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L Lqwurgxfwlrq

Pdq| frxqwulhv kdyh jrqh wkurxjk surorqjhg shulrgv ri frvwo|/ kljk lq dwlrq/ dv zhoo dv

surorqjhg shulrgv ri orz lq dwlrq1 Wkh Xqlwhg Vwdwhv dqg rwkhu lqgxvwuldol}hg frxqwulhv

zhqw wkurxjk d kljk lq dwlrq hslvrgh gxulqj wkh Juhdw Lq dwlrq ri wkh 4<:3v dqg duh qrz

lq d orz lq dwlrq hslvrgh1 D fhqwudo txhvwlrq lq prqhwdu| hfrqrplfv lv zk| kljk lq dwlrq

hslvrghv rffxuuhg dqg zkdw fdq eh grqh wr suhyhqw wkhp iurp rffxuulqj djdlq1

Lq wklv sdshu zh h{dplqh zkhwkhu vwdqgdug prqhwdu| jhqhudo htxloleulxp prghov zlwk

ehqhyrohqw prqhwdu| dxwkrulwlhv dfwlqj xqghu glvfuhwlrq fdq jhqhudwh shuvlvwhqw hslvrghv ri

kljk dqg orz lq dwlrq1 Vshfl�fdoo|/ zh dvn zkhwkhu sulydwh djhqwv* h{shfwdwlrqv ri kljk ru

orz lq dwlrq fdq ohdg wkhvh djhqwv wr wdnh dfwlrqv zklfk wkhq pdnh lw rswlpdo iru prqh0

wdu| dxwkrulwlhv wr ydolgdwh wkhvh h{shfwdwlrqv1 Iroorzlqj Fkdul/ Fkulvwldqr dqg Hlfkhqedxp

+4<<;,/ zh fdoo vxfk dq rxwfrph dq h{shfwdwlrq wuds1 Fkdul/ Fkulvwldqr dqg Hlfkhqedxp

+4<<;, vkrzhg wkdw h{shfwdwlrq wudsv frxog rffxu lq frqyhqwlrqdo jhqhudo htxloleulxp prq0

hwdu| prghov1 Wkh| uholhg/ krzhyhu/ rq wuljjhu vwudwhjlhv rq wkh sduw ri wkh prqhwdu| dx0

wkrulw| wr vxssruw vxfk rxwfrphv1 Rqh fulwlflvp ri wuljjhu vwudwhjlhv lv wkdw ehfdxvh ri iron

wkhruhp0olnh uhdvrqv/ yluwxdoo| dq| lq dwlrq rxwfrph fdq eh udwlrqdol}hg dv dq htxloleulxp1

Lq wklv sdshu zh uhvwulfw dwwhqwlrq wr Pdunry htxloleuld dqg dvn zkhwkhu frqyhqwlrqdo jhqhudo

htxloleulxp prghov fdq jhqhudwh h{shfwdwlrq wudsv1

Zh dqdo|}h yhuvlrqv ri Oxfdv dqg Vwrnh| +4<;6,*v fdvk0fuhglw jrrg prgho1 Lq wkh prghov/

wkh ehqh�w ri xqh{shfwhg jurzwk lq wkh prqh| vxsso| lv d ulvh lq rxwsxw dqg wkh frvw lv

wkh plvdoorfdwlrq ri uhvrxufhv dulvlqj iurp d glvwruwlrq lq uhodwlyh sulfhv1 Wkh prqhwdu|

dxwkrulw| rswlpdoo| edodqfhv wkh ehqh�w dqg frvwv1 Lq rxu ehqfkpdun prgho/ zh rewdlq wkh

iroorzlqj wkuhh uhvxowv=

� iru d vxusulvlqjo| odujh udqjh ri sdudphwhu ydoxhv/ wkhuh lv dq htxloleulxp lq zklfk wkh
rxwfrph lv wkh vdph dv xqghu frpplwphqw1

� li wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg h{fhhgv xqlw|/ wkhuh duh dw ohdvw wzr htxloleuld1

� wkh prqhwdu| dxwkrulw| vprrwkv wkh uhvsrqvh ri lqwhuhvw udwhv wr whfkqrorj| dqg �vfdo
vkrfnv dqg doorzv lqwhuhvw udwhv wr uhvsrqg wr prqh| ghpdqg vkrfnv1
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Zh qrz eulh | h{sodlq wkh hfrqrplf phfkdqlvpv lq rxu ehqfkpdun prgho dqg wkh lq0

wxlwlrq xqghuo|lqj rxu uhvxowv1 Lq wkh prgho/ jrrgv duh surgxfhg lq prqrsrolvwlfdoo| frp0

shwlwlyh pdunhwv1 Wkh prqrsro| srzhu ri �upv fdxvhv wkh ohyho ri hfrqrplf dfwlylw| wr eh

lqh!flhqwo| orz1 D vxevhw ri prqrsrolvwv vhw wkhlu sulfhv ehiruh wkh prqhwdu| dxwkrulw| vh0

ohfwv wkh prqh| jurzwk udwh/ zkloh wkh uhvw ri wkh prqrsrolvwv vhw sulfhv diwhuzdug1 Ehfdxvh

ri wkh suhvhw sulfhv/ d prqhwdu| h{sdqvlrq juhdwhu wkdq h{shfwhg fdq udlvh rxwsxw1 Vxfk d

prqhwdu| h{sdqvlrq whqgv wr udlvh zhoiduh ehfdxvh rxwsxw lv lqh!flhqwo| orz1 D prqhwdu|

h{sdqvlrq dovr kdv frvwv1 Lq rxu prgho/ vrph jrrgv pxvw eh sxufkdvhg zlwk suhylrxvo|

dffxpxodwhg fdvk1 D prqhwdu| h{sdqvlrq/ e| udlvlqj sulfhv/ uhgxfhv wkh frqvxpswlrq ri

fdvk jrrgv dqg zhoiduh1 Wkhvh dvshfwv ri wkh prgho irupdol}h rog lghdv zlwk dq h{whqvlyh

olwhudwxuh1� Dq htxloleulxp uhtxluhv wkdw wkh h{sdqvlrq fkrvhq e| wkh prqhwdu| dxwkrulw|

frlqflghv zlwk h{shfwdwlrqv1

Wr xqghuvwdqg rxu �uvw uhvxow/ vxssrvh wkdw wkh sxeolf h{shfwv d orz lq dwlrq/ wkh rqh

dvvrfldwhg zlwk wkh devhqfh ri dq lq dwlrq eldv1 Wkhq/ iru d odujh udqjh ri sdudphwhu ydoxhv/

lw wxuqv rxw wkdw wkh sulfh glvwruwlrqv lqgxfhg e| ghyldwlqj wr kljkhu prqh| jurzwk rxwzhljk

wkh dvvrfldwhg jdlqv1

Wkh edvlf �qglqj xqghuo|lqj rxu vhfrqg uhvxow lv wkdw wkh pdujlqdo frvw ri xqdqwlflsdwhg

lq dwlrq lv qrq0prqrwrqh lq wkh h{shfwhg lq dwlrq udwh1 Lq rxu prgho lw wxuqv rxw wkdw

wkh pdujlqdo frvw ri xqh{shfwhg lq dwlrq lv urxjko| sursruwlrqdo wr o�*�c zkhuh o lv wkh

qhw qrplqdo lqwhuhvw udwh/ dqg �*� ghqrwhv uhdo edodqfhv1 Lq rxu prgho/ uhdo edodqfhv duh

erxqghg dqg vlqfh wkh qrplqdo lqwhuhvw udwh lv lqfuhdvlqj lq wkh h{shfwhg lq dwlrq udwh/ lw

iroorzv wkdw wkh pdujlqdo frvw ri xqdqwlflsdwhg lq dwlrq lv orz dw orz h{shfwhg lq dwlrq1 D

nh| ihdwxuh ri rxu prgho lv wkh ehkdylru ri prqh| ghpdqg dw kljk qrplqdo lqwhuhvw udwh1

vshfl�fdoo|/ o�*� jrhv wr }hur dv o jrhv wr lq�qlw|1 Wklv ihdwxuh lpsolhv wkdw wkh pdujlqdo

frvw ri xqh{shfwhg lq dwlrq lv orz dw kljk ohyhov ri h{shfwhg lq dwlrq1 Zh frqmhfwxuh wkdw

wkh uhodwlrqvkls ehwzhhq wkh pdujlqdo frvw ri lq dwlrq dqg o�*� olhv lq wkh idfw wkdw d

prqhwdu| h{sdqvlrq dfwv dv d glvwruwlqj wd{ rq uhdo edodqfhv1 Ehfdxvh wkh pdujlqdo frvw ri

lq dwlrq kdv dq lqyhuwhg cX* vkdsh/ dv lq d Od�hu fxuyh/ zkloh wkh pdujlqdo ehqh�w lv urxjko|

frqvwdqw/ wkhuh lv pruh wkdq rqh ydoxh ri h{shfwhg lq dwlrq lq zklfk wkh pdujlqdo ehqh�w ri

xqdqwlflsdwhg lq dwlrq htxdov wkh pdujlqdo frvw1
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Dv wkh uhdvrqlqj lq wkh suhylrxv sdudjudsk vxjjhvwv/ zh �qg wkdw wkh surshuwlhv ri prqh|

ghpdqg dw kljk ohyhov ri lq dwlrq duh fuxfldo wr wkh txhvwlrq ri wkh pxowlsolflw| ri htxloleuld1

Zh frq�up wklv uhdvrqlqj e| ghyhorslqj d prgho lq zklfk o�*� grhv qrw jr wr }hur dv o

jrhv wr lq�qlw|1 Lq wklv prgho zh �qg wkdw wkhuh lv d xqltxh htxloleulxp1

Wkh pxowlsolflw| ri htxloleuld lq rxu ehqfkpdun prgho udlvhv wkh srvvlelolw| ri h{shfwdwlrq

wudsv1 Li sulydwh djhqwv h{shfw wkh prqhwdu| dxwkrulw| wr sxuvxh dq h{sdqvlrqdu| prqhwdu|

srolf|/ wkh| vhw sulfhv vx!flhqwo| kljk vr wkdw lw lv rswlpdo iru wkh prqhwdu| dxwkrulw|

wr ydolgdwh wkhlu h{shfwdwlrqv1 Frqyhuvho|/ li sulydwh djhqwv h{shfw orz lq dwlrq/ wkhq wkh

prqhwdu| dxwkrulw| rswlpdoo| ydolgdwhv wkrvh h{shfwdwlrqv1 Wkh srvvlelolw| ri h{shfwdwlrq

wudsv lq rxu prgho lv surplvlqj ehfdxvh lw pd| khos dffrxqw iru wkh revhuyhg surorqjhg

shulrgv ri kljk lq dwlrq dv zhoo dv surorqjhg shulrgv ri orz lq dwlrq1 Wklv srvvlelolw| ghshqgv

lq d fuxfldo zd| rq wkh surshuwlhv ri prqh| ghpdqg1 Dw dq devwudfw ohyho/ lw vkrxog qrw eh

vxusulvlqj wkdw wkh ehkdylru ri wkh prqhwdu| dxwkrulw| ghshqgv lq dq hvvhqwldo zd| rq wkh

ghwhuplqdqwv ri ghpdqg iru wkh remhfw wkh| vxsso|/ qdpho| prqh|1 Exw/ wr rxu nqrzohgjh/

wklv frqqhfwlrq kdv qrw ehhq pdgh dv |hw lq wkh olwhudwxuh1 Zh jr rq/ lq wklv gudiw ri wkh

sdshu/ wr ghyhors d prgho zlwk d �qdqfldo lqwhuphgldwlrq whfkqrorj|1 Wklv yhuvlrq ri wkh

prgho zh eholhyh fdq dffrxqw iru d qxpehu ri nh| ihdwxuhv ri wkh gdwd rq prqh| ghpdqg1

Wkhvh lqfoxgh wkh revhuyhg wuhqg lq yhorflw|/ wkh gl�huhqfhv ehwzhhq vkruw dqg orqj0uxq

lqwhuhvw hodvwlflwlhv ri prqh| ghpdqg dqg shuvlvwhqfh ri hvwlpdwhg prqh| ghpdqg vkrfnv1

Wklv yhuvlrq dovr krogv rxw surplvh iru rwkhu w|shv ri h{shfwdwlrq wudsv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Wkh iroorzlqj vhfwlrq vxppdul}hv uhvxowv lq wkh

h{lvwlqj olwhudwxuh1 Vhfwlrq 6 suhvhqwv uhvxowv edvhg rq rxu ehqfkpdun jhqhudo htxloleulxp

prgho1 Vhfrqg 7/ ghvfulehv d gl�huhqw yhuvlrq ri rxu prgho/ lq zklfk wkh lqwhuhvw hodvwlflw|

ri prqh| ghpdqg fdq eh orzhu1 Lq wklv prgho/ zkhq wkh hodvwlflw| ri prqh| ghpdqg lv

ehorz xqlw|/ wkh Pdunry htxloleulxp lv riwhq xqltxh1 Vhfwlrq 8 dqdo|}hv d prgho lq zklfk

wkh fdvk0fuhglw jrrg ghvljqdwlrq lv hqgrjhqrxv1 Zh dujxh wkdw wkh lpsolfdwlrqv iru prqh|

ghpdqg duh ehwwhu wkdq wkrvh ri wkh prgho lq vhfwlrq 61 Vwloo/ wkdw prgho lv olnh wkh rqh lq

vhfwlrq 6 lq wkdw lw suhglfwv h{shfwdwlrq wudsv dqg wkh srvvlelolw| ri d kljk lq dwlrq eldv1

Wkh �qdo vhfwlrq frqfoxghv1
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LL Wkh N|godqg0Suhvfrww2Eduur0Jrugrq Prgho

Prvw ri wkh olwhudwxuh rq wkh lq dwlrq eldv k|srwkhvlv kdv ehhq frqgxfwhg lq uhgxfhg irup

prghov1 Zh eulh | ghvfuleh rqh vxfk prgho/ wkh NS0EJ prgho wr prwlydwh rxu dqdo|vlv1

Wkh prgho lv vwdwlf/ dqg wkh sd|r� iru wkh prqhwdu| dxwkrulw| lv jlyhq e| @ d+ � %o2 � KZ2c

@c Kc % : fc zkhuh + lv d phdvxuh ri rxwsxw/ % : f lv d phdvxuh ri cixoo hpsor|phqw rxwsxw*

dqg Z lv wkh uhdol}hg udwh ri lq dwlrq1 Rxwsxw lv jlyhq e| + ' k EZ � Ze� c k : fczkhuh Ze

lv h{shfwhg lq dwlrq1 Wkh wlplqj lv wkdw sulydwh djhqwv fkrrvh Ze �uvw dqg wkh prqhwdu|

dxwkrulw| wkhq fkrrvhv Z� Wkh srolf|pdnhu*v ehvw uhvsrqvh/ ZEZec %� pd{lpl}hv wkh prqhwdu|

dxwkrulw|*v sd|r� jlyhq Ze� Wkh prgho lv frpsohwhg e| lpsrvlqj udwlrqdo h{shfwdwlrqv rq

sulydwh djhqwv/ qdpho|/ Ze ' ZEZec %�� Wkh htxloleulxp lq dwlrq udwh lv jlyhq e| wkh vroxwlrq

wr wklv htxdwlrq/ dqg lv ghqrwhg e| ZWE%�� Xqghu frpplwphqw/ wkh prqhwdu| dxwkrulw|

fkrrvhv Z �uvw/ dqg wkhq sulydwh djhqwv vhw Ze ' Z� Wkh lq dwlrq udwh lpsolhg e| wklv

Udpvh|0olnh surjudpplqj sureohp lv Z ' f� Wkh lq dwlrq eldv lv ZWE%��

Iljxuh 4 sorwv wkh ehvw uhvsrqvh ixqfwlrq ZEZec %� iru d �{hg %� Wkh htxloleulxp lq dwlrq

udwh/ ZW lv wkh lqwhuvhfwlrq ri wkh ehvw uhvsrqvh ixqfwlrq zlwk wkh 78 ghjuhh olqh1 Wkh �jxuh

vkrzv wkh wzr edvlf uhvxowv lq wklv olwhudwxuh1 Iluvw/ vlqfh wkh ehvw uhvsrqvh ixqfwlrq furvvhv

wkh 78 ghjuhh olqh rqo| rqfh/ wkh htxloleulxp ydoxh ri lq dwlrq lv ghwhuplqhg vroho| e| wkh

yduldeoh/ %c wkdw vkliw wkh ehvw uhvsrqvh ixqfwlrq1 Li wkh ehvw uhvsrqvh ixqfwlrq furvvhg wkh

78 ghjuhh olqh pruh wkdq rqfh/ wkhq sulydwh vhfwru h{shfwdwlrqv sod| dq lqghshqghqw uroh lq

ghwhuplqlqj wkh htxloleulxp1 Fkdul/ Fkulvwldqr dqg Hlfkhqedxp +4<<;, uhihu wr htxloleuld

ri wklv w|sh dv ch{shfwdwlrq wudsv*1 Wkh NS0EJ prgho h{foxghv h{shfwdwlrq wudsv1 Vhfrqg/

vlqfh @c Kc % : f wkhuh lv dozd|v dq lq dwlrq eldv/ dqg lw pd| eh vxevwdqwldo1

Wkhvh wzr �qglqjv krog xs lq uhshdwhg yhuvlrqv ri wkh prgho dv orqj dv dwwhqwlrq lv

uhvwulfwhg wr htxloleuld zlwkrxw uhsxwdwlrqdo phfkdqlvpv ru wuljjhu vwudwhjlhv1 Wkhvh uhsxwd0

wlrqdo phfkdqlvpv kdyh wkh xqdwwudfwlyh ihdwxuh wkdw wkh| ghshqg vhqvlwlyho| rq wkh krul}rq

ehlqj lq�qlwh1 Lq dgglwlrq/ wkh iron wkhruhp iurp uhshdwhg jdphv lpsolhv wkdw wkh vhw ri

htxloleuld lv h{wuhpho| odujh dqg lw lv gl!fxow wr nqrz zklfk ri wkhvh htxloleuld duh sodxvleoh1

Iru wkhvh uhdvrqv/ lq rxu uhvhdufk zh irfxv rq vwdwlrqdu| Pdunry htxloleuld/ zklfk uxoh rxw

vxfk uhsxwdwlrqdo phfkdqlvpv1
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Iljxuh 4= Ehvw Uhvsrqvh Ixqfwlrq/ NS0EJ Prgho

LLL Wkh Ehqfkpdun Fdvk0Fuhglw Jrrgv Prgho

Rxu hfrqrp| lv frpsrvhg ri �upv/ d uhsuhvhqwdwlyh krxvhkrog dqg d prqhwdu| dxwkrulw|1

Wkhuh lv d frqwlqxxp ri �upv/ hdfk ri zklfk lv d prqrsrolvw lq wkh surgxfwlrq ri vrph

jrrg/ � 5 Efc ��� Wkh vhtxhqfh ri hyhqwv zlwklq d shulrg lv dv iroorzv1 Iluvw/ d vkrfn/ wc

wr whfkqrorj|/ d vkrfn/ }c wr jryhuqphqw frqvxpswlrq/ dqg d vkrfn/ 5c wr prqh| ghpdqg/

duh uhdol}hg1 Wkhq/ d iudfwlrq > ri wkh �upv +wkh cvwlfn| sulfh �upv*, vhw wkhlu sulfhv1 Zh

ohw � eEwc }c 5� ghqrwh wkh dyhudjh sulfh vhw e| vwlfn| sulfh �upv1 Diwhu wkdw/ wkh prqhwdu|

dxwkrulw| pdnhv lwv srolf| ghflvlrq1 Ilqdoo|/ doo sulydwh ghflvlrqv duh pdgh1

Zh ghqrwh wkh vwdwh ri wkh hfrqrp| dw wkh wlph wkh prqhwdu| dxwkrulw| pdnhv lwv ghflvlrq

dv iroorzv=

7 ' Ewc }c 5c � e��+4,

Zh gh�qh wklv vwdwh iru duelwudu| � e udwkhu wkdq mxvw lwv htxloleulxp ydoxh/ � eEwc }c 5�� Wklv

lv qrw qhfhvvdu| iru sxusrvhv ri gh�qlqj dq htxloleulxp12 Zh gr lw ehfdxvh lw lv xvhixo iru

sxusrvhv ri frpsxwlqj dqg fkdudfwhul}lqj htxloleulxp1 Qrwlfh dovr wkdw zh gr qrw lqfoxgh

wkh djjuhjdwh vwrfn ri prqh| lq wkh vwdwh1 Lq rxu hfrqrp|/ doo htxloleuld duh qhxwudo lq wkh

xvxdo vhqvh wkdw li wkh lqlwldo prqh| vwrfn lv grxeohg/ wkhuh lv dq htxloleulxp lq zklfk uhdo

doorfdwlrqv dqg wkh lqwhuhvw udwh duh xqd�hfwhg dqg doo qrplqdo yduldeohv duh grxeohg1 Wklv

frqvlghudwlrq ohdgv xv wr irfxv rq htxloleuld zklfk duh lqyduldqw zlwk uhvshfw wr wkh lqlwldo
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prqh| vwrfn1 Zh duh fhuwdlqo| plqgixo ri wkh srvvlelolw| wkdw wkhuh fdq eh htxloleuld zklfk

ghshqg rq wkh prqh| vwrfn1 Iru h{dpsoh/ li wkhuh duh pxowlsoh htxloleuld lq rxu vhqvh/ lw

lv srvvleoh wr frqvwuxfw cwuljjhu vwudwhj|0w|sh* htxloleuld zklfk duh ixqfwlrqv ri wkh lqlwldo

prqh| vwrfn1 Lq rxu dqdo|vlv zh h{foxgh vxfk htxloleuld dqg zh qrupdol}h wkh djjuhjdwh

vwrfn ri prqh| dw wkh ehjlqqlqj ri hdfk shulrg wr xqlw|1

Wkh prqhwdu| dxwkrulw| pdnhv lwv prqh| jurzwk ghflvlrq frqglwlrqdo rq 7�Zh ghqrwh wkh

jurvv prqh| jurzwk udwh e| % dqg lwv srolf| uxoh e|fE7�� Wkh vwdwh ri wkh hfrqrp| diwhu wkh

prqhwdu| dxwkrulw| pdnhv lwv ghflvlrq lv E7c %��Zlwk wkhvh gh�qlwlrqv ri wkh hfrqrp|*v vwdwh

yduldeohv/ zh surfhhg qrz wr glvfxvv wkh ghflvlrqv ri �upv/ krxvhkrogv dqg wkh prqhwdu|

dxwkrulw|1

D Ilupv

Wkhuh lv d frqwlqxxp ri jrrgv ghqrwhg e| / 5 Efc ��� Hdfk jrrg lv surgxfhg e| d prqrsrolvw

xvlqj wkh iroorzlqj surgxfwlrq whfkqrorj|=

+E/� ' w?E/�c

zkhuh +E/� ghqrwhv rxwsxw/ ?E/� ghqrwhv hpsor|phqw/ dqg w lv wkh whfkqrorj| vkrfn1 Wkh

sulfh vhw e| wkh ��> �upv zklfk vhw wkhlu sulfhv diwhu wkh prqhwdu| dxwkrulw| pdnhv lv ghfl0

vlrq +c h{leoh sulfh �upv*, lv ghqrwhg e| 	� E7c %�� Wkh sulfhv � eEwc }c 5� dqg 	� E7c %�pd{lpl}h

sur�wv vxemhfw wr d ghpdqg fxuyh glvfxvvhg ehorz1 Ehfdxvh ri wkh frqvwdqw hodvwlflw| irup

ri wklv ghpdqg fxuyh/ �upv vhw sulfhv dv d �{hg pdunxs deryh pdujlqdo frvw/ wkh zdjh udwh1

Iru wkh > vwlfn| sulfh �upv dqg wkh �� >  h{leoh sulfh �upv/ wklv phdqv=

� eEwc }c 5� '
` Ewc }c 5c � eEwc }c 5�c fEwc }c 5c � eEwc }c 5���

w4
c+5,

	� E7c %� '
` E7c %�

w4
c f 	 4 	 �c

zkhuh ` E7c %� ghqrwhv wkh qrplqdo zdjh udwh�

:



E Krxvhkrog

Wkh suhihuhqfhv ri wkh uhsuhvhqwdwlyh krxvhkrog duh jlyhq e|

"[
|'f

q|�ES|c ,|�c+6,

zkhuh

S| '

�] �

f

S|E/�
4_/

� �

4

c

dqg S|E/� ghqrwhv frqvxpswlrq ri w|sh / jrrg dqg ,| ghqrwhv oderu wlph1 Jrrgv zlwk / : 5c

+zkhuh 5 lv d sdudphwhu ehwzhhq f dqg �, duh fuhglw jrrgv dqg jrrgv zlwk / � 5 duh fdvk

jrrgv1 Zh dgrsw wkh iroorzlqj xwlolw| ixqfwlrq vshfl�fdwlrq=

�ESc ,� '

�
SE�� ,��

��3j
�� j

+7,

Wkh vhtxhqfh ri hyhqwv gxulqj wkh shulrg lv dv iroorzv1 Wkh krxvhkrog ehjlqv wkh shulrg

zlwk qrplqdo dvvhwv/ zklfk lw glylghv lqwr prqh| dqg erqgv1 Ohw �c �c � ghqrwh wkh

krxvhkrog*v qrplqdo dvvhwv/ prqh| dqg erqgv/ uhvshfwlyho|/ vfdohg e| wkh djjuhjdwh vwrfn ri

prqh|1 Wkh krxvhkrog*v frqvwudlqw lv=

� n� � ��+8,

Lw dovr idfhv d fdvk lq dgydqfh frqvwudlqw=

� �
k
� e>5S�� n 	� E7c %�E�� >�5S�2

l
� fc+9,

zkhuh S�� dqg S�2 ghqrwh txdqwlwlhv ri fdvk jrrgv sxufkdvhg iurp vwlfn| dqg  h{leoh sulfh

�upv/ uhvshfwlyho|1� Qrplqdo dvvhwv hyroyh ryhu wlph dv iroorzv=

f � ` E7c %�?n E�� -E7c %��� � 5
k
� e>S�� n 	� E7c %�E�� >�S�2

l
+:,

�E�� 5�
k
� e>S2� n 	� E7c %�E�� >�S22

l
n-E7c %��n E%� �� n(E7c %�� %��c

zkhuh S2� dqg S22 ghqrwh wkh txdqwlwlhv ri fuhglw jrrgv sxufkdvhg iurp vwlfn| dqg  h{leoh

sulfh jrrgv/ uhvshfwlyho|1 Lq +:,/ � ghqrwhv wkh lqglylgxdo krxvhkrog*v ehjlqqlqj ri shulrg

vwrfn ri prqh|/ -E7c %� ghqrwhv wkh jurvv qrplqdo udwh ri uhwxuq rq erqgv/ dqg (E7c %�

;



ghqrwhv sur�wv diwhu oxps vxp wd{hv1 Ilqdoo|/ � kdv ehhq vxevwlwxwhg rxw lq wkh dvvhw

htxdwlrq xvlqj +8,1 Qrwlfh wkdw �� lv pxowlsolhg e| %� Wklv uh hfwv wkh zd| zh kdyh vfdohg

wkh vwrfn ri qrplqdo dvvhwv1

Frqvlghu wkh krxvhkrog*v dvvhw/ jrrgv dqg oderu pdunhw ghflvlrqv1 Jlyhq wkdw wkh krxvh0

krog h{shfwv wkh prqhwdu| dxwkrulw| wr fkrrvh srolf| dffruglqj wr f lq wkh ixwxuh/ wkh

krxvhkrog vroyhv wkh iroorzlqj sureohp=

�E�c7c %� ' 4@ 
?c�c��cS�� (�c�'�c2

�ESc ?� n q.w�c}�c5�d�E�
�c 7�c fE7���mwc }c 5o+;,

vxemhfw wr +9,/ +:,/ f �� � �ce qrq0qhjdwlylw| rq frqvxpswlrq dqg oderu/ dqg

S ' d5>S4�� n 5E�� >�S4�2 n E�� 5�>S42� n E�� 5�E�� >�S422o
�

4 �+<,

Dovr/

7� ' Ew�c }�c 5�c � eEw�c }�c 5����

Lq +;,/ � lv wkh krxvhkrog*v ydoxh ixqfwlrq1 Wkh vroxwlrq wr +;, |lhogv ghflvlrq uxohv ri wkh

irup ?E�c7c %�c �E�c7c %�c ��E�c7c %�c dqg S��E�c7c %�c �c � ' �c 21 Wr nhhs rxu qrwdwlrq

vlpsoh/ zh vxssuhvv wkh ghshqghqfh ri wkhvh ixqfwlrqv rq wkh zdjh dqg sulfh ixqfwlrqv/ dqg

wkh prqhwdu| srolf| uxoh1

F Sulydwh Vhfwru Htxloleulxp

Zh qrz gh�qh dq htxloleulxp iru wkh sulydwh vhfwru/ wdnlqj dv jlyhq wkh fxuuhqw prqhwdu|

dfwlrq/ %c dqg wkh uxoh jryhuqlqj ixwxuh prqhwdu| srolf|/ fE7�� Wklv htxloleulxp uhtxluhv

wkdw krxvhkrogv dqg �upv rswlpl}h dqg pdunhwv fohdu1

Gh�qlwlrq Jlyhq d prqhwdu| srolf| uxoh/ fE7�c dqg d fxuuhqw prqh| jurzwk udwh/ %c d
Sulydwh Vhfwru Htxloleulxp lv d froohfwlrq ri ixqfwlrqv � eEwc }c 5�c 	� E7��c ` E7��c �E�c7��c
S��E�c7��/ ?E�c7��c �E�c7��c �

�E�c7��/ -E7��c zkhuh 7� ' Ewc }c 5c � eEwc }c 5�c %�c vxfk wkdw=

41 Wkh ixqfwlrqv �c S��c ?c �c �� vroyh +;,/

51 Ilupv rswlpl}h/ l1h1/ +5, lv vdwlv�hg/

61 Wkh dvvhw pdunhwv fohdu/ l1h1/ ��E�c 7�� ' � dqg �E�c 7�� ' �c

71 Wkh uhvrxufh frqvwudlqw lv vdwlv�hg/ l1h1/ w?E�c 7�� ' } n 5 d>S�� n E�� >�S�2o n E� �
5� d>S2� n E�� >�S22o c

<



G Prqhwdu| Dxwkrulw|

Wkh prqhwdu| dxwkrulw| fkrrvhv wkh prqh| jurzwk udwh wr pd{lpl}h wkh xwlolw| ri wkh uhs0

uhvhqwdwlyh krxvhkrog1 Wdnlqj ixwxuh prqhwdu| srolf| dqg sulydwh vhfwru doorfdwlrq uxohv

dv jlyhq/ wkh prqhwdu| dxwkrulw| fkrrvhv wkh fxuuhqw prqh| jurzwk udwh/ %c wr vroyh wkh

sureohp=

4@ 
%

�ESE�c 7c %�c ?E�c 7c %��+43,

nq.w�c}�c5� d�E�c 7
�c fE7���mwc }c 5oc

zkhuh 7� ' Ew�c }�c 5�c � eEw�c }�c 5��� lv wkh vwdwh dw wkh ehjlqqlqj ri wkh qh{w shulrg1 Zh uhvwulfw

% wr eh wr eh dw ohdvw dv odujh dv %/ zkhuh f 	 % 	 q�

Gh�qlwlrq DPdunry htxloleulxp lv d sulydwh vhfwru htxloleulxp dqg d prqhwdu| srolf| uxoh
vxfk wkdw fE7� vroyhv +43,�

H Fkdudfwhul}dwlrq

Lq wklv vhfwlrq zh h{sorlw wkh idfw wkdw d Pdunry htxloleulxp lv wkh �{hg srlqw ri d sduwlfxodu

pdsslqj1 Zh vwxg| wkh surshuwlhv ri wkdw pdsslqj wr ghwhuplqh wkh xqltxhqhvv surshuwlhv

ri wkh htxloleulxp1

Iroorzlqj lv rxu dojrulwkp iru frpsxwlqj d Pdunry htxloleulxp1 Lw lv ehvw ghvfulehg e|

frqvlghulqj d sduwlfxodu �{hg srlqw sureohp1 Iru hdfk �{hg Ewc }c 5�c wkh �{hg srlqw lv ri

wkh pdsslqj iurp dq h{shfwdwlrq ri jryhuqphqw srolf| wr dfwxdo jryhuqphqw srolf|1 Lw fdq

eh yhul�hg wkdw lq dq| Pdunry htxloleulxp/ 	� Ewc }c 5c � eEwc }c 5�c %� lv d vwulfwo| prqrwrqlf

ixqfwlrq ri %�D Wklv ihdwxuh ri wkh htxloleulxp lpsolhv wkdw lw lv htxlydohqw wr fkdudfwhul}h

srolf| dv d fkrlfh ri wkh sulfh/ 	�c udwkhu wkdq wkh prqh| jurzwk udwh/ %� Dv d sudfwlfdo

pdwwhu/ lw lv frqyhqlhqw wr fkdudfwhul}h srolf| lq whupv ri wkh uhodwlyh sulfh

^ �
	�

� e
�

Wkh jryhuqphqw*v ghflvlrq sureohp pdsv � e lqwr ^1 Wkh jryhuqphqw*v ghflvlrq sureohp

lv vlpsol�hg lq rxu vhwwlqj ehfdxvh lwv fkrlfh ri ^ kdv qr lpsdfw rq ixwxuh doorfdwlrqv1 Dv

d uhvxow/ wkh jryhuqphqw idfhv d vwdwlf sureohp1 Dq htxloleulxp lv d � e vxfk wkdw ^ ' ��

43



Reylrxvo|/ wklv sulfh lv wkh htxloleulxp sulflqj ixqfwlrq/ � eEwc }c 5�� Wkh pdsslqj iurp wklv

ixqfwlrq wr wkh uhpdlqlqj doorfdwlrqv dqg sulfhv dqg wr prqh| jurzwk lv vwudljkwiruzdug1

Wkh pdsslqj fdq eh gh�qhg pruh suhflvho| dv iroorzv1 Iru hdfk �{hg Ewc }c 5�c vwduw

zlwk dq duelwudu| ydoxh ri � e dqg pds wr ^ lq wkuhh vwhsv1 Iluvw/ iru duelwudu| ^c fdofxodwh

wkh pdsslqj iurp Ewc }c 5c � ec ^� wr wkh sulydwh doorfdwlrqv dqg sulfhv wkdw duh ghwhuplqhg

diwhu wkh prqhwdu| dxwkrulw| pdnhv lwv ghflvlrq1 Wklv doorzv xv wr gh�qh wkh srolf| pdnhu*v

remhfwlyh ixqfwlrq/ LEwc }c 5c � ec ^�� Vhfrqg/ rswlpl}h wklv remhfwlyh zlwk uhvshfw wr ^c dqg

ghqrwh wkh vroxwlrq/ ^ ' ^Ewc }c 5c � e�� Ilqdoo|/ dgmxvw � e xqwlo ^ ' �� Wklv ydoxh ri � e

fruuhvsrqgv wr wkh ixqfwlrq/ � eEwc }c 5�1

H14 Sulydwh Doorfdwlrqv dqg Sulfhv

Zh qrz vroyh iru wkh sulydwh doorfdwlrqv jlyhq Ewc }c � ec ^�1 Ohw D dqg b ghqrwh wkh pxowlsolhuv

rq +9, dqg +:,/ uhvshfwlyho|1S Wkh �uvw rughu qhfhvvdu| dqg vx!flhqw frqglwlrqv iru krxvhkrog

rswlpl}dwlrq duh=

���
��2

'
�2�
�22

'
>

�� >

�

^
c

���
�2�

'
��2
�22

'
5

�� 5
-c+44,

��? '
w4�22

E�� >�E�� 5�
c

%�2�
� e>E�� 5�

' q.w�c}�c5� d��E�c 7
�c fE7���mwc }c 5o�

Khuh/ ��� ghqrwhv wkh sduwldo ghulydwlyh ri � zlwk uhvshfw wr S��c dqg �� ghqrwhv wkh sduwldo

ghulydwlyh ri � zlwk uhvshfw wr lwv �uvw dujxphqw1 Lq wkh oderu Hxohu htxdwlrq/ zh kdyh xvhg

wkh idfw/ ` ' w4 	��

Lq dgglwlrq/ wkh fdvk lq dgydqfh frqvwudlqw fdq eh zulwwhq dv

� e>5S�� n ^� eE�� >�5S�2 � �c

vr wkdw wkh frpsohphqwdu| vodfnqhvv frqglwlrq lv

i�� d� e>5S�� n ^� eE�� >�5S�2oj d-� �o ' f�

Wkh uhvrxufh frqvwudlqw lv=

} n 5 d>S�� n E�� >�S�2o n E�� 5� d>S2� n E�� >�S22o ' w?�+45,

44



Wkhuh duh : xqnqrzqv/ S��c �c � ' �c 2c ?c %c -c dqg : lqghshqghqw htxdwlrqv1 +Ri wkh �uvw irxu

�uvw rughu frqglwlrqv/ rqo| wkuhh duh lqghshqghqw1, Qrwlfh wkdw % rqo| dsshduv lq wkh odvw

htxdwlrq lq +44,/ vr wkdw wkh doorfdwlrqv dqg wkh lqwhuhvw udwh fdq eh frpsxwhg dv ixqfwlrqv

ri � e/ ^c wc } dqg % fdq eh vroyhg iru dw wkh odvw vwdjh1 Ghqrwh wkh doorfdwlrqv gh�qhg lq wklv

zd| e|=

S��Ewc }c 5c �
ec ^�c �c � ' �c 2c -Ewc }c 5c � ec ^�c ?Ewc }c 5c � ec ^��+46,

Zh ghqrwh wkh vhw/ E� ec ^� iru zklfk wkhuh h{lvwv d vroxwlrq wr wkh vhyhq htxdwlrqv e| (�

Iru odwhu uhihuhqfh/ lw lv xvhixo wr nqrz wkdw zkhq xwlolw| lv jlyhq e| +7,/ wkhq +44, uhgxfh

wr=

S�2 ' S��^
3�

�34 c S22 ' S2�^
3�

�34 c+47,

- '

�
S22
S�2

��34

c w E�� ?� '
�

4
S4S�3422 �

Lqfrusrudwlqj wklv lqwr wkh fdvk lq dgydqfh frqvwudlqw=

S��

q
>n E�� >�^

34

�34

r
�

�

5� e
�+48,

H15 Jryhuqphqw Sureohp

Zh fdq vxppdul}h wkh suhylrxv glvfxvvlrq dv surylglqj ixqfwlrqv=

S ' SEwc }c 5c � ec ^�c ? ' ?Ewc }c 5c � ec ^�c

zkhuh S lv rewdlqhg e| vxevwlwxwlqj +46, lqwr +<,1 Wkhvh ixqfwlrqv fdq eh vxevwlwxwhg lqwr

wkh xwlolw| ixqfwlrq/

LEwc }c 5c � ec ^� ' � dSEwc }c 5c � ec ^�c ?Ewc }c 5c � ec ^�o �

Gh�qh

^Ewc }c 5c � e� ' @h}4@ 
^M(

LEwc }c 5c � ec ^��

Wkh ixqfwlrq/ ^Ewc }c 5c � e�c lv wkh prqhwdu| dxwkrulw|*v ehvw uhvsrqvh/ jlyhq wc }c 5c � e� Htxl0

oleulxp uhtxluhv wkdw ^Ewc }c 5c � e� ' �� Wklv htxloleulxp uhtxluhphqw doorzv xv wr frqvwuxfw

wkh htxloleulxp ixqfwlrq/ � eEwc }c 5��
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H16 Txdolwdwlyh Fkdudfwhulvwlfv ri Htxloleulxp

Zh duh lqwhuhvwlqj lq ghwhuplqlqj krz pdq| htxloleulxp ixqfwlrqv wkhuh duh1 Qrwlfh iurp

+47, wkdw S�� ' S�2 ' S�c vd|/ lq dq htxloleulxp1 Gh�qh S2 vlploduo|1 Zh surfhhg lq wzr vwhsv1

Zh �uvw orrn iru htxloleuld zlwk wkh surshuw| wkdw S�*S2 	 �/ ru/ htxlydohqwo|/ wkdw - : ��

Zh wkhq frqvlghu wkh fdvh/ S�*S2 ' �� Lq rxu dqdo|vlv/ zh dvvxph wkdw L lv frqfdyh lq ^1 Wkh

�qglqjv lq rxu frpsxwdwlrqdo h{shulphqwv duh frqvlvwhqw zlwk wklv dvvxpswlrq1

Zkhq - : �c wkh fdvk lq dgydqfh frqvwudlqw lv elqglqj dqg wkh doorfdwlrqv duh ghwhuplqhg

e| +47,/ +48, zlwk htxdolw|/ dqg +45,1 Lw lv hdv| wr vhh wkdw wkh lqwhuhvw udwh dqg doorfdwlrq

ixqfwlrqv/ +46, duh gl�huhqwldeoh lq ^�

Htxloleulxp uhtxluhv

L^E�
ec ^c wc }c 5� ' �SS^ E�

ec ^c wc }c 5� n �??^ E�
ec ^c wc }c 5� ' fc+49,

iru ^ ' �c zkhuh L^ lv wkh ghulydwlyh ri L zlwk uhvshfw wr ^� Iurp khuh rq zh vxssuhvv wkh

dujxphqwv ri ixqfwlrqv/ zkhuh wkhuh lv qr srvvlelolw| ri frqixvlrq1 Lw lv xvhixo wr uhzulwh wkh

h{suhvvlrq iru L^ e| dgglqj dqg vxewudfwlqj �SwES*S2�
E�34�?^=

L^ ' �SS^ � w�SE
S

S2
��34?^ n

�
�? n w�SE

S

S2
��34

�
?^ ' f�+4:,

Zh qrz ghyhors irupxodv iru S^ dqg ?^� Frqvlghu �uvw S^1 Gl�huhqwldwlqj +<,/ dqg hydox0

dwlqj wkh ghulydwlyhv dw ^ ' �c zh rewdlq=

S^ '

�
S

S�

��34

5 d>S��c^ n E�� >�S�2c^o n

�
S

S2

��34

E�� 5� d>S2�c^ n E�� >�S22c^o c+4;,

zkhuh S��c^ lv wkh ghulydwlyh ri S�� zlwk uhvshfw wr ^� Iurp wkh uhvrxufh frqvwudlqw/ zh rewdlq=

?^ '
5 d>S��c^ n E�� >�S�2c^o n E�� 5� d>S2�c^ n E�� >�S22c^o

w
�+4<,

Vxevwlwxwlqj iru S^ dqg ?^ lq +4:, zh rewdlq

L^ ' �S

%�
S

S�

��34

�

�
S

S2

��34
&
5 d>S��c^ n E�� >�S�2c^o n

�
�? n w�SE

S

S2
��34

�
?^�+53,

Xvlqj +47,/ zh rewdlq

L^ ' �S

�
S

S2

��34

E-� �� 5 d>S��c^ n E�� >�S�2c^o n

�
�? n w�SE

S

S2
��34

�
?^�+54,
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Iurp +48, dqg +47,/

S��c^ ' S�
E�� >�4

�� 4
c S�2c^ ' �S�

�� E�� >�4

�� 4
c+55,

vr wkdw

>S��c^ n E�� >�S�2c^ ' �S�E�� >��+56,

Vxevwlwxwlqj wklv lqwr +54,=

L^ ' ��S

�
S

S2

��34

E-� �� 5S�E�� >� n

�
�? n w�SE

S

S2
��34

�
?^�+57,

Qrwlfh wkdw li wkh jryhuqphqw frxog frpplw lwvhoi wr prqhwdu| srolf|/ lw zrxog iroorz wkh

Iulhgpdq uxoh dqg vhw - ' �c vr wkdw wkh �uvw whup zrxog eh }hur1 Lq oljkw ri wklv/ zh

fdoo wklv whup wkh lq dwlrq glvwruwlrq1 Zh fdoo wkh vhfrqg whup wkh prqrsro| glvwruwlrq

ehfdxvh/ li �upv ehkdyhg frpshwlwlyho|/ wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq fuhglw

jrrg frqvxpswlrq dqg ohlvxuh zrxog eh vhw htxdo wr wkh fruuhvsrqglqj pdujlqdo udwh ri

wudqvirupdwlrq/ vr wkh vhfrqg whup zrxog eh }hur1

Vshfl�fdoo|/ wkh lq dwlrq glvwruwlrq lv E-� �� 5 ES�*S2� E�� >�� Vlqfh - ' ES�*S2�
43�c zh

fdq zulwh wkh lq dwlrq glvwruwlrq dv

�U(

�
S�
S2

�
'

%�
S�
S2

�43�

� �

&
5
S�
S2
E�� >��+58,

Wkhq/ lw lv hdv| wr vhh wkdw wkh �uvw whup lq +57, lv

��S

�
S

S2

��34

S2�U(

�
S�
S2

�
�

Lq wkh dsshqgl{ zh vkrz wkdw ?^ lv ri wkh irup ��(ES�*S2�S2*EwE��4��c zkhuh ��(ES�*S2� lv

wkh prqrsro| glvwruwlrq1 Xvlqj wkh oderu �uvw rughu frqglwlrq lq +47,/ +57, fdq eh uhzulwwhq

dv

L^ ' �S

�
S

S2

��34

S2

�
��U(

�
S�
S2

�
n ��(

�
S�
S2

��
�+59,

Frqvlghu wkh lq dwlrq glvwruwlrq ixqfwlrq/ �U(� Iurp lqvshfwlrq ri +58,/ lw lv lpphgldwh

wkdw

�U(Ef� ' f�
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Wkdw lv/ wkhuh lv qr lq dwlrq glvwruwlrq zkhq h{shfwhg lq dwlrq udwhv duh kljk1 Wklv ihdwxuh

ri wkh prgho sod|v d fhqwudo uroh lq jhqhudwlqj pxowlsolflw| ri Pdunry htxloleuld1 Lq wkh qh{w

vhfwlrq/ zh frqvlghu d prgho lq zklfk wkhuh lv dq lq dwlrq glvwruwlrq/ hyhq zkhq h{shfwhg

lq dwlrq udwhv duh kljk1 Lq wkdw prgho/ lw wxuqv rxw wkdw wkhuh lv riwhq d xqltxh htxloleulxp1

Lq wkh dsshqgl{/ zh vkrz wkdw ��(Ef� : f� Wkxv/ L^ : f iru S�*S2 ' f� Iurp +48,/ zh

kdyh wkdw S� $ f dv � e $ 4� Xvlqj frqfdylw| ri Lc zh frqfoxgh wkdw iru � e vx!flhqwo|

odujh/ ^Ewc }c 5c � e� : �� Kljk ohyhov ri � e fruuhvsrqg wr orz ohyhov ri uhdo edodqfhv dqg kljk

ohyhov ri h{shfwhg lq dwlrq1 Vr/ zh frqfoxgh wkdw dw kljk ohyhov ri h{shfwhg lq dwlrq/ wkh

prqrsro| glvwruwlrq grplqdwhv lq wkh prqhwdu| dxwkrulw|*v remhfwlyh/ fuhdwlqj dq lqfhqwlyh

wr pdnh wkh lq dwlrq udwh hyhq kljkhu wkdq h{shfwhg1

Qh{w zh h{dplqh wkh ehkdylru ri L^ zkhq S�*S2 ' �� Lq wklv fdvh/ wkh doorfdwlrq ixqfwlrqv

duh qrw gl�huhqwldeoh ixqfwlrqv ri ^� Wkh sureohp lv wkdw iru ^ : � wkh fdvk lq dgydqfh

frqvwudlqw lv elqglqj/ zkloh lw lv qrw elqglqj iru ^ 	 �� Wkh doorfdwlrq ixqfwlrqv duh gl�huhqw lq

wkh wzr fdvhv ehfdxvh wkh htxdwlrqv fkdudfwhul}lqj d sulydwh vhfwru htxloleulxp duh gl�huhqw1

Suhylrxvo|/ zh glvfxvvhg wkhvh htxdwlrqv zkhq wkh fdvk lq dgydqfh frqvwudlqw lv elqglqj1

Zkhq wklv frqvwudlqw lv qrw elqglqj/ zh uhsodfh wkh fdvk lq dgydqfh frqvwudlqw e| - ' � lq

+47,1

Lq wkh dsshqgl{/ zh hvwdeolvk wkdw wkh uljkw ghulydwlyh ri L zlwk uhvshfw wr ^/ ghqrwhg

e| L^��c lv lghqwlfdo wr +57,1 Zh dovr hvwdeolvk wkdw wkh ohiw ghulydwlyh ri Lc ghqrwhg e| L^��c

lv vwulfwo| srvlwlyh1

Wkhvh revhuydwlrqv lpso| wkdw - ' � lv d Pdunry htxloleulxp rxwfrph li/ dqg rqo| li/

wkh uljkw ghulydwlyh ri L lv qrq0srvlwlyh1 Wr vhh wklv/ qrwlfh wkdw/ iurp frqfdylw| ri Lc zkhq

wkh uljkw ghulydwlyh ri L lv qrq0srvlwlyh/ wkh prqhwdu| dxwkrulw| kdv qr lqfhqwlyh wr udlvh ^�

Vlqfh wkh ohiw ghulydwlyh lv vwulfwo| srvlwlyh/ wkh dxwkrulw| dovr kdv qr lqfhqwlyh wr uhgxfh ^�

Wkh revhuydwlrq wkdw wkh uljkw ghulydwlyh ri L zkhq S�*S2 ' � lv jlyhq e| +57, fdq eh

xvhg wr hvwdeolvk wkdw wkhuh duh dw ohdvw wzr Pdunry htxloleuld1 Zh kdyh wkdw

�U(Ef� ' �U(E�� ' fc ��(Ef� : f�

Ohw

�E
S�
S2
� ' ��U(E

S�
S2
� n ��(E

S�
S2
��
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Iljxuh 5= �U( dqg ��( iru S�*S2 5 Efc ��

Vxssrvh �uvw wkdw ��(E�� 	 f� Wkhq/ �Ef� : f dqg �E�� 	 f� E| frqwlqxlw| ri � wkhuh lv

dw ohdvw rqh ydoxh ri S�*S2 	 � vxfk wkdw �ES�*S2� ' f ' L^� Wklv ydoxh fruuhvsrqgv wr dq

htxloleulxp1 Ixuwkhupruh/ - ' � lv dovr dq htxloleulxp/ vlqfh wkh uljkw ghulydwlyh ri L lv

qhjdwlyh1

Vxssrvh qh{w wkdw ��(E�� : f� Wkhq/ �Ef� : f dqg �E�� : f� Zlwk rqh h{fhswlrq/

e| frqwlqxlw| ri � wkhuh duh dw ohdvw wzr ydoxhv ri S�*S2 vxfk wkdw �ES�*S2� ' f ' L^� Wkh

h{fhswlrqdo fdvh rffxuv zkhq wkh judsk ri � lv wdqjhqw wr wkh krul}rqwdo d{lv1 Wklv fdvh lv

fohduo| qrq0jhqhulf1 D �qdo qrq0jhqhulf fdvh rffxuv zkhq ��(E�� ' f� Zh kdyh hvwdeolvkhg=

Sursrvlwlrq 4= Jhqhulfdoo|/ wkhuh duh dw ohdvw wzr Pdunry htxloleuld1

Wr looxvwudwh wklv pxowlsolflw|/ zh frqvwuxfwhg d qxphulfdo h{dpsoh lq zklfk wkhuh duh

qr vkrfnv1 Iljxuh 5 glvsod|v wkh prqrsro| glvwruwlrq/ ��(c dqg wkh lq dwlrq glvwruwlrq/

�U(c iru S�*S2 5 Efc ��� Dq htxloleulxp ydoxh ri S�*S2 lv rqh iru zklfk wkh wzr duh htxdo ru/

S�*S2 ' � dqg ��( � f� Wkh �jxuh looxvwudwhv dq h{dpsoh lq zklfk - ' � lq wkh orz lq dwlrq

htxloleulxp dqg - ' ��b. lq wkh kljk lq dwlrq htxloleulxp1.

Zh �qg lw xvhixo wr ghyhors wkh prqh| ghpdqg uhodwlrqvkls lq rxu prgho1 Ghqrwh sulydwh
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sxufkdvhv ri frqvxpswlrq jrrgv e|

SR ' 5S� n E�� 5�S2�

Qrwlfh wklv lv wkh ydoxh ri frqvxpswlrq jrrgv sxufkdvhg lq pdunhwv e| wkh krxvhkrogv lq wkh

prgho vlqfh erwk fdvk dqg jrrgv vhoo iru wkh vdph sulfh1 Xvlqj +47, dqg wkdw 5S� ' �*�

iurp wkh fdvk lq dgydqfh frqvwudlqw/ zh kdyh wkdw/ lq d Pdunry htxloleulxp/ wkh iroorzlqj

uhodwlrqvkls pxvw krog=

SR

�*�
' � n

�
�� 5

5
-

� �

�34

�

Wklv uhodwlrqvkls fdq eh lqwhusuhwhg dv d prqh| ghpdqg htxdwlrq1 Qrwlfh wkdw 5 dsshduv

lq wklv htxdwlrq dqg wkdw pryhphqwv lq 5 fdq wkhuhiruh eh lqwhusuhwhg dv prqh| ghpdqg

vkrfnv1 Qh{w/ zh vkrz wkdw rqo| vkrfnv wr prqh| ghpdqg d�hfw wkh htxloleulxp lqwhuhvw

udwh1

Sursrvlwlrq 5= Lq d vwdwlrqdu| Pdunry Htxloleulxp/ wkh lqwhuhvw udwh/ -c grhv qrw ghshqg
rq wkh uhdol}dwlrq ri whfkqrorj|/ wc dqg ri jryhuqphqw frqvxpswlrq/ }c exw lw grhv ghshqg
rq wkh prqh| ghpdqg vkrfn/ 5�

Surri= Qrwlfh iurp +58, wkdw �U( grhv qrw ghshqg rq w ru }c exw grhv ghshqg rq 5� Wklv
lv wuxh ri ��( dv zhoo +vhh +79, dqg +7;,,1 Wkxv/ S�*S2 grhv qrw ghshqg rq w ru }czkloh lw
grhv ghshqg rq 5� Wkh uhvxow iroorzv ehfdxvh - ' ES2*S��

�34 +vhh +47,,1

LY Fdvk Fuhglw Jrrgv Prghov zlwk Lqhodvwlf Prqh|

Ghpdqg

Lq wkh suhylrxv dqdo|vlv/ zh irxqg wkdw wkh htxloleuld ri rxu prgho ghshqg xsrq wkh hodvwlflw|

ri vxevwlwxwlrq lq xwlolw| ehwzhhq fdvk dqg fuhglw jrrgv1 Lq wkdw prgho/ wklv lv wkh vdph dv

wkh hodvwlflw| ri ghpdqg idfhg e| vxssolhuv1 Wr hqvxuh wkdw wkhlu sur�w ixqfwlrq lv erxqghg

deryh/ lw lv qhfhvvdu| wkdw wkdw hodvwlflw| eh qr ohvv wkdq xqlw|1 Wr xqghuvwdqg wkh urexvwqhvv

ri rxu uhvxowv wr vlwxdwlrqv lq zklfk wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdvk dqg fuhglw

jrrgv lv orz/ zh euhdn wkh olqn ehwzhhq wkh hodvwlflw| ri ghpdqg idfhg e| vxssolhuv dqg

wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdvk dqg fuhglw jrrgv1 Zh gr wklv e| prgli|lqj wkh

krxvhkrog*v xwlolw| ixqfwlrq1 Wkh pdunhw vwuxfwxuh ri wkh �up vhfwru/ dqg �up whfkqrorj|
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uhpdlq wkh vdph1 Lq dgglwlrq/ wkh vhtxhqfh ri hyhqwv lq wkh shulrg lv dovr xqfkdqjhg1 Wkdw

lv/ dw wkh ehjlqqlqj ri wkh shulrg d iudfwlrq ri �upv vhw wkhlu sulfhv1 Wkhq/ wkh prqhwdu|

dxwkrulw| vhohfwv lwv dfwlrq1 Ilqdoo|/ wkh uhpdlqlqj sulfhv dqg txdqwlwlhv iru wkh shulrg duh

ghwhuplqhg lq d sulydwh vhfwru htxloleulxp1 Zh devwudfw iurp xqfhuwdlqw| lq wklv vhfwlrq1

D Ilupv

Wkh �up vhfwru lv hvvhqwldoo| lghqwlfdo wr zkdw lw zdv ehiruh1 Wkhuh lv d frqwlqxxp ri jrrgv1

Hdfk jrrg lv surgxfhg e| d prqrsrolvw zkr idfhv d ghpdqg fxuyh zlwk hodvwlflw| ghqrwhg

khuh e| �*E� � b�c zkhuh f 	 b 	 �� Vrph �upv +cvwlfn| sulfh �upv*, vhw sulfhv ehiruh wkh

prqhwdu| dxwkrulw| wdnhv lw fxuuhqw shulrg dfwlrq/ dqg rwkhu �upv +c h{leoh sulfh �upv*, vhw

wkhlu sulfh diwhuzdug1 Doo �upv rshudwh frpshwlwlyho| lq krprjhqhrxv idfwru pdunhwv1 Dv

ehiruh/ vwlfn| dqg  h{leoh sulfh �upv vhw sulfhv dv iroorzv=

� e '
` E� e�

b
c 	� E7c %� '

` E7c %�

b
�+5:,

zkhuh wkh vwdwh 7 qrz frqvlvwv rqo| ri wkh sulfh vhw e| wkh vwlfn| sulfh �upv/ � e� Zlwk rqh

h{fhswlrq/ doo wkh qrwdwlrq lv wkh vdph dv ehiruh1 Wkh h{fhswlrq lv wkdw 4 kdv ehhq uhsodfhg

e| b1

E Krxvhkrogv

Suhihuhqfhv duh dv lq +6,/ zlwk

S ' d5S4� n E�� 5� S42o
�

4 c �4 	 4 � �

dqg

S� '

�] �

f

S�E%�
b_%

� �

b

c S2 '

�] �

f

S2E%�
b_%

� �

b

�+5;,

Wkh lqglylgxdo jrrgv/ S�E%�c % 5 Efc ��c � ' �c 2/ duh surgxfhg e| wkh �upv glvfxvvhg lq wkh

suhylrxv vhfwlrq1

Wr sxufkdvh fdvk jrrgv/ S�E%�c krxvhkrogv pxvw xvh fdvk dffxpxodwhg lq dgydqfh=

� �
k
� e>�S�� n 	� E7c %� E�� >�� S�2

l
� fc+5<,
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zkhuh S�� ghqrwhv frqvxpswlrq ri wkh vwlfn| sulfh fdvk jrrgv zkhq � ' � dqg ri wkh  h{leoh

sulfh fdvk jrrgv zkhq � ' 2 +S2� lv wkh fruuhvsrqglqj qrwdwlrq iru fuhglw jrrgv1,H Dovr/ >�

ghqrwhv wkh iudfwlrq ri fdvk jrrgv zkrvh sulfhv duh vwlfn| +>2 lv wkh fruuhvsrqglqj iudfwlrq

vwlfn| sulfh fuhglw jrrgv,1

Dv ehiruh/ wkh krxvhkrog ehjlqv wkh shulrg zlwk qrplqdo dvvhwv/ �� Lw wkhq jrhv wr wkh

dvvhw pdunhw zkhuh lw idfhv frqvwudlqw/ +8,1 Wkh krxvhkrog*v qrplqdo dvvhwv hyroyh dv iroorzv=

%�� � ` E7c %�?n-E7c %��n E%� �� n(E7c %�� E-E7c %�� ���+63,

�
k
� e>�S�� n 	� E7c %�E�� >��S�2

l
�
k
� e>2S2� n 	� E7c %�E�� >2�S22

l
c

zkhuh `c -c ( dqg % duh dv gh�qhg ehiruh1

Wkh krxvhkrog sureohp lv irupdoo| lghqwlfdo wr +;,/ zlwk +:, uhsodfhg e| +63,/ +9, uhsodfhg

e| +5<,/ dqg +<, uhsodfhg e|=

S '
k
5
�
>�S

b
�� n E�� >��S

b
�2

� 4

b n E�� 5�
�
>2S

b
2� n E�� >2�S

b
22

� 4

b

l �

4

�+64,

Dv ehiruh/ wkh vroxwlrq wr wkh krxvhkrog*v sureohp |lhogv ghflvlrq uxohv ri wkh irup/ ?E�c7c %�c

�E�c7c %�c ��E�c7c %�c dqg S��E�c7c %�c �c � ' �c 2�

Qrwh krz rxu vshfl�fdwlrq ri wkh krxvhkrog sureohp glvhqwdqjohv wkh hodvwlflw| ri vxe0

vwlwxwlrq ehwzhhq fdvk dqg fuhglw jrrgv/ S� dqg S2c iurp wkh hodvwlflw| ri ghpdqg iru wkh

lqglylgxdo jrrgv/ S�E%�/ � ' �c 2c % 5 Efc ��1

F Pdunry Htxloleulxp

Rxu gh�qlwlrq ri d Pdunry htxloleulxp frlqflghv zlwk wkh gh�qlwlrq jlyhq lq wkh suhylrxv

vhfwlrq/ zlwk wkh reylrxv prgl�fdwlrqv1 Iru h{dpsoh wkh oderu pdunhw fohdulqj frqglwlrq lv=

?E�c 7c %� ' >�S�� n E�� >��S�2 n >2S2� n E�� >2�S22c

zkhuh S�� lv dv suhylrxvo| gh�qhg1

G Fkdudfwhul}dwlrq

Wklv vhfwlrq glvsod|v wkh txdolwdwlyh surshuwlhv ri wkh Pdunry htxloleulxp ri rxu hfrqrp|1

Zh surfhhg dv lq vhfwlrq rq wkh ehqfkpdun prgho1 Lq sduwlfxodu/ zh �uvw ghulyh wkh htxdwlrqv

4<



zklfk fkdudfwhul}h d Pdunry htxloleulxp1 Iru wklv/ zh qhhg wr �uvw frqvwuxfw wkh sulydwh

vhfwru doorfdwlrq uxoh/ wkh pdsslqj iurp jryhuqphqw srolflhv wr wkh sulfhv dqg txdqwlwlhv

wkdw gh�qh d sulydwh vhfwru htxloleulxp1 Zh wkhq qhhg wr h{suhvv wkh �uvw rughu frqglwlrqv

iru wkh prqhwdu| dxwkrulw|/ zkr rswlpl}hv vxemhfw wr wkh sulydwh vhfwru doorfdwlrq uxoh1 Lq

wkh vhfrqg vhfwlrq zh xvh rxu htxdwlrqv wr fkdudfwhul}h wkh vhw ri Pdunry htxloleuld iru wkh

prgho1

G14 Sulydwh Doorfdwlrqv dqg Sulfhv

Wkh prqhwdu| dxwkrulw|*v dfwlrq/ %c lv wdnhq dw d wlph zkhq � e lv nqrzq1 Wkh sulydwh vhfwru

sulfhv dqg txdqwlwlhv wr eh ghwhuplqhg duh S��c � ' �c 2c ^c ?c �c -c zkhuh ^ ' 	�*� e� Dv

ehiruh/ zh �qg lw frqyhqlhqw wr wklqn ri wkh jryhuqphqw*v srolf| yduldeoh dv ^ lqvwhdg ri %�

Vr/ zh frpsxwh S��c � ' �c 2c ?c �c - dv d ixqfwlrq ri ^ dqg � e�

Zh surfhhg qrz wr slq grzq wkh vhyhq xqnqrzqv/ S��c � ' �c 2c ?c �c -c frqglwlrqdo rq

^ dqg � e� Iru wklv/ zh xvh : htxdwlrqv wkdw fkdudfwhul}h wkh htxloleulxp1 Dv ehiruh/ wkh :

htxdwlrqv ghshqg xsrq zkhwkhu ru qrw wkh fdvk lq dgydqfh frqvwudlqw lv elqglqj1

Wkh uhvrxufh frqvwudlqw lv=

} n >�S�� n E�� >��S�2 n >2S2� n E�� >2�S22 ' ?�+65,

Jlyhq rxu xwlolw| ixqfwlrq/ wkh �uvw rughu frqglwlrqv fdq eh zulwwhq dv iroorzv=

S�2 ' S��^
3�

�3b c+66,

S22 ' S2�^
3�

�3b c+67,

- '
5

�� 5

�
S�
S2

�E43b��
S2�
S��

��3b

c+68,

b '
�S4Sb342 S�3b22

E�� ?� E�� 5�
�+69,

Wkh fdvk lq dgydqfh frqvwudlqw lv jlyhq e|=

� e>�S�� n ^� e E�� >�� S�2 � ��+6:,

Zkhq wkh fdvk lq dgydqfh frqvwudlqw lv qrw elqglqj/ wkhq zh lpsrvh - ' �c l1h1/

5

�� 5

�
S�
S2

�E43b��
S2�
S��

��3b

' ��+6;,

53



Dv ehiruh/ zh xvh wkhvh htxdwlrqv wr gh�qh wkh sulydwh vhfwru doorfdwlrq uxohv/ S��E�
ec ^�c

� ' �c 2c -E� ec ^�c ?E� ec ^��

G15 Jryhuqphqw Sureohp

Zh fdq vxppdul}h wkh suhylrxv glvfxvvlrq dv surylglqj ixqfwlrqv=

S ' SE� ec ^�c ? ' ?E� ec ^�c

zkhuh S lv rewdlqhg e| vxevwlwxwlqj +64, lqwr +<,1 Wkhvh ixqfwlrqv fdq eh vxevwlwxwhg lqwr

wkh xwlolw| ixqfwlrq/

LE� ec ^� ' � dSE� ec ^�c ?E� ec ^�o �

Gh�qh

^E� e� ' @h}4@ 
^M(

LE� ec ^��

Wkh ixqfwlrq/ ^E� e�c lv wkh prqhwdu| dxwkrulw|*v ehvw uhvsrqvh/ jlyhq � e� Htxloleulxp uh0

txluhv wkdw ^E� e� ' �� Wklv htxloleulxp uhtxluhphqw doorzv xv wr frqvwuxfw wkh htxloleulxp

sulfh/ � e�

G16 Txdolwdwlyh Fkdudfwhulvwlfv ri Pdunry Htxloleuld

Dv lq vhfwlrq H16/ zh ehjlq e| frqvlghulqj htxloleuld zklfk vdwlvi| - : �� Lq wklv fdvh/ wkh

doorfdwlrq uxohv duh gl�huhqwldeoh dqg L^ lv jlyhq e|

L^ ' �SS^ n �??^

Dgglqj dqg vxewudfwlqj �SE�� 5�
�

S
S2

��34
?^/ zh rewdlq

L^ ' �S

%
S^ � E�� 5�

�
S

S2

��34

?^

&
n

%
�? n �SE�� 5�

�
S

S2

��34
&
?^�+6<,

Gl�huhqwldwlqj +64, dqg hydoxdwlqj wkh uhvxow dw ^ ' �clq zklfk fdvh S�� ' S�c �c � ' �c 2c zh

rewdlq=

S^ '

�
S

S�

��34

5 d>�S��c^ n E�� >��S�2c^o n

�
S

S2

��34

E�� 5� d>2S2�c^ n E�� >2�S22c^o c
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zklfk lv mxvw +4;,1 Zh qrz ghulyh ?^c e| gl�huhqwldwlqj +65,=

?^ ' >�S��c^ n E�� >��S�2c^ n >2S2�c^ n E�� >2�S22c^�+73,

Vxevwlwxwlqj rxw iru S^ dqg ?^ lq wkh �uvw vhw ri vtxduh eudfnhwv lq +6<,/ zh rewdlq=

L^ ' �S d>�S��c^ n E�� >��S�2c^o

%�
S

S�

��34

5 �

�
S

S2

��34

E�� 5�

&

n

%
�? n �SE�� 5�

�
S

S2

��34
&
?^�

Xvlqj wkh h{suhvvlrq iru wkh lqwhuhvw udwh/ +68,/ zh rewdlq=

L^ ' �S d>�S��c^ n E�� >��S�2c^o E�� 5�

�
S

S2

��34

E-� ��

n

%
�? n �SE�� 5�

�
S

S2

��34
&
?^�

Gl�huhqwldwlqj +6:, zlwk uhvshfw wr ^c dqg hydoxdwlqj wkh uhvxow dw ^ ' � G

>�S��c^ n E�� >��S�2c^ ' �E�� >��S��+74,

Vxevwlwxwlqj wklv lqwr wkh suhfhglqj h{suhvvlrq/ zh rewdlq=

L^ ' ��SE�� 5�

�
S

S2

��34

E-� �� S�E�� >��+75,

n

%
�? n �SE�� 5�

�
S

S2

��34
&
?^�

Qrwlfh wkdw wklv h{suhvvlrq lv hvvhqwldoo| wkh vdph dv wkh fruuhvsrqglqj h{suhvvlrq/ +57,/ lq

wkh ehqfkpdun prgho1 Lq wklv fdvh/ krzhyhu/ lw lv qr orqjhu wuxh wkdw wkh �uvw whup lq +75,

lv }hur zkhq S�*S2 ' f� Wr vhh wklv/ lw lv frqyhqlhqw wr zulwh +75, dv

L^ ' �

%
�SS2E�� 5�

�
S

S2

��34
&
�U(

�
S�
S2

�
+76,

n

%
�? n �SE�� 5�

�
S

S2

��34
&
?^c

zkhuh

�U(

�
S�
S2

�
'

%
5

�� 5

�
S�
S2

�E43��

� �

&
S�
S2
E�� >���
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Zkhq 4 : fc lw lv srvvleoh wr xvh h{dfwo| wkh vdph nlqg ri dujxphqw xvhg lq wkh suhyl0

rxv vhfwlrq wr ghprqvwudwh wkdw wkhuh duh dw ohdvw wzr Pdunry htxloleuld1 Zkhq 4 	 fc

�U( ES�*S2� $ 4 dv S�*S2 $ f� Zkhq 4 ' fc �U( frqyhujhv wr d frqvwdqw dv S�*S2 $ f�

Wkhuhiruh/ lq wkhvh fdvhv/ lw lv qrw srvvleoh wr xvh wkh vdph dujxphqw dv hduolhu wr ghprqvwudwh

pxowlsolflw| ri htxloleuld1

Lqghhg/ lq wkh orj fdvh +4 ' f,/ iru fhuwdlq ydoxhv ri wkh prgho sdudphwhuv/ lw lv srv0

vleoh dq dqdo|wlfdo h{suhvvlrq iru wkh ehvw uhvsrqvh1 Wklv h{suhvvlrq vkrzv wkdw wkhuh lv d

xqltxh htxloleulxp/ zklfk dovr |lhogv wkh rxwfrph/ - ' �� Zh kdyh dovr frqvwuxfwhg urexvw

qxphulfdo h{dpsohv lq zklfk lw dsshduv wkdw wkh Pdunry htxloleulxp lv xqltxh1

Wr vxppdul}h/ d nh| uhvxow ri wkh wzr suhylrxv vhfwlrqv lv wkdw wkh lvvxh ri pxowlsolflw| ri

htxloleuld wxuqv rq wkh hodvwlflw| ri prqh| ghpdqg dw yhu| kljk udwhv ri lq dwlrq1 Vshfl�fdoo|/

zh irxqg wkdw wkh pxowlsolflw| lvvxh ghshqgv rq wkh ehkdylru ri

E-� ��
S�
S2
�

Lq erwk hfrqrplhv/ S� lv sursruwlrqdo wr�*�c dqg zkhq lq dwlrq udwhv duh kljk/ S2 lv dssur{0

lpdwho| sursruwlrqdo wr djjuhjdwh frqvxpswlrq1 Wkxv/ wkh pxowlsolflw| ri htxloleuld ghshqgv

rq wkh ehkdylru ri E-� ���*E�S� dw kljk lq dwlrq udwhv1 Wklv h{suhvvlrq lv htxlydohqw lq d

vhqvh wr wkh pdjqlwxgh ri wkh lq dwlrq wd{/ zkhuh wkh qhw qrplqdo lqwhuhvw udwh lv lqwhusuhwhg

dv wkh wd{ udwh dqg wkh edvh/ ri frxuvh/ lv wkh vwrfn ri uhdo edodqfhv1 Rqh lqwhusuhwdwlrq ri

rxu uhvxowv lv wkdw li wkhvh lq dwlrq wd{ uhyhqxhv jr wr }hur/ dv lq dwlrq jrhv wr lq�qlw|/ wkhuh

duh qhfhvvdulo| pxowlsoh htxloleuld/ zkloh li wkh lq dwlrq wd{ uhyhqxhv gr qrw jr wr }hur/ wkhuh

duh riwhq xqltxh htxloleuld1

Y Prgho zlwk Ilqdqfldo Lqwhuphgldwlrq

Vhfwlrq LLL glvsod|hg d fdvk0fuhglw jrrg prgho lq zklfk h{shfwdwlrq wudsv dqg d kljk lq dwlrq

eldv duh srvvleoh1 Wklv prgho kdv dq lpsruwdqw gh�flhqf|/ krzhyhu/ lq wkdw lw grhv qrw

uhsurgxfh wkh g|qdplfv ri revhuyhg prqh| ghpdqg1 Zh sursrvh d iudphzrun zklfk r�huv

vrph krsh ri uhvroylqj wkhvh gl!fxowlhv1 Ehfdxvh wkh iudphzrun jlyhv krxvhkrogv juhdwhu

 h{lelolw| lq wkhlu fdvk ghflvlrqv/ lw lv shukdsv qrw vxusulvlqj wkdw lw dovr lpsolhv wkh h{lvwhqfh
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ri h{shfwdwlrq wuds htxloleuld dqg d srwhqwldoo| kljk lq dwlrq eldv1

Zh h{whqg wkh prgho zlwk gl�huhqwldwhg jrrgv vwxglhg lq wkh suhylrxv vhfwlrq1 Wkh

qryhow| khuh lv wkdw krxvhkrogv fdq fkrrvh zkhwkhu wr sxufkdvh hdfk jrrg zlwk fdvk ru zlwk

fuhglw1 Fdvk sxufkdvhv duh frvwo| ehfdxvh krxvhkrogv iruhjr lqwhuhvw/ zkloh fuhglw sxufkdvhv

uhtxluh sd|phqw ri d �{hg frvw zklfk gl�huv ghshqglqj rq wkh w|sh ri jrrg1 Iru wkh vdnh ri

wudfwdelolw|/ zh dvvxph wkdw wklv �{hg frvw lv }hur iru d vxevhw ri wkh jrrgv dqg lv wkh vdph

dqg srvlwlyh iru wkh uhvw1 Zh uhihu wr wklv prgho dv wkh hqgrjhqrxv fdvk0fuhglw jrrg prgho

dqg wkh suhylrxv prgho dv wkh h{rjhqrxv fdvk0fuhglw jrrg prgho1 Lq vslulw/ rxu hqgrjhqrxv

fdvk fuhglw jrrg prgho lv vlplodu wr wkh �qdqfldo lqwhuphgldwlrq prghov ri Dl|djdul/ Eudxq

dqg Hfnvwhlq +4<<;,/ Froh dqg Vwrfnpdq +4<<5,/ Iuhhpdq dqg N|godqg +4<<7,/ Luhodqg

+4<<7,/ Odfnhu dqg Vfkuhiw +4<<9,/ Vfkuhiw +4<<5, dqg rwkhuv1 Doo ri wkhvh hpskdvl}h wkh

whqvlrq ehwzhhq wkh xvh ri frvwo| wudqvdfwlrqv whfkqrorjlhv dqg wkh lqwhuhvw frvw ri xvlqj

prqh| wr �qdqfh wudqvdfwlrqv1 Wkhvh prghov dqg rxuv kdyh wkh ihdwxuh wkdw dw orz ohyhov

ri h{shfwhg lq dwlrq/ krxvhkrogv xvh fdvk lq d uhodwlyho| odujh qxpehu ri wudqvdfwlrqv/ zkloh

dw kljk ohyhov olwwoh fdvk lv xvhg1 Lq rxu suholplqdu| uhvhdufk zh dvvxph wkdw lq hdfk shulrg

wkh krxvhkrog fkrrvhv zkhwkhu wr xvh fdvk ru fuhglw iru d jlyhq jrrg ehiruh wkdw shulrg*v

prqhwdu| srolf| ghflvlrq lv pdgh1

D Ilupv

Dv lq vhfwlrq LLL/ zh dvvxph wkdw lqwhuphgldwh jrrg �upv vhoo rxwsxw gluhfwo| wr krxvhkrogv/

zkr wkhq djjuhjdwh lqglylgxdo frqvxpswlrq jrrgv xvlqj d FHV djjuhjdwru ixqfwlrq1 D

iudfwlrq/ >c ri wkhvh �upv/ fdoohg vwlfn| sulfh �upv/ vhw sulfhv ehiruh wkh prqhwdu| dxwkrulw|*v

srolf| lv fkrvhq/ dqg wkh uhvw/ wkh  h{leoh sulfh �upv/ vhw wkhlu sulfhv diwhuzdug1 Xwlolw|

pd{lpl}dwlrq e| krxvhkrogv ohdgv wr wkh xvxdo frqvwdqw hodvwlflw| ghpdqg ixqfwlrqv1 Wkh

�upv kdyh wkh vdph surgxfwlrq ixqfwlrqv dv wkh lqwhuphgldwh jrrg �upv lq vhfwlrq LLL1

Sur�w pd{lpl}dwlrq ohdgv wr wkh xvxdo frqglwlrq wkdw wkh| vhw sulfh wr d frqvwdqw pdunxs

ryhu pdujlqdo frvw/ zklfk lv wkh zdjh udwh1 Ohw ReE 7�� ghqrwh wkh sulflqj uxoh ri wkh vwlfn|

sulfh �upv1

57



E Krxvhkrogv

Wkh suhihuhqfhv ri wkh uhsuhvhqwdwlyh krxvhkrog duh jlyhq e|=
S"

|'f q
|�ES|c ,|�c S| '

kU �

f
S|E��

4_�
l �

4

c

zkhuh S|E�� ghqrwhv frqvxpswlrq ri w|sh � jrrg dqg ,| ghqrwhv oderu wlph1 Krxvhkrogv fkrrvh

zkhwkhu d jlyhq frqvxpswlrq jrrg/ S|E��c � 5 Efc ��c lv d fdvk jrrg ru d fuhglw jrrg1 Iru

jrrgv zlwk � : 75c +zkhuh 75 lv d sdudphwhu ehwzhhq f dqg �,/ wkh �{hg frvw ri sxufkdvlqj zlwk

fuhglw lv }hur/ dqg zh dvvxph wkhvh jrrgv duh dozd|v sxufkdvhg zlwk fuhglw1 Wr sxufkdvh

hdfk jrrg zlwk � � 75 xvlqj fuhglw/ d �{hg frvw lq whupv ri wlph/ #c pxvw eh sdlg1 Zlwkrxw

orvv ri jhqhudolw|/ zh vxssrvh wkdw wkh krxvhkrog vhohfwv d sdudphwhu/ 5 5 Efc 75�c vxfk wkdw

jrrgv zlwk dq lqgh{ juhdwhu wkdq 5 duh sxufkdvhg rq fuhglw dqg jrrgv zlwk dq lqgh{ ohvv

wkdq 5 duh sxufkdvhg zlwk fdvk� Iru d jlyhq ydoxh ri 5c wkh krxvhkrog*v oderu wlph/ lqfoxglqj

wlph vshqw zrunlqj lq wkh pdunhw/ ?c lv , ' ?n E75 � 5� #�

Wkh vhtxhqfh ri hyhqwv gxulqj wkh shulrg lv dv iroorzv1 Wkh krxvhkrog ehjlqv wkh shulrg

zlwk qrplqdo dvvhwv/ �� Lw wkhq vhohfwv d ydoxh iru 5� Lw wkhq jrhv wr wkh dvvhw pdunhw zkhuh

lw glylghv � lqwr prqh| kroglqjv/ �c dqg erqgv/ � vxemhfw wr +8,1 Lwv fdvk lq dgydqfh

frqvwudlqw lv +9,1 Dv ehiruh/ 7 lv wkh vwdwh ri wkh hfrqrp| diwhu wkh prqhwdu| dxwkrulw| kdv

pdgh lwv fkrlfh/ l1h1/ 7 ' E� ec ~c %�c zkhuh ~ ghqrwhv wkh hfrqrp|0zlgh dyhudjh ydoxh ri 5�

Wkh dvvhw dffxpxodwlrq htxdwlrq lv wkh dqdorj ri +:,1

Frqvlghu wkh krxvhkrog*v frqvxpswlrq dqg hpsor|phqw ghflvlrqv iru d jlyhq ydoxh ri 51

Wkhvh ghflvlrqv vroyh wkh iroorzlqj sureohp=

�E�c 5c 7� ' 4@ 
Sc?c��

�ESc ?n E75 � 5� #� n q�E���c

vxemhfw wr +9, dqg wkh dqdorj ri +8,1 Khuh/ � lv wkh krxvhkrog*v ydoxh ixqfwlrq dw wkh ehjlqqlqj

ri wkh qh{w shulrg/ ehiruh lw fkrrvhv qh{w shulrg*v 5� Vroylqj wklv sureohp |lhogv ghflvlrq

uxohv ri wkh irup SE�c 5c 7�/ ?E�c 5c 7� dqg ��E�c 5c 7�1 Wkh fkrlfh ri 5 vroyhv wkh iroorzlqj

g|qdplf surjudpplqj sureohp=

�E�� ' 4@ 
5

�E�c 5c 7e�c+77,

zkhuh 7e lv wkh vwdwh ri wkh hfrqrp| li wkh prqhwdu| dxwkrulw| iroorzv lwv prqh| jurzwk

uxoh/ l1h1/ 7e ' E� ec ~cfE� ec ~��� Wkh vroxwlrq wr +77, |lhogv d ghflvlrq uxoh ri wkh irup 5E���

Wkhvh remhfwv fdq eh xvhg wr gh�qh d sulydwh vhfwru htxloleulxp1
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Wkh prqhwdu| dxwkrulw|*v srolf| ixqfwlrq/ fE� ec ~�c pd{lpl}hv wkh krxvhkrog*v xwlolw|

ixqfwlrq1 �E�c ~c E� ec ~c %�� e| fkrlfh ri %� Zlwk rqh dgglwlrqdo frqglwlrq/ 5 ' ~/ d vwdwlrq0

du| Pdunry htxloleulxp lv gh�qhg dqdorjrxvo| wr wkdw lq wkh ehqfkpdun prgho1

F Uhvxowv

Iru d udqjh ri sdudphwhu ydoxhv lw wxuqv rxw wkdw wkhuh duh wzr Pdunry htxloleuld lq wkh

hqgrjhqrxv fdvk0fuhglw jrrg prgho= rqh zlwk d orz lq dwlrq eldv dqg wkh rwkhu zlwk d kljk

lq dwlrq eldv1 Wr ghyhors lqwxlwlrq iru wklv uhvxow/ lq Iljxuh 6/ zh sorw wkh ehvw uhvsrqvh ri

wkh prqhwdu| dxwkrulw| lq whupv ri lwv rswlpdo jurzwk udwh ri wkh prqh| vxsso|/ %c djdlqvw

wkh fruuhvsrqglqj h{shfwhg jurzwk udwh/ f1b +Qrwh wkdw % lv odehoohg C dqg f lv odehoohg }

lq Iljxuh 61, Wkh srlqwv odehoohg � dqg � fruuhvsrqg wr wkh wzr Pdunry htxloleuld1 Ryhu

wkh udqjh � wr � wkh prgho ehkdyhv lq h{dfwo| wkh vdph zd| dv wkh h{rjhqrxv fdvk0fuhglw

jrrgv prgho1 Zkhq f ulvhv deryh wkh srlqw fruuhvsrqglqj wr �/ krxvhkrogv �qg lw rswlpdo

wr sd| wkh �{hg frvwv dqg sxufkdvh dq lqfuhdvlqj iudfwlrq ri jrrgv xvlqj fuhglw1 Dv d uhvxow/

wkh pdujlqdo frvw ri xqh{shfwhg lq dwlrq 0 wkh lpsolflw wd{ rq fdvk jrrgv 0 lv dfwxdoo| idoolqj

dv h{shfwhg prqh| jurzwk ulvhv/ vlqfh krxvhkrogv uhdfw wr kljkhu h{shfwhg prqh| jurzwk

e| uhgxflqj wkh iudfwlrq ri jrrgv sxufkdvhg zlwk fdvk1 Wklv h{sodlqv zk| wkh ehvw uhvsrqvh

ixqfwlrq kdv d vwhhshu vorsh diwhu wkh srlqw �c dqg zk| lw lqwhuvhfwv wkh 78 ghjuhh olqh dw

srlqw �� Wklv pxowlsolflw| ri htxloleuld lpsolhv wkdw lw lv srvvleoh iru wkh hfrqrp| wr jhw

fdxjkw lq dq h{shfwdwlrqv wuds1 Lq vxfk d wuds/ li sulydwh djhqwv/ iru zkdwhyhu uhdvrq/ h{shfw

wkh kljk prqh| jurzwk dvvrfldwhg zlwk srlqw �c wkh| fkrrvh wr sxufkdvh d vpdoo iudfwlrq ri

jrrgv zlwk fdvk dqg vhw sulfhv dw d kljk ohyho1 Wkh prqhwdu| dxwkrulw| rswlpdoo| fkrrvhv wr

ydolgdwh wkhvh h{shfwdwlrqv iru wzr uhdvrqv1 Iluvw/ wkh vpdoo qxpehu jrrgv sxufkdvhg zlwk

fdvk lpsolhv wkdw wkh frvw 0 lq whupv ri wkh lpsolflw wd{ rq fdvk jrrgv 0 ri kljk prqh| jurzwk

lv vpdoo1 Vhfrqg/ wkh idfw wkdw djhqwv kdyh srvwhg kljk sulfhv phdqv wkdw li wkh prqhwdu|

dxwkrulw| grhv qrw ydolgdwh h{shfwdwlrqv/ rxwsxw zloo eh lqh!flhqwo| orz1 Wkh h{lvwhqfh ri

pxowlsoh/ vwdwlrqdu| Pdunry htxloleuld dovr udlvhv wkh srvvlelolw| wkdw wkh hfrqrp| frxog

eh vxemhfw wr h{fhvvlyh yrodwlolw|1 Zh frqmhfwxuh wkdw/ lq wklv hfrqrp|/ wkhuh duh cvxqvsrw*

htxloleuld lq zklfk lq dwlrq udwhv dqg rxwsxw  xfwxdwh huudwlfdoo| ryhu wlph1 Iru h{dpsoh/

59



0.95 1 1.05 1.1 1.15 1.2 1.25 1.3
0.95

1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

Expected Money Growth, g

A
ct

ua
l M

on
ey

 G
ro

w
th

, G

A

C

B: For g Above This, Z Falls

Iljxuh 6= Prqhwdu| Dxwkrulw|*v Ehvw Uhvsrqvh

vxssrvh wkdw dw wkh ehjlqqlqj ri hdfk shulrg/ djhqwv revhuyh d udqgrp yduldeoh zklfk fdq

wdnh rq wzr ydoxhv/ �c ,c dqg lv yhu| shuvlvwhqw ryhu wlph1 Lq wklv fdvh/ zh frqmhfwxuh wkdw

lq dwlrq udwhv zloo  xfwxdwh durxqg � iru d orqj shulrg ri wlph/ rffdvlrqdoo| fkdqjh e| d

odujh dprxqw dqg wkhq  xfwxdwh durxqg � iru d orqj shulrg ri wlph1

G Prqh| Ghpdqg dqg H{whqvlrqv

Wkh prqh| ghpdqg uhodwlrqvkls lq wklv prgho lv=

S

�*�
' � n

�
�� 5

5
-

� �

�34

c

zkhuh S lv wrwdo frqvxpswlrq/ S ' 5S�n E�� 5�S2c dqg S� dqg S2 ghqrwh frqvxpswlrq ri hdfk

fdvk dqg fuhglw jrrg/ uhvshfwlyho|1 Zh eholhyh wkdw wklv prqh| ghpdqg ixqfwlrq uhsuhvhqwv dq

lpsuryhphqw ryhu wkh rqh lq wkh h{rjhqrxv fdvk fuhglw jrrg prgho/ dqg vwxglhg hpslulfdoo|

lq Oxfdv dqg Vwrfn dqg Zdwvrq1 Iru h{dpsoh/ lw lv olnho| wr eh frqvlvwhqw zlwk wkh zhoo

nqrzq revhuydwlrq wkdw vkruw uxq prqh| ghpdqg hodvwlflwlhv duh vpdoohu wkdq orqj uxq prqh|

ghpdqg hodvwlflwlhv1 Wkdw lv/ wkh lpphgldwh lpsdfw rq uhdo edodqfhv ri d fkdqjh lq wkh lqwhuhvw

udwh lv vpdoohu wkdq wkh orqjhu uxq lpsdfw1 Wr vhh zk|/ frqvlghu d vwrfkdvwlf yhuvlrq ri rxu

prgho lq zklfk prqh| vkrfnv fdxvh lqwhuhvw udwhv wr eh srvlwlyho| vhuldoo| fruuhodwhg1 Vlqfh

wkh fxuuhqw lqwhuhvw udwh lv qrw nqrzq dw wkh wlph wkdw 5 fkrvhq/ wkhq wkh lpphgldwh uhvsrqvh

ri yhorflw| lv h{dfwo| wkh vdph dv lq wkh fdvk fuhglw jrrg prgho1 G|qdplfdoo|/ krzhyhu/ wkh
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uhvsrqvh wr yhorflw| lv olnho| wr eh vwurqjhu/ dv 5 idoov lq uhvsrqvh wr wkh ulvh lq -�

Dqrwkhu ihdwxuh ri hpslulfdo prqh| ghpdqg htxdwlrqv lv wkdw vkrfnv whqg wr eh shuvlvwhqw

dqg khwhurvfhgdvwlf1 Wklv lv olnho| wr eh d ihdwxuh ri rxu prgho/ vlqfh prqh| ghpdqg vkrfnv

duh ixqfwlrqv ri wkh surgxfw ri 5 dqg -� Ilqdoo|/ dq lqwhuhvwlqj fdslwdo0wkhruhwlf h{whqvlrq lv

rqh lq zklfk 5 lq wkh fxuuhqw shulrg lv ghwhuplqhg e| lwv sdvw ydoxh dqg e| lqfxuulqj fxuuhqw

frvwv1 Lq vxfk dq h{whqvlrq yhorflw| pd| h{klelw d wuhqg/ dqg wkh gdwd vxjjhvwv wkdw vrph

hpslulfdo phdvxuhv gr wrr1

Zh sodq wr frqvlghu vwrfkdvwlf yhuvlrqv ri wklv prgho1 Vlqfh wkh qrqvwrfkdvwlf yhuvlrq

kdv wzr htxloleuld/ lw vhhpv olnho| wkdw lq wkh vwrfkdvwlf yhuvlrq prqhwdu| srolf| zloo h{klelw

uhjlph vkliwv1 Fodulgd/ Jdol dqg Jhuwohu +4<<<, dqg Wd|oru +4<<<, dujxh wkdw wkh gdwd vhhpv

wr vkrz uhjlph vkliwv1 Zh sodq wr lqyhvwljdwh zkhwkhu wkhvh uhvhpeoh wkh uhjlph vkliwv lq

wkh prgho1

YL Frqfoxvlrq

Wkh uhvxowv lq wklv sdshu vkrz wkdw devhqfh ri frpplwphqw lq prqhwdu| srolf| lv lq sulqflsoh

fdsdeoh ri udwlrqdol}lqj d kljk lq dwlrq eldv/ dv zhoo dv surorqjhg shulrgv ri orz dqg kljk

lq dwlrq1 Wkh dqdo|vlv vxjjhvwv wkdw zkhwkhu lw fdq gr vr ghshqgv rq krz kljk lv wkh

hodvwlflw| ri prqh| ghpdqg zlwk uhvshfw wr wkh lqwhuhvw udwh1

Dq dqdo|vlv ri dq h{whqghg yhuvlrq ri rxu ehqfkpdun prgho/ uhsruwhg lq vhfwlrq Y frq0

ylqfhv xv wkdw wkhuh lv d jrrg fkdqfh wkdw lw lv lqghhg kljk hqrxjk1 Lq wkh h{whqghg yhuvlrq

ri wkh prgho zh hqgrjhql}hg wkh fdvk0fuhglw jrrg ghvljqdwlrq ri d jlyhq jrrg1 Edvlfdoo|/

dq| jrrg fdq eh wuhdwhg dv d fdvk jrrg/ exw wkh sd|phqw ri d �{hg frvw pdnhv lw srvvleoh

wr wuhdw lw dv d fuhglw jrrg lqvwhdg1 Wklv prgho jlyhv shrsoh hyhq pruh rssruwxqlwlhv wr

vxevwlwxwh rxw ri prqh| +fdvk jrrgv, wkdq wkh prgho hpskdvl}hg lq wkh wh{w/ dqg vr 0 lq

ylhz ri wkh lqwxlwlrq ghyhorshg khuh 0 lw lv qrw vxusulvlqj wkdw wkdw prgho dovr kdv pxowlsoh

htxloleuld1

Wkh sduwlfxodu hpslulfdo yluwxh ri wklv prgho lv wkdw lw krogv wkh srwhqwldo wr dffrxqw

txdqwlwdwlyho| iru d ydulhw| ri sx}}ohv qrwhg lq wkh hpslulfdo olwhudwxuh rq prqh| ghpdqg1

Vshfl�fdoo|/ wkh gdwd vxjjhvw wkdw vkruw uxq lqwhuhvw hodvwlflwlhv ri prqh| ghpdqg duh orzhu
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wkdq orqjhu uxq hodvwlflwlhv/ wkdw vkrfnv wr prqh| ghpdqg duh shuvlvwhqw/ dqg wkdw wkhuh kdyh

ehhq vhfxodu vkliwv lq yhorflw|1 Vwdqgdug prqhwdu| prghov olnh wkh rqh hpskdvl}hg lq wklv

gudiw ri wkh sdshu fdqqrw uhsurgxfh wkhvh ihdwxuhv ri wkh gdwd/ hyhq txdolwdwlyho|1 Wkh hq0

grjhqrxv fdvk fuhglw jrrg prgho fdq gr vr txdolwdwlyho| dqg vhhpv surplvlqj txdqwlwdwlyho|1

Zh sodq wr h{soruh wklv ixuwkhu1

D frqylqflqj whvw ri wkh lq dwlrq eldv k|srwkhvlv uhtxluhv vkrzlqj wkdw rxu uhvxowv duh

urexvw wr ydulrxv h{whqvlrq ri rxu prghov1 Dv zh qrwhg lq wkh lqwurgxfwlrq/ wkh fuhglelolw|

ri wkh prgho*v lpsolfdwlrqv iru lq dwlrq ghshqg rq krz zhoo lw grhv lq dffrxqwlqj iru wkh

g|qdplfv ri d eurdghu vhw ri pdfurhfrqrplf yduldeohv1 Zh lqwhqg wr h{whqg wkh w|sh ri

prgho ghvfulehg khuh wr doorz iru fdslwdo dffxpxodwlrq/ vkrfnv wr whfkqrorj|/ jryhuqphqw

frqvxpswlrq/ �qdqfldo lqwhuphgldwlrq dqg wkh olnh1 Ixuwkhupruh/ zh sodq wr vwxg| rwkhu

w|shv ri vwlfn| sulfh prghov/ vxfk dv wkrvh ri Fdoyr +4<;6,/ Fkdul/ Nhkrh dqg PfJudwwdq

+4<<;,/ Wd|oru +4<<<,/ Jxvw +4<<;,/ Fdsolq dqg Vsxoehu +4<;:,/ Hufhj/ Khqghuvrq dqg Ohylq

+4<<<,/ Nlqj dqg Zropdq +4<<9,/ Urwhpehuj +4<<9,/ Urwhpehuj dqg Zrrgirug +4<<<, dqg

rwkhuv1

Lq dgglwlrq/ lq wklv sdshu zh kdyh devwudfwhg iurp jryhuqphqw ghew dqg wd{hv1 Zh

sodq wr lqfrusrudwh wkhvh lqwr rxu dqdo|vlv ehfdxvh wkh| fkdqjh wkh lqfhqwlyhv wr jhqhudwh

xqh{shfwhg lq dwlrq dqg vr duh olnho| wr kdyh dq lpsdfw rq dq| dvvhvvphqw ri wkh lq dwlrq

eldv k|srwkhvlv1

Ilqdoo|/ d ihdwxuh ri wkh prghov frqvlghuhg khuh lv wkdw wkh delolw| ri wkh prqhwdu| dx0

wkrulw| wr d�hfw rxwsxw lv qrw vxevwdqwldoo| gl�huhqw dw kljk dqg orz lq dwlrqv1 Li �upv

frxog gr vrphwklqj wr pdnh wkhlu sulfhv pruh  h{leoh dw kljk lq dwlrq/ wkhq rxu pxowlsoh

htxloleulxp uhvxow pd| srvvleo| jr dzd|1 Wklv lv vrphwklqj wkdw qhhgv wr eh lqyhvwljdwhg1
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D Dsshqgl{

Lq wklv dsshqgl{ zh suryh irxu uhvxowv xvhg lq wkh wh{w1 Iluvw/ zh vkrz wkdw ?^ lv ri wkh irup=

?^ '
S2��(

�
S�
S2

�
E�� 4�w

�

Vhfrqg/ zh vkrz wkdw ��( Ef� : f� Wklug/ zh vkrz wkdw L^�� lv lghqwlfdo wr +57,1 Irxuwk/

zh vkrz wkdw L^�� lv vwulfwo| srvlwlyh1

D Iluvw uhvxow

Wr hvwdeolvk wkh �uvw uhvxow/ zh ehjlq e| gl�huhqwldwlqj +47, wr rewdlq/

S22c^ ' S2�c^ �
S2

�� 4
�+78,

Frpelqlqj wklv dqg +56, zlwk +4<,/ zh rewdlq=

E�� 4�w

S2
?^ ' E�� 4�

�
�
S�
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�� 4
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+79,

Wr jhw S2�c^ zh zrun zlwk wkh oderu �uvw rughu frqglwlrq lq +47,/ diwhu vxevwlwxwlqj rxw iru

w? iurp +45, dqg iru S xvlqj +<, dqg iru S�2 dqg S22 iurp +47, wr rewdlq=
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Wrwdoo| gl�huhqwldwlqj wklv h{suhvvlrq/ zh rewdlq=
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Xvlqj +55,/ wklv uhgxfhv wr=

S2�c^
S2

'

� S�
S2

E�3>�4
�34

5

�
� n �

�
S�
S2

�43��
n
k
5 S�
S2
n �� 5

l
�3>
�34

n �

4

�
S
S2

�4
�34>
�34

E�� 5�E� n �� n �

4
E�� 4�

�
S
S2

�4 �+7;,

Vxevwlwxwlqj +7;, lqwr +79, lw lv hdvlo| yhul�hg wkdw ?^ lv ri wkh ghvluhg irup1
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E Vhfrqg Uhvxow

Wr yhuli| ��(Ef� : fc lw lv vx!flhqw wr hvwdeolvk wkdw wkh h{suhvvlrq lq vtxduh eudfnhwv lq

+79, lv srvlwlyh zkhq S�*S2 ' f� Hydoxdwlqj wklv/ wdnlqj lqwr dffrxqw +7;,=

S2�c^
S2
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Wklv hvwdeolvkhv wkh ghvluhg uhvxow1

F Wklug Uhvxow

Wr hvwdeolvk wkh wklug uhvxow/ lw vx!fhv wr hvwdeolvk wkdw wkh lqwhuhvw udwh lv lqfuhdvlqj lq ^

dw wkh srlqw S�*S2 ' �� Wkdw lv/ vlqfh - ' ES22*S�2�
�34c zh qhhg S2�c^ � S��c^ dw wkh srlqw

S2� ' S�� ' S22 ' S�2 ' S� Vxevwlwxwlqj iru S2�c^ iurp +7:,/ zh qhhg wr vkrz wkdw
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Glylglqj wkurxjk e| �� >c zh qhhg wr vkrz wkdw
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Vlqfh 4 � � dqg E�� 4>� * d4E�� >�o ' E�*4� >� *E�� >� � �c zh kdyh wkh ghvluhg uhvxow1

G Irxuwk Uhvxow

Wr rewdlq wkh irxuwk uhvxow/ zh fdq vhh iurp +54, wkdw/ vlqfh wkh �uvw whup lv }hur dqg wkh

whup lq vtxduh eudfnhwv lv srvlwlyh/ wkh uhvxow iroorzv li ?^ : f� Zh hvwdeolvk wklv uhvxow khuh1

Lqvshfwlqj +4;, dqg +4<,/ dqg hydoxdwlqj wkh ghulydwlyhv dw S� ' S2 ' Sc lw iroorzv wkdw

S^ ' w?^�

Iurp +47,/ zh kdyh

S�2c^ ' S��c^ �
S

�� 4
c S22c^ ' S2�c^ �

S

�� 4

Wrwdoo| gl�huhqwldwlqj wkh htxdwlrq/ - ' �c l1h1/ S22 ' S�2c zh rewdlq S22c^ ' S�2c^� Xvlqj wklv

uhvxow lq wkh suhylrxv htxdwlrq/ zh rewdlq

S��c^ ' S2�c^�

Xvlqj wkhvh uhvxowv lq +4;,/ zh rewdlq

S^ ' >S��c^ n E�� >�S�2c^c

ru

S^ ' S�2c^ n
>S

�� 4
�+7<,

Qh{w/ wrwdoo| gl�huhqwldwlqj wkh oderu �uvw rughu frqglwlrq lq +47, dqg xvlqj S^ ' w?^ dqg

S22c^ ' S�2c^c zh rewdlq

S^ ' �
�E�� 4�

4E� n ��
S�2c^�+83,

Vxevwlwxwlqj iru S�2c^ iurp +83, lqwr +7<,/ zh rewdlq

S^ '
>S

�� 4

�

� n 4E�n��
�E�34�

: f�

Vlqfh ?^ ' S^*wc wkh ghvluhg uhvxow iroorzv1
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Uhihuhqfhv

^4` Dl|djdul/ V1 Udr/ U1 Dqwrq Eudxq dqg ]yl Hfnvwhlq/ 4<<;/ cWudqvdfwlrqv Vhuylfhv/ Lq0

 dwlrq dqg Zhoiduh/* Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 439/ qr1 9/ ss1 45:7046341

^5` Eduur/ Urehuw M1/ dqg Gdylg E1 Jrugrq/ 4<;6/ cD Srvlwlyh Wkhru| ri Prqhwdu| Srolf|

lq d Qdwxudo Udwh Prgho/* Mrxuqdo ri Srolwlfdo Hfrqrp| <4 +Dxjxvw,= 8;<09431

^6` Ehqwdo/ Ehqmdplq/ dqg ]yl Hfnvwhlq/ 4<<8/ cD Qhrfodvvlfdo Lqwhusuhwdwlrq ri Lq dwlrq

dqg Vwdelol}dwlrq lq Lvudho/* Irhughu Lqvwlwxwh iru Hfrqrplf Uhvhdufk Zrunlqj Sdshu qr1

5;1

^7` Eodqfkdug/ R1M1 dqg Q1 Nl|rwdnl/ 4<;:/ cPrqrsrolvwlf Frpshwlwlrq dqg wkh H�hfwv ri

Djjuhjdwh Ghpdqg/* Dphulfdq Hfrqrplf Uhylhz/ Yro1 ::/ Qr1 7/ 97:09991

^8` Fdjdq/ Sklools/ 4<<4/ cWkh Prqhwdu| G|qdplfv ri K|shulq dwlrq/* lq Hgpxqg V1 Skhosv/

hg1/ Uhfhqw Ghyhorsphqwv lq Pdfurhfrqrplfv/ ss1 4;40536/ Hojdu1

^9` Fdoyr/ Jxloohupr/ 4<:;/ cRq wkh Wlph Frqvlvwhqf| ri Rswlpdo Srolf| lq d Prqhwdu|

Hfrqrp|/* Hfrqrphwulfd/ Yro1 79/ Qr1 9/ 4744047591

^:` Fkdul/ Y1 Y1/ Odzuhqfh M1 Fkulvwldqr dqg Pduwlq Hlfkhqedxp/ 4<<;/ cH{shfwdwlrq Wudsv

dqg Glvfuhwlrq/* Mrxuqdo ri Hfrqrplf Wkhru| / Yro1 ;4 Qr1 5/ ss1 79507<51

^;` Frfkudqh/ Mrkq/ 4<<;/ cD Iulfwlrqohvv Ylhz ri XV Lq dwlrq/* QEHU Pdfurhfrqrplfv

Dqqxdo 4<<;/ PLW Suhvv/ ss1 65606;71

^<` Froh/ Kdurog/ dqg Dodq Vwrfnpdq/ 4<<5/ cVshfldol}dwlrq/ Wudqvdfwlrqv Whfkqrorjlhv dqg

Prqh| Jurzwk/* Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ yro1 66/ qr1 5/ ss1 5;605<;1

^43` Fodulgd/ Ulfkdug/ Mrugl Jdol dqg Pdun Jhuwohu/ 4<<</ cWkh Vflhqfh ri Prqhwdu| Srolf|=

D Qhz Nh|qhvldq Shuvshfwlyh/* Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu

:47:/ Pd|1

^44` Hufhj/ Fkulvwrskhu/ Gdoh Khqghuvrq dqg Dqguhz Ohylq/ 4<<</ cRswlpdo Prqhwdu| Sro0

lf| zlwk Vwdjjhuhg Zdjh dqg Sulfh Frqwudfwv/* pdqxvfulsw/ Ihghudo Uhvhuyh Erdug ri

Jryhuqruv1
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^45` Iuhhpdq/ Vfrww dqg Ilqq N|godqg/ 4<<;/ cPrqhwdu| Djjuhjdwhv dqg Rxwsxw/* Ihghudo

Uhvhuyh Edqn ri Fohyhodqg Zrunlqj Sdshu qr1 <;461

^46` Jxvw/ Fkulvwrskhu/ 4<<;/ cVwdjjhuhg Sulfh Frqwudfwv dqg Idfwru Lpprelolwlhv= Wkh Shu0

vlvwhqfh Sureohp Uhylvlwhg/* pdqxvfulsw/ Ihghudo Uhvhuyh Erdug ri Jryhuqruv1

^47` Luhodqg/ Shwhu/ 4<<7/ cPrqh| dqg Jurzwk= Dq Dowhuqdwlyh Dssurdfk/* Dphulfdq Hfr0

qrplf Uhylhz/* Yro1 ;7/ Qr1 4/ 7:0981

^48` Luhodqg/ Shwhu Q1/ 4<<;/ cGrhv wkh Wlph0Frqvlvwhqf| Sureohp H{sodlq wkh Ehkdylru ri

Lq dwlrq lq wkh Xqlwhg VwdwhvB/* pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Ervwrq Froohjh1

^49` Nlqj/ Urehuw J1 dqg Doh{dqghu Zropdq/ 4<<9/ cLq dwlrq Wdujhwlqj lq d Vw1 Orxlv Prgho

ri wkh 54vw Fhqwxu|/* Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu qxpehu

883:1

^4:` N|godqg/ Ilqq H1/ dqg Hgzdug F1 Suhvfrww/ 4<::/ cUxohv Udwkhu Wkdq Glvfuhwlrq= Wkh

Lqfrqvlvwhqf| ri Rswlpdo Sodqv/* Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 ;8/ qr1 6/ Mxqh/

sdjhv 7:60<41

^4;` Odfnhu/ Mh�uh|/ dqg Vwdfh| Vfkuhiw/ 4<<9/ cPrqh| dqg Fuhglw dv Phdqv ri Sd|phqw/*

Mrxuqdo ri Prqhwdu| Hfrqrplfv/ yro1 6;/ qr1 4/ ss1 60561

^4<` Oxfdv/ Urehuw H1/ Mu1/ dqg Qdqf| O1 Vwrnh|/ 4<;6/ cRswlpdo Ilvfdo dqg Prqhwdu| Srolf|

lq dq Hfrqrp| Zlwkrxw Fdslwdo/* Mrxuqdo ri Prqhwdu| Hfrqrplfv/ yro1 45/ ss1 880<6

^53` PfFdooxp/ Ehqqhww W1/ 4<<:/ cFuxfldo Lvvxhv Frqfhuqlqj Fhqwudo Edqn Lqghshqghqfh/*

Mrxuqdo ri Prqhwdu| Hfrqrplfv 6</ Mxqh/ ss1 <<04451

^54` Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ 4<<6/ cGhvljqlqj Lqvwlwxwlrqv iru Prqhwdu| Vwd0

elolw|/* Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf Srolf|/ yro1 6</ ss1 860;71

^55` Urwhpehuj/ Mxolr/ 4<<9/ cSulfhv/ Rxwsxw dqg Krxuv= Dq Hpslulfdo Dqdo|vlv Edvhg rq d

Vwlfn| Sulfh Prgho/* Mrxuqdo ri Prqhwdu| Hfrqrplfv/ yro1 6:/ qr1 6/ ss1 83808661

^56` Urwhpehuj/ Mxolr/ dqg Plfkdho Zrrgirug/ 4<<</ cLqwhuhvw0Udwh Uxohv lq dq Hvwlpdwhg

Vwlfn| Sulfh Prgho/* lq Wd|oru +4<<<d,1
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^57` Vdujhqw/ Wkrpdv M1/ 4<<</ Wkh Frqtxhvw ri Dphulfdq Lq dwlrq/ Sulqfhwrq Xqlyhuvlw|

Suhvv1

^58` Vfkuhiw/ Vwdfh|/ 4<<5/ cZhoiduh0Lpsurylqj Fuhglw Frqwurov/* Mrxuqdo ri Prqhwdu| Hfr0

qrplfv/ yro1 63/ qr1 4/ ss1 8:0:51

^59` Vyhqvvrq/ Oduv H1 R1/ 4<<8/ cRswlpdo Lq dwlrq Wdujhwv/ �Frqvhuydwlyh Fhqwudo Edqnhuv�/

dqg Olqhdu Lq dwlrq Wdujhwv/* Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu

85841

^5:` Wd|oru/ Mrkq E1/ 4<<</ cDq Klvwrulfdo Dqdo|vlv ri Prqhwdu| Srolf| Uxohv/* lq Mrkq E1

Wd|oru +4<<<d,1

^5;` Ylqlqj/ G1/ dqg W1 Hozhuwrzvnl/ 4<:9/ cWkh Uhodwlrqvkls Ehwzhhq Uhodwlyh Sulfhv dqg

wkh Jhqhudo Sulfh Ohyho/* Dphulfdq Hfrqrplf Uhylhz/ 99/ ss1 9<<0:3;1

^5<` Zrrgirug/ Plfkdho/ 4<<;/ cFrpphqw rq Frfkudqh/* QEHU Pdfurhfrqrplfv Dqqxdo

4<<;/ PLW Suhvv/ ss1 6<3074;1

^63` ]dud}djd/ Fduorv/ 4<<5/ cLq dwlrq Surfhvvhv lq Odwlq Dphulfd/* Xqlyhuvlw| ri Plqqhvrwd

Sk1G1 glvvhuwdwlrq1

Qrwhv

�Rxu prgho irupdol}hv wkh lghd lq N|godqg dqg Suhvfrww +4<::, dqg lq Eduur dqg Jrugrq

+4<;6, wkdw dq xqdqwlflsdwhg prqhwdu| h{sdqvlrq udlvhv rxwsxw dqg fdq udlvh zhoiduh1 Iru

prghov dqg hylghqfh rq wkh h�hfwv ri lq dwlrq rq uhodwlyh doorfdwlrqv/ vhh Fxnlhupdq 4<;6/

Sdunv 4<:;/ dqg Ylqlqj dqg Hozhuwrzvnl 4<:91

2D pruh frpsdfw gh�qlwlrq ri wkh vwdwh zrxog lqfoxgh rqo| w/ }c dqg � eEwc }�c zkhuh

� eEwc }� lv wkh htxloleulxp sulflqj ixqfwlrq1 H�hfwlyho|/ wklv phdqv wkdw 7 qhhg rqo| lqfoxgh

w dqg }� Wr vhh zk| wklv pruh frpsdfw gh�qlwlrq ri d vwdwh lv dghtxdwh lq rxu hqylurqphqw/

vhh Fkdul dqg Nhkrh +4<<4,1
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�Zh kdyh dgrswhg d voljkw fkdqjh lq wkh qrwdwlrq1 Frqfdylw| ri wkh ixqfwlrq wkdw djjuh0

jdwhv SE/� lqwr S lq wkh xwlolw| ixqfwlrq lpsolhv wkdw SE/� lv rswlpdoo| fkrvhq wr eh frqvwdqw

iru / dvvrfldwhg zlwk vwlfn| sulfh fdvk jrrgv/  h{leoh sulfh fdvk jrrgv/ hwf1 Wkxv/ zh ohw S�2

ghqrwh SE/� iru wkrvh / vxfk wkdw / � 5 dqg zklfk duh surgxfhg e|  h{leoh sulfh �upv1

eZkdw vruw ri frqvwudlqw vkrxog zh sodfh rq krxvhkrog ghewB

DWkh uhvxow zloo eh suhvhqwhg lq d vxevhtxhqw gudiw ri wklv sdshu1

SDfwxdoo|/ zh vfdoh wkh pxowlsolhuv e| 7�� Wkdw lv/ li �b lv wkh pxowlsolhu rq +:,/ wkhq

b ' �b 7�� Wklv vfdolqj lv dgrswhg wr dvvxuh wkdw b lv qrw d ixqfwlrq ri wkh vwrfn ri prqh|1

.Wkh sdudphwhu ydoxhv xvhg lq wkh h{dpsoh duh > ' f��c 5 ' f�Dc 4 ' f�H�c � ' ec w ' �c

} ' f�fD�

HDv lq wkh suhylrxv vhfwlrq/ frqfdylw| ri wkh xwlolw| ixqfwlrq jxdudqwhhv wkdw krxvhkrogv

rswlpdoo| fkrrvh wr frqvxph doo vwlfn| sulfh fdvk jrrgv dw wkh vdph udwh/ dqg vlploduo| iru

wkh  h{leoh sulfh fdvk jrrgv dqg wkh vwlfn| dqg  h{leoh sulfh fuhglw jrrgv1

bWkh xqghuo|lqj sdudphwhu ydoxhv duh q ' �*��f�c # ' �fSDc � ' ��Sec 4 ' �H�c > ' f��c

75 ' f��c j ' ��f��
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