fit stands for the sum of squared residuals from data moments



Table 2D
             Marginal Cost of Consumption Fluctuations: Dividends and Consumption Cointegrated (1954-1997)

Marginal cost: Benefit Duration
Moments the kernel fits: Coefficients on states: Low pass filters Other filters of 1% Consumption

c d trm d/p vwr β 8 years 12 years 16 years 20 years inf geometric linear growth Equity Fit

1. E(D/P),E(VWR-Rf),Y(1),Y(13), -17.62 -1.68 31.10 0.91 0.22% 0.42% 0.52% 0.66% 25.55% 0.53% 1.00% 56.39% 36.66 0

2. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), [no d/p, OI +E(D/P)] 6.54 -4.95 22.05 0.95 0.11% 0.19% 0.30% 0.40% 0.26% 0.22% 0.42% 52.12% 34.70 3.28E-05

3. E(D/P),E(Rd/Rf),Y(1),Y(13),[no d/p, OI + E(Rd/Rf)] 6.54 -4.95 22.05 0.95 0.11% 0.19% 0.30% 0.40% 0.26% 0.22% 0.42% 52.12% 34.70 3.28E-05

4. E(D/P),E(VWR-Rf),Y(1),Y(13), -5.92 -2.39 64.75 0.94 0.19% 0.28% 0.34% 0.42% 8.07% 0.33% 0.58% 45.07% 31.68 0

5. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -9.89 -0.52 60.82 0.95 0.17% 0.25% 0.28% 0.33% 21.06% 0.31% 0.53% 137.86% 58.81 2.27E-06

6. E(D/P),E(Rd/Rf),Y(1),Y(13) 3.47 -3.07 57.59 0.95 0.12% 0.16% 0.21% 0.27% 0.16% 0.17% 0.29% 46.35% 32.23 5.97E-07

7. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf), 0.83 -2.97 1.72 56.73 0.95 0.140% 0.190% 0.260% 0.320% 2.41% 0.23% 0.38% 45.34% 31.77 3.54E-06

8. E(D/P),E(VWR-Rf),Y(1),Y(13), -13.95 -4.61 -1.89 0.88 0.33% 0.59% 0.71% 0.87% 48.16% 0.77% 1.40% 57.17% 36.97 0

9. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), -18.46 -2.94 -1.97 0.88 0.35% 0.67% 0.71% 0.82% 462789900.00% 0.86% 0.16% 89197900.00% 375.47 0

10. E(D/P),E(Rd/Rf),Y(1),Y(13), -6.54 -4.50 -1.46 0.93 0.24% 0.41% 0.51% 0.65% 20.54% 0.53% 0.96% 46.22% 32.20 0

11. E(D/P),E(VWR-Rf),Y(1),Y(13), -13.34 -4.58 -1.92 0.91 0.29% 0.48% 0.58% 0.70% 20.53% 0.59% 1.05% 49.25% 33.60 0

12. E(Rd/Rf),E(VWR-Rf),Y(1),Y(13), [OI + E(D/P)] -10.18 -4.45 -1.64 0.91 0.28% 0.49% 0.60% 0.75% 31.13% 0.64% 1.15% 50.85% 34.31 4.55E-06

13. E(D/P),E(Rd/Rf),Y(1),Y(13), [OI + E(VWR-Rf)] -10.18 -4.45 -1.64 0.91 0.28% 0.49% 0.60% 0.75% 31.13% 0.64% 1.15% 50.85% 34.31 4.55E-06

14. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf), -4.73 -4.84 -1.61 -2.78 0.94 0.22% 0.34% 0.43% 0.53% 9.80% 0.41% 0.73% 45.30% 31.72 1.33E-05

15. E(D/P),E(Rd/Rf),Y(1),Y(13), E(VWR-Rf), -12.87 -3.42 31.18 -0.70 0.90 0.28% 0.50% 0.60% 0.75% 38.05% 0.65% 1.19% 54.36% 35.90 5.53E-06

Standard deviations of consumption deviations from trend 0.55% 0.69% 0.67% 0.70% 0.73% 1.21%

Moments Dividend/price ratio: E(D/P) =  0.0363 States c = consumption Forecasting   1.-7.   c,d,trm,d/p
Equity premium: E(VWR-Rf) =  0.0628  d = dividends variables   8.-10.,14.   c,d,dp,vwr
Multiplicative equity premium: E(Rd/Rf-1) =0.0613 trm=long-short term spread   11.-13,15.   c,d,trm,vwr
Riskless rate: E(logY(1))=  0.0121 d/p = dividend-price ratio
Yield spread: E(logY(13)-logY(1))=0.0123 vwr = realized value weighted stock return Fit stands for sum of squared residuals from data moments



Table 3

Random Walk Case: Consumption Equity Premium and Marginal Cost

E(re-rf) State Loading     Consumption Marginal Cost
   Equity Premium Frequency domain filters

8 years 12 years 16 years 20 years

1954-1997 std(∆c) 0.011
Mkt ∆c -83.9 1.09% 0.42% 0.79% 0.84% 0.96% std(Mkt) 0.169
Mkt Mkt -2.6 0.22% 0.08% 0.16% 0.17% 0.19% corr(∆c,Mkt) 0.453

         10 CRSP size 0.37% 0.14% 0.27% 0.29% 0.33% E(Mkt-rf) 7.30%
Dec.: 1,10 ∆c, Mkt 0.31% 0.12% 0.22% 0.24% 0.27%

1926-1997 std(∆c) 0.025
Mkt ∆c -26.3 1.59% 0.61% 1.15% 1.23% 1.40% std(Mkt) 0.197
Mkt Mkt -2.1 0.63% 0.24% 0.45% 0.49% 0.56% corr(∆c,Mkt) 0.628

         10 CRSP size 0.64% 0.24% 0.46% 0.49% 0.56% E(Mkt-rf) 8.01%
Dec.: 1,10 ∆c, Mkt 1.66% 0.63% 1.20% 1.28% 1.47%

Factor multiplying consumption equity premium 0.38 0.72 0.77 0.88
[1-a0 + 1 - (a0+a1) …1-(a0+a1..aK)]
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Figure 1: Marginal and Total Cost Functions 
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Transfer functions for low-pass filters, 8 year cutoff (15 lags) Figure 2 
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Consumption Deviations from Trend Figure 3A 

(The thin line is obtained with a two-sided, 8 year filter) 
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Consumption Deviations from Trend Figure 3B 

(The thin line is obtained with a two-sided, 8 year filter) 
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Consumption Deviations from Trend Figure 3C 

(The thin line is obtained with a two-sided, 8 year filter) 
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Transfer function for adjusted one-sided filter (8years, theta  = 1.4) Figure 4 


